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A MULTIPLICATION OF E —-VARIETIES
OF ORTHODOX SEMIGROUPFPS

MARTIN KURIL*

ABSTRACT. We define semantically a partial multiplication on the lattice of all
e—varieties of regular semigroups. In the case that the first factor is an e—variety
of orthodox semigroups we describe our multiplication syntactically in terms of
biinvariant congruences.

1. INTRODUCTION

We will investigate here an operator on the lattice of all e~varieties of regular
semigroups. We define semantically a partial multiplication on this lattice: 0V is
defined if i is an e—variety of regular semigroups and V is an e-variety of inverse
semigroups. In the case that f is an e—variety of orthodox semigroups we can also
describe our multiplication syntactically in terms of biinvariant congruences.

The motivation for us was Poldk’s paper [5]. It deals with a multiplication on
the lattice of varieties of *-regular semigroups. The semantical definition is based
on a certain semidirect product Sx,7, where S = (- ') is a *-regular semigroup,
7 =( -')isalocallyinverse #-regular semigroupand :( ) — (End( -') o)
i1s a homomorphism. We adopt this definition in the context of regular semigroups
(without an explicite unary operation). Seeing that the multiplicationin = x, 7
for #-regular semigroups S and 7 is defined using the unary operation in ('),
we introduce the semidirect product § x, 7 for regular semigroups § and 7 only
when 7 is an inverse semigroup — then the unary operation is implicitly given.
So, for an e-variety U of regular semigroups and for an e-variety V of inverse
semigroups we define /) as the e—variety generated by all semidirect products
of members of & and V. We also touch the question about the relation between
UOY and the Malcev product of if and V.

In order to describe our multiplication syntactically, we use the notion of biin-
variant congruence introduced in the paper [4] by Kadourek and Szendrei and the
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one-to-one correspondence between all e-varieties of orthodox semigroups and all
biinvariant congruences given in the same paper. Thus the syntactical description
of U0V is restricted to the case when U is an e—variety of orthodox semigroups.
We define the multiplication of biinvariant congruences formally in the same way
as Poldk does in [5] for fully invariant congruences. Our paper culminates with
Theorem 5.1, which clarifies the connections between syntax and semantics.

2. A SEMIDIRECT PRODUCT OF REGULAR SEMIGROUPS

For basic notions in the theory of semigroups the reader is referred to [3].

Let S =( ) be asemigroup. Let € , € . The element is an inverse of

if =, = . We will denote by () the set of all inverses of in

If for every element of there exists some € such that = then Sis
regular. Equivalently, § is regular if and only if () # 0 for all €

Let s={ € - = } denote the set of all idempotents of S.

A semigroup § is called an orthodox semigroup if it is regular and s is a
subsemigroup in § and § is an inverse semigroup if card ( ( )) = 1for any €
The unique inverse of is denoted by /. Tt holds: ( /)Y = ,( ) = ' ' for all

€ , € . It is well known that § is an inverse semigroup if and only if it is
regular and any two idempotents of & commute.

The set of all endomorphisms of § is denoted by End §.

Let 7 = () be an inverse semigroup,let :( ) — (End( -) o), where ois
the composition ( o )( )= ( () ( €End §, € ), be a homomorphism.

Put %, ={( )e «x ( ()=} and define

C)-CH=CC "0 O0) )

for () ( )E xp .
The structure (X, -) will be denoted by § x, 7.

2.1. Lemma. S X, 7 is a semigroup.

Proof.

L. %, #0:

Let € € .Put = ( ')( )€ . Wesee that
()€ Xy

(D= (HCCN= ('Y= ()=

2. Correctness of the multiplication:
Let € ),( )€ xg Then ( ())CC ")) ()())
= )Y "0 )= ' '
= 790)- ) D= "H0)- ¢ )0)
= (70 OCCHCN= ¢ "H0)- O0)

3. Associativity of the multiplication:

Let ( ),( ),( )€ xu .Then
() )= ("7

( CnOr Oy (0 )
(0 O 0 (O )
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=(CC "N (L "0 (o) )

=CC 770 ¢ 70 C)0) )

since '’ ' € 7 and idempotents in 7 commute, and
)-(C - )

C )-CC ") O0) )
CC 7790 Occ "H0)- Q0N )
CC 7m0 D0 Co0) )

2.2. Lemma. IfS is regular, then § X, 7 is also regular.

na g

Proof. Let ( )& x, .Thereis € | = . Then

2.3. Lemma. Let ( )& x, .Then( )isanidempotentin S x, T if and
onlyif € sand € 7.

Proof.
1. Let () be an idempotent in § x, 7.

Then ( )=( )-( )=C( ") O0) .

We see that € 7. Further

C "0 O0)= ie

= (N0 OCeHN=-90)= - (920)= -
So, € s.
2. Let € s and
Then ( )-( )

T.
CC "0 O0)

CCH0)- OCCH) )

(- (20 )=C- () )= )=C0)

2.4. Lemma. If S is orthodox, then § x, T is also orthodox.

hnm

Proof. Let (), () be idempotents in & X, 7. Since € s (see 2.3) and
( "YeEnd( -),wehave ( ") )e s.

Similarly, ()( )€ s.

Now ( ")) () )€ g,since §isorthodox. By 2.3 also € r, € 7,

thus - € 7 (7 isinverse). Using 2.3 we obtain: ( )-( )=( (" )()
() ) - )isanidempotentin S x, 7.

2.5. Lemma. Let #0.LetS; =( ; -) be asemigroup for € .LetT;=( ; -)
be an inverse semigroup for € . Finally, let ; :( ; -) = (End( ; ) o) be a
homomorphism for € . Then

TISi %o T = ]S %o [I T

i€l iel i€l
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where the homomorphism

(I )~ (o (I )

i€l i€l

is given by  (( 3)ier)(( i)ier) = ( +(i)( i))ier. The isomorphism is given by
(Ci i)ier = ((o)ier (i)ier).

Proof. It is an easy exercise due to the fact that 1s defined componentwise.

3. A MULTIPLICATION OF E—VARIETIES OF REGULAR SEMIGROUPS

For any class V of regular semigroups, we will denote by (V), (V) and

(V), respectively, the classes of all homomorphic images, regular subsemigroups
and direct products of semigroups in V.

We adopt the following notations for classes of regular semigroups:

- the class of all regular semigroups
- the class of all orthodox semigroups
- the class of all inverse semigroups.

Aclass V € satisfying (V) CV, (V) CVand (V) CV iscalled an e-
variety. The classes , |, are examples of e—varieties. The concept of e—variety
was introduced by Hall in [2]. Simultaneously and independently Kadourek and
Szendrei in [4] have considered e—varieties of orthodox semigroups, which they call
bivarieties of orthodox semigroups.

Denote by (V) the least e-variety of regular semigroups containing the class
v C

Let # € and V C be e-varieties. Now we define a multiplication O in the
following way:

UOY ={Sx, 7 SeU TV
:( )= (End( -) o) is a homomorphism})

The correctness of the definition is based on 2.2.

3.1. Result ([4], Corollary 1.3., Proposition 1.4.)
Let YV € . Then

M . e W)
i V= . W

3.2. Lemma. Leti{ C and)V C be e-varieties. Then
Uy =  ,({Sx, T SelU TeV

:( )= (End( -) o) is a homomorphism})

Proof. Put W={Sx,7 Se€ld TV,
:( )= (End( ) o)is a homomorphism }.
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It follows from 2.4 that W C . Then 40OV = » (W), by 3.1 (ii). It is clear
that »W) C » (V). Further, (W) C (W), by 2.5. Then » W) C
» (W) and this together with 3.1 (i) gives » W) C »OV).
Now we consider the Malcev product of e—varieties. Recall that for any two
classes i C  and V C |, the Malcev product & oV of U and V is defined to be
the class

{S e there exists a congruence on & such that

€U forevery € sandS8 €V}

3.3. Lemma. Let Y C and V C  be e-varieties. Let S = ( ) e U, T =
( )€eVand :( -)— (End( -) o) beahomomorphism. Then Sx,7T € UoV.

Proof. Clearly, the second projection : x, — is a homomorphism of
S x, 7T into T. Choose € and & . Then

gives( ()( ) )€ X, ,whichmeansthat 1issurjective. Thus Sx,7 ker =
T and S x, 7 ker €V.
Let () be an idempotent in S x, 7. We will show that (  )ker €.
Put ,={ € ( ()= }. Clearly, ( )ker = ;x{}.
¢ 18 a regular subsemigroup in S:
1. +#0,since € .

2. Let € ¢ Then ( (- )= (" )- ( H )= - , which means that
ISHES
3. ¢ is regular:
Let € 4. Thereis € = .Put = () ). Then ( ")) =
(HCCHN= ()= ad - - = () () ()=
(N0 )= (D)=
So, € ¢tand - - = .Finally,( )ker =
The mapping : ; — ( )ker , defined by
()=C0)
for all € 4, is bijective. Further, ( - )= (). () forall € 4
(-)=C0-)
() O=C )-CH=CC "0 OO
= OO0 OCCHEN )
=00 CH0) )=( )

(we have used that € 7 by 2.3).
So, ( )ker €U, since ; isa regular subsemigroup in § and () ker

3.4. Corollary. LetUd C and )V C  be e-varieties. Then YTV C (U o V).

o~
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4. A MULTIPLICATION OF BIINVARIANT CONGRUENCES

Let  be anon-emptyset, "={’ € } beadisjoint copy of . We denote
by ‘() the free semigroup over U 7.

For any word = ;| - n( 1 2 n€ U HYweput =/ -
with ( /) = for €

A mapping : U ' — into a regular semigroup ( -) such that (') €

( ()) forall € is called a matched mapping.

By a biidentity over  we mean any pair = of words , € /( ). We
will say that a biidentity = is satisfied in a regular semigroup ( ) if, for any
matched mapping : U ' — | wehave O( ) = 0O( ), where ® : /() —

is the homomorphism extending . We say that a biidentity is satisfied in a class
YV C if it is satisfied in each member of V.

For any class V C | denote by (V ) — the set of all biidentities over ~ which
are satisfied in V.

Let  be a non-empty set. We write ( 1 | n 5) to indicate that only
elements 1 n€ 4 € 'mayoccurin € ‘().
By (1 1 n n) we denote the element of ‘() obtained by substituting
11 n n€ '( )for 1 n L into
A congruence on /() is termed biinvariant if ( ) € and it has the
following property: whenever , | 1, 1 n n€ () such that
(11 non) (1] non)
and
iig ( Yi il ) for =12
then also

(11 nn) (11 nn)

The set of all biinvariant congruences on ‘() will be denoted by ).
Let  ={ 1 2 } beasetof variables, € ).
Define a new alphabet

Putting

we see that , N 2) = () and that the mappings

C

are mutually inverse bijections between , and 2,. Denote both by .
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Now define ,: '( )— '( ,) by

1 o1 om0 (1 w3 2)
(1 mm m)
where m€ U
Given € (), define

by
(0) & and () () ( € ()
Remark. If ¢ ), € ' p)and D ( ), then O €
‘(). We will prove it in 5.1 (i).
Put
()= )
()= )
1 o m=0*1) ( *m)
for € )0 e o e o€ () m€ (o)
4.1. Lemma. Let € ), D ( ), , € (). Then
o )= " x () x o()
Proof. Let = m, = 1 ny 1 my 1 € U ' Then
1 m1 W)= o) T m)
( » 1 1) C 5 w)
e O TS E )
(* o())
Now ' 7, 4 rrr ifor =1 ysince 7 ()’ 'and
O
4.2. Lemma. Let ( )e ,( )€ , :( -)—(End( -) o) be a homomor-
phism, : U '— X, be amatched mapping, such that
(=Ci ) (D=0 ) (for =123 )
Let € ) D ( ) C () )ILet : U ’'— begiven
by
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Let : ,U ,— begiven by

( D— O (or ( e )
(D @D (for ( be b

where (f) : () — is the homomorphism extending :. Finally, let©® : () —
X (C:) : '( ,)— ) be the homomorphism extending (). Then

(i) the mappings | * are matched

({0 ( + )= (O ))O( ) forall € '( ), € '(,

(iii) ©( ) = (O( 4( ) O( ) forall € '( ).
Proof. (i) (¢ )( ¢ )(¢« J)=0C(i o), (i (¢ )¢ ) =(s i)since s
a matched mapping.
Further, ( 1 z)( 1 z)( 1 z)
=(Coaai i) CovagiidCad) Coa) i) (o D0 D0 9)
=(Ceiaie D) Civagiiadla) Caad)la) aid)
§o, i = s4s:and ;= ;; ;. Thus ; = i = 1. We see, that the mapping
" is matched. This together with C ({C )} ) gives the correctness of the

~—

definition of . Further,
i= (igaiad)Ca) (a i
i= - (P06 =
We have to show that (( i)
C N DT = e
()0 = (O )(:) and (OC ))( i) (©())

; ). We use the following fact
) = @( ) Ca)(a)

®()- ) )
= ©( )N ()C4) (

and already proved equalities ; =
(ii) Let ( i) € ,. Then

A~~~
Qoo
—~~
S
~— N T
—
S

o +( =6 = (_ )
= (O D)= OO )N
= (OO NCN= O NCC )
= (©ONO D).

Similarly, O( ()= (O( O D) for (  He
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O * 1 m)=0( * 1) (* m)=0( % 1) O * )
)

= GO GONO )
= O(NO(1)  O(m)= O NO(1 m)-
(iii) By induction with respect to the length of :O( ;)= (, i),
BCAMBN=CMC ) (=C A )
=(CC) (0 =00 )0 )
= (G000 D=,
Similarly, ©( §) = (6( Q(_;)) 0 ;)Z Let ) e ZThen
O - )=0()-6()=(O( () 6() O ()& )
=( ((33( )(O( )é_( Ne( NOC () (6( NOC () e - )
:(_(é( PO L)) (6( NOC () E:D( )
SO e (DB DO N=O L )6,
since (O NO( () =0( ' '* 4 ) and (O NO( o)) =O( *
o( ) by the part (ii), (: 7 x :Q( ) - ( *:Q( )) ::Q( - ) by 4.1. We have
also used the equalities (©( )) = ©( /) and (©( )Y =0O( /).
4.3. Lemma. Let € ), 2 ( ), € '( o). Let § =
( )e ,T=( 9)e , C ({7} ), C ({8} ,). Finally,let :( -)—
(End( ) o) be a homomorphism. Then O C ({Sx,7} ).
Proof. Let , € /( ), (O), : U '— x, beamatched mapping.
We have to show that ©( ) = O( ). We know that . o) o(). By42(i)

O( ) =0(),0( o ) =6( o ). Thus O( ) =0O( ) (by 4.2 (iii)).

4.4. Result ([4], Corollary 1.12.)

For any infinite set , the rules V+— (¥ )and +~—| | (where | | denotes the
class of all orthodox semigroups in which all biidentities from are satisfied) deter-
mine a one-to—one correspondence between all e-varieties of orthodox semigroups
and all biinvariant congruences on ' ).

We will denote the one—to—one correspondence from 4.4 by the symbol ——
4.5. Result ([1], Lemma 1)

Let  :( -)—( ) be asurjective homomorphism of regular semigroups and

let , € , € (). Thenthereexist , € suchthat € ()and ()= |,
()=

4.6. Lemma. Let € ), 2 ( ), € '( o). LetU C

Y C  be e—varieties such that il —— ,V «—— . Then
a c way )

Proof. Let , € (), (O),( HeUDVandlet : U '— be
a matched mapping. We will show that ©( ) = O( ). It follows from 3.2 that



52 MARTIN KURIL

there exist ( -) € U, ( -) € V, a homomorphism : ( ) — (End( ) o),
a regular subsemigroup () in ( ) X, ( -) and a surjective homomorphism
- /

:( ) — ( ). By 4.5, there is a matched mapping : U —  such
that (A( )= ()forall € U ‘. Ttis clear that (@( )) = O( ) for all
€ (). Now we use 4.3. We have (:)( ) = @( ). Thus (@( )) = (@( )),
o()=0().
4.7. Lemma. Let € ), € ‘(). Then the mapping
() —(Bnd( ‘(o) ) o) given by

()0 )=0x*)

( € () € '( ,))isacorrectly defined homomorphism.

Proof. 1. correctness of the definition:
Let , € (), , € '( ,), , . We will show that * * . Choose
( )€ U 5 Then

This implies * = % . It is clear that for ( )E
*d( )= ) o+ )= = = )

(o), we get x .50, % *

2. () '( ,) — '( o) 1sahomomorphism (for any € ‘( )):

)= *
=+ ))-(C*))= ) ) ) ).
3. is a homomorphism:
Let , € (), € '( ,). Then
()CCHC D= N =) )=0C*C*)) =" )x)
C )0 )= )HCNC ).

Now we recall the notion of a bifree object. Let V be a class of regular semi-
groups. By a bifree object in V on a non-empty set | we mean a pair (S ), where
S=( H)€eVand : U '— isa matched mapping such that the following
universal property is satisfied: for any semigroup 7 = () € V and any matched

mapping : U ' —— | there exists a unique homomorphism :8 — 7 such

that = . In cases when the mapping is obvious, we omit it and we term
simply & to be a bifree object in V on

4.8. Result ([4], Theorem 1.9.)
In any class ¥V C  satisfying (V) CVand (V) CV there exists a bifree object
on any non-empty set , and it is isomorphicto () (V ).
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4.9. Lemma. Let € '), D ( ), € '( ). Let
' ) — (End( ( ,) ) o) be the homomorphism from 4.7. Finally, let
U "— (o) xo () begivenby

— () ) (e U

Then
(i) is a matched mapping

1) O( )=( () ) forall € ‘().

Proof. Notethat ‘() € and '( ,) € (see4.8).
(i) is correctly defined:
(O )DC) )= ()" "))
= (/)07 ))=
=" ") =07 ) = .0) .
We have used the following fact: € ‘( Yand D | ) implies () =
" forany € ’( ). isa matched mapping: Choose € . Then

()= ")) ) (=" 7 ") ()) ()
( (! S )

()
Similarly, () () (= ().
(ii) By induction with respect to the length of :
Let € U ""ThenO( )= ()=( () ). Let , € ‘(). Then

OC - )=0()06()=(.0) )-(L) )
=((C )00 )C L)) CHC) ) )-C )
=(C ")) C)Ce) ) )
=(C 77 ()0 x o)) )
=( o ) ),
since (7w o( ) (% o( )= o( )by4l
4.10. Lemma. Let € ), 2 ( ), € '( o). LetU C

V C  be e—varieties such that U — | Y — . Then

o > gy )

Proof. Let , € /( ), (@UOV ) .Wewillshowthat ( O ) ,ie. and
o) o). Notethat '( ,) €U, () €V (see 4.4 and 4.8). We use
the homomorphism : /() — (End( ( ,) ) o)from 4.7 and the matched
mapping : U " — () X, () from 4.9. Clearly ‘( ,) X
‘() € udV. Thus the biidentity = issatisfied in  '( ,) X, ()
and therefore ©( ) = ©( ). Hence , by 4.9 (ii), ( ,( ) )=1( o() .
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5. THE MULTIPLICATION OF E—VARIETIES CORRESPONDS
TO THE MULTIPLICATION OF BIINVARIANT CONGRUENCES

Recall that the symbol < denotes the one-to-one correspondence between all
e—varieties of orthodox semigroups and all biinvariant congruences (see 4.4).

5.1. Theorem. Let € ), 2 ( ), € (o). LetU C
Y C  be e—varieties such that i — ,V <« . Then

2

(i) O € ()
(i) uay - O
(iii) The mapping : ‘() O — '( ,) Xu ‘() defined by
((aN=(,.0) ), where  is the homomorphism from 4.7, is an embed-
ding.
Proof. (i) and (ii): Note that 40V C  (see 2.4). Using 4.6 and 4.10 we have
O = OV ). ThusyOV < O by44.

(iii): Note that ( ,( ) Ye (o) xe () (see4.9). It follows imme-

diately from the definition of O that is a correctly defined injective mapping.
is a homomorphism:

( (O)=(.0) )

Let e /(). Then (( (0 ))-( (D))=
Fr ()0 () Josince o( ) =( "k L())-( % ()

'D;w(m)):(g() ) (
/ o)) =(C e Do) )

5.2. Remark. Theorem 5.1 together with Result 4.8 show that bifree objects
in OV are isomorphic to some subsemigroups in suitable semidirect products of
bifree objects in U by bifree objects in V| for any e—varieties if C and V C

i~
~—
~—
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