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TERNARY SEMIGROUPS OF MORPHISMS OF OBJECTS IN
CATEGORIES

ANTONI CHRONOWSKI AND MIROSLAV NOVOTNY

ABSTRACT. In this paper the notion of a ternary semigroup of morphisms of
objects in a category is introduced. The connection between an isomorphism
of categories and an isomorphism of ternary semigroups of morphisms of
suitable objects in these categoriesis considered. Finally, the results obtained
for general categories are applied to the categories RELn + 1 and ALGn
which were studied in [5].

1. INTRODUCTION

Isomorphisms of various categories were used to solve algebraic problems. Since
the construction of all homomorphisms of a mono-unary algebra into another one
i1s known, the isomorphism of a category of binary structures and a category of
mono-unary algebras was used to construct all strong homomorphisms of a binary
structure into another one in [3]. Another example is presented in [6] where all
homomorphisms of a groupoid into another one is constructed on the basis of
the fact that the category of all groupoids is isomorphic to a suitable category of
mono-unary algebras. Isomorphisms of a category of relational structures and a
category of algebras were studied also in [4] and [5].

The present paper offers another possibility of using isomorphisms between cat-
egories. If K is a category and X, Y its objects, then all pairs (p, ¢), where pis a
morphism of X into Y and ¢ a morphism of Y into X, constitute a ternary semi-
group with an operation defined in a natural way. If K’ is a category isomorphic
to K and X', Y’ are objects corresponding to X and Y, respectively, then the
ternary semigroup of morphisms formed by means of X’ and Y’ is proved to be
isomorphic to the ternary semigroup of morphisms formed by means of X and Y.
This result is applied in various situations in our examples.

We now present the details of our considerations. The instruments of the theory
of categories used here can be easily found in [1] or in [7]. First, we recall some
definitions of [5].
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2. TOTALLY ADDITIVE AND ATOM-PRESERVING MAPPINGS

For any set A we denote by P(A) its power set, i.e., P(4) ={X; X C A}.
Let A, A’ be sets, H a mapping of P(A) into P(A’). The mapping I is said
to be totally additive if

H(X) = | J{H({#}); « € X}

holds for any set X € P(A). The mapping H is referred to as atom-preserving if
for any « € A there exists 2’ € A’ such that H({z}) = {«'}.
Let r be a relation from A to A’, i.e., » C A x A’. Then for any X € P(A) we
put
P[r](X) = {2’ € A’; there exists x € X with (z,z’) € r}.

Clearly P[r] is a mapping of P(A) into P(A").
Let H be a mapping of P(A) into P(A’). Then we set

QU] = {(e,2') € A x A o € H({a ).
Then Q[H] is a relation from A to A’.

3. CATEGORIES RELn + 1 AND ALGn

In what follows n is a positive integer.

If Ais aset, we put A" = Ax---x A where A appears n times. A set r C A™ is
said to be an n-ary relation on A and the ordered pair (A, r) is called a mono-n-ary
structure.

If (A,r), (A',r') are mono-n + l-ary structures and & is a mapping of A into
A’, then h is said to be a strong homomorphism of the mono-n + l-ary structure
(A, r) into (A’,r") whenever the following holds: For any #1,...,#, in A and any
x4 in A’ the condition (h(x1),...,h(xyn),2;,41) € ' is satisfied if and only if
there exists x,411 € A such that h(xn41) =2, and (21,...,2n, Tny1) €T

We now recall the definition of the category RELn+1. Objects of this category
are mono-n + l-ary structures of the form (A,r). By a morphism of the object
(A, r) into the object (A’,7') we mean a strong homomorphism of the mono-n + 1-
ary structure (A,r) into (A’,r'). Tt is easy to see (cf. [5]) that RELn + 1 is a
category.

Let A be a set and N an n-ary operation on P(A). Then the ordered pair
(P(A), N) will be referred to as a mono-n-ary algebra. The operation N is said
to be totally additive if

N(X1, o Xn) = [ AN{ead, o) (o1, m0) € X1 x x X}

holds for any X,..., X,, in P(A4).

We now recall the definition of the category ALGn. Objects of this category
are mono-n-ary algebras of the form (P(A4),N) where A is a set and N is a
totally additive n-ary operation on P(A). By a morphism of the object (P(4), N)
into the object (P(A’), N') in ALGn we mean a totally additive atom-preserving
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homomorphism of the mono-n-ary algebra (P(A), N) into (P(A"), N). Tt is easy
to see (cf. [5]) that ALGn is a category.

4. ISOMORPHISMS OF CATEGORIES RELn +1 AND ALGn

Let (A, r) be a mono-n+ l-ary structure. For arbitrary sets Xy,..., X, in P(A)
we put
R[r|(X1,...,Xn) = {xnt1 € A; there exist 2y € X1,...,2, € X,
such that (z1,..., 20, 2p41) € 7}
Clearly, R[r] is an n-ary operation on the set P(A). Hence R is an operator

assigning an n-ary operation on P(A4) to any n 4 l-ary relation on A.
If Ais a set and N an n-ary operation on P(A), we put
SIN] = {(x1, ..., %n, ®np1) € A" 2 € N({1}, .. {zn D)
Hence S is an operator assigning a n + l-ary relation on A to any n-ary operation
on P(A).

We define two functors. F' will be a functor from the category RELn + 1 to
ALGn and G will be a functor from the category ALGn to RELn+1. These func-
tors will be defined by presenting the object mappings Fo, Go and the morphism
mappings F'm, Gm.

If (A,r) is an object in the category RELn + 1 and h a morphism in this
category, we put

Fo(A,r) = (P(A),R[r]), Fm(h) = PIh].

If (P(A), N) is an object in the category ALGn and H is a morphism in this
category, we set

Go(P(A), N) = (A,S[N]), Gm(H) = Q[H].

Theorem 1. Let n be a positive integer. Then F' is a functor of the category
RELn + 1 into ALGn and G is a functor of the category ALGn into RELn + 1
such that F o G and G o F are identity functors.

Corollary. Let n be a positive integer. Then the functor F' is an isomorphism of
the category RELn 4+ 1 onto ALGn and the functor GG is an isomorphism of the
category ALGn onto RELn + 1.

For the proofs see [5].

5. TERNARY SEMIGROUPS

A ternary semigroup (cf. [2], [8]) is an algebraic structure (A4, f) such that A is
a nonempty set and f : A% — A is a ternary operation satisfying the associative
law:

J(f(x1, @0, 23), x4, 25) = [y, f(xo, 23, 24), 25) = (21, 29, f(23, 24, T5))

for all xq,..., x5 1n A.
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Let (A, f), (A',f') be ternary semigroups. A mapping h : A — A’ is called a
homomorphism of (A, f) into (4', f') if

h(f(x1,22,23)) = f'(h(z1), h(x2), h(x3))

holds for any xy, x2, x3in A. A bijective homomorphism is said to be an isomor-
phism.

If X and Y are nonempty sets, we denote the set of all mappings of X into
Y by T(X,Y). Furthermore, we put T[X,Y] = T(X,Y) x T(Y, X). Define the
ternary operation f : (T[X,Y])® — T[X,Y] by the rule:

f((Pl, fh), (Pz, Q2), (Ps, QB)) = (Pl ©q2°0pP3,410Pp2° QS)

for any (pi, ¢;) € T[X,Y] where i =1, 2, 3. The algebraic structure (T[X,Y], )
is a ternary semigroup and is called the ternary semigroup of mappings of sets X
and Y. This ternary semigroup is said to be disjointif X NY = .

A slightly modified argument applied in the proof of Theorem 3 in [2] yields
the following theorem.

Theorem 2. Every ternary semigroup is embeddable into a disjoint ternary
semigroup (T[X,Y], f) of mappings of some sets X and Y.

Let K be a category, X and Y its objects. We denote by Homg (X,Y") the set
of all morphisms of X into ¥ in K. Suppose Homk (X,Y) # 0 # Homk (Y, X).
Then we put Homk[X,Y] = Homk(X,Y) x Homk (Y, X). Define the mapping
Jx[X,Y]: (Homk[X,Y])® — Homgk[X,Y] putting

(x)  Sx[X,Y]((p1,01), (P2, 42), (p3,43)) = (P10 g2 0 p3,q1 0 P2 © q3)

for all (p;, ¢;) in Homk[X,Y] where i = 1, 2, 3. Then (Homk[X,Y], fx[X,Y]) is
a ternary semigroup which 1s called the ternary semigroup of morphisms of objects
X and Y in the category K.

Let I be a functor from a category K to a category K'. By Io, I'm we denote
the object mapping and the morphism mapping of the functor I, respectively.

Theorem 3. Let K and K’ be categories, I an isomorphism of K onto K'. Assume
that X and Y are objects in K such that Homk (X,Y) # 0 # Homgk (Y, X).

Then the ternary semigroups of morphisms (Homk[X,Y], fx[X,Y]) and
(Homg: [To(X), Io(Y)], fx/[Io(X), Io(Y)]) are isomorphic. The corresponding iso-
morphism assigns to any pair (p,q) € Homk[X,Y] the pair (Im(p), Im(q)) €
Homx/ [To(X), Io(Y)].

Proof. It is clear that the restrictions of the mapping I'm are bijections of
Homk (X,Y) onto Homg: (1o(X), To(Y)) and of Homk (Y, X) onto Homgk: (Io(Y),
To(X)). Let us put H(p,q) = (Im(p), Im(q)) for any (p,q) € Homk[X,Y]. Of
course H(p,q) € Homg[Io(X), Io(Y)] for any (p,q) € Homk[X,Y] and H is a
bijection. Since I is a functor, we obtain for any elements (p1, ¢1), (p2,42), (p3,493)
in Homg[X,Y] the following relations:

H(fx[X,Y]((p1,91), (P2, 92), (p3,43))) = H(p1ogaops,q1op2oqs) = (Im(pr1ogao
p3), Im(q © pz © q3)) = (Im(p1) © Im(qz) o Im(ps), Im(q1) o Im(pz) o Im(qs)) =
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S [To(X), To(Y)]((Im(p1), Im(q1)), (Im(pz), Im(qz)), (Im(ps), Im(gs))) =
Jro [To(X), Io(Y)(H(p1,q1), H(p2, q2), H(ps, ¢3)). Thus H is a homomorphism
and, consequently, an isomorphism. a

6. APPLICATIONS TO CATEGORIES RELn + 1 AND ALGn

We now apply Theorem 3 to a particular situation described in Corollary. We
obtain

Theorem 4. Let n be a positive integer. If (A, r) and (A’ r") are objects in the
category RELn + 1 such that

HOmRELn+1[(Aa 7“), (A/a 70/)] 3& 0 3& HOmREL”-I-l[(A/’ T/), (A’ 7“)] )

then the ternary semigroups

(HOmRELn-I-l [(A’ 7“), (A/’ T/)], fRELn+1[(Aa 7“), (A/’ T/)])

and
(Homavan [(P(A), R[7]), (P(A"), R[F]], faren[(P(A), R[r]), (P(A"), R[F])])

are isomorphic. The corresponding isomorphism assigns to any pair (p,q) €
HomrgLn+1[(A,7), (A", 7)) the pair (P[p],Pl¢]) € Homaran[(P(A),R[r]),
(P(A"), R[])].

Example 1. The category REL2 appears under the name STR and the category
ALGI1 under the name PMA in [3].

Let A, A'besets, r = {(z,y) € AxA; a £y}, v ={(2,¢) € AxA; &' £y }.
Then (A,r), (A’,r") are objects in REL2.

A mapping h : A — A’ is a strong homomorphism of (A, r) into (A’, ") if and
only if it 1s a bijection.

Indeed, if h is a bijection and z € A, y € A’, then (h(z),y’) € r' means
h(z) # y' which is equivalent to the existence of y € A such that h(y) = ¢ and
r #y,ie, (x,y) € r. Thus, h is a strong homomorphism.

On the other hand, if & is a strong homomorphism and z, y in A are such that
z # y, then (2, y) € r which implies that (h(z), h(y)) € 7, i.e., h(x) # h(y). Thus,
h is injective. Furthermore, if ¥/ € A’ x € A are arbitrary, then either h(z) = ¢’
or (h(x),y') € v which implies the existence of y such that h(y) = ¢ and # £ y.
Hence h is a bijection.

Furthermore, R[r](0) = 0, R[r]({z}) = {y € A; v # y} = A — {z} for any
z € A, and R[r](X) = A for any X € P(A) with at least two elements. Any
morphism of (P(A),R[r]) into (P(A"), R[+]) is of the form P[h] where h is a
bijection of A onto A’.

Thus, the elements of Hompgrz2[(A, r), (A’, )] are of the form (p, ¢) where pis a
bijection of A onto A" and ¢ is a bijection of A’ onto A. Simultaneously, (P[p], P[g])
is the general form of an element in Homarg1[(P(A), R[r]), (P(A"),R[*])]. If we
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define the operations frer2[(A,r), (A, 7")] and farci1[(P(A), R[r]), (P(A"), R[r'])]

by (*), we obtain two isomorphic ternary semigroups.

Example 2. The category REL3 appears under the name TER and the category
ALG?2 under the name PGR . in [4].

Let A, A’ be sets. Put r = {(z,y,2) € A3; either z = z or y = 2z}, ¥ =
{(z',y, ') € (A")3; either 2’ = 2/ or y = z'}. Then (A,r), (A’,r') are objects in
the category REL3.

It is easy to see that any mapping h of A into A’ is a strong homomorphism
of (4,r) into (A',7'). Indeed, if z € A, y € A, 2/ € A', then (h(x), h(y),?') €
holds if either h(z) = 2z’ or h(y) = #’. Since (z,y,x) € r, (z,y,y) € r hold, his a
strong homomorphism.

Furthermore R[r](X,Y) = {2 € A, v € X, y €Y, (v,y,2) €Er} = X UY.
Any morphism of (P(A4),R[r]) into (P(A"),R[r']) is of the form P[h] where A is
a mapping of A into A’.

Thus, the elements of Homrgrs[(4,r), (4’,r")] are of the form (p,q) where
p is a mapping of A into A’ and ¢ is a mapping of A’ into A. Simultane-
ously, the elements in Homarg2[(P(A), R[r]), (P(A"),R[])] coincide with the
pairs of the form (P[p],Pl¢]). If defining the operations frewns[(A4,r), (4, r)]
and farg2[(P(A),R[r]), (P(A"), R[r'])] by (%), we obtain two isomorphic ternary
semigroups.

Example 3. Let A, A’ be sets. Put r = {(z,z,2);z € A}, v = {(«/,2/,2');2" €
A’} Then (A, r), (A',7") are objects in the category REL3.

We prove that the set Homprgrs((4,r), (A',r")) coincides with the set of all
injective mappings of A into A’.

Indeed, if h: A — A’ isinjectiveand # € 4, y € A, 2/ € A’ then (h(x), h(y), ')
€ v means h(z) = z/ = h(y) which is equivalent to # = y and h(x) = 2’ and,
therefore, to (#,y,#) € r, h(x) = z'. Thus, h is a strong homomorphism.

On the other hand, if h is a strong homomorphism and z € A, y € A are such
that h(z) = h(y), then (h(z), h(y), h(z)) € r’ which implies the existence of z € A
with (#,y,z) € r and h(z) = h(x), i.e., # = y = z. Thus, h is injective.

Furthermore, R[7](X,Y) = {2z € A; (z,y,2) €Er, z € X, ye Y} =XNY.
Any morphism of (P(A4),R[r]) into (P(A"),R[r']) is of the form P[h] where A is
an injective mapping of A into A’.

Thus, the elements of Homrgrs[(A,r), (47, 7')] are of the form (p, ¢) where pis
an injective mappingof A into A’ and ¢ is an injective mapping of A’ into A. Simul-
taneously, (P[p], P[q]) is the general form of an element in Homarg2[(P(A), R[r]),
(P(A”),R[])]. Furthermore, if defining the operations frers[(A4,r), (A’,7')] and
favre2[(P(A),R[r]), (P(A"), R[r])] by (%), we obtain two isomorphic ternary semi-
groups.

7. CONCLUDING REMARKS

Though the assertion of Theorem 3 is not surprising and its proof is simple,
this theorem enables to state that some ternary semigroups are isomorphic which
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would be laborious without the results presented here.

The problem solved in this paper is an example of a richer class of problems

that are solved using isofunctors. Such problems may be found also in [3], [4], [5],

[6], [7].
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