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PROPERTY (B) OF DIFFERENTIAL EQUATIONS
WITH DEVIATING ARGUMENT

JOZEF DZURINA

ABSTRACT. The aim of this paper is to deduce oscillatory and asymptotic behavior
of delay differential equation

Lnu(t) = p(t)u(7(t)) = 0,

from the oscillation of a set of the first order delay equations.

In this paper we are concerned with the oscillatory and asymptotic behavior of
solutions of the differential equations of the form

(1) Lpu(t) — p(t)u(r(t)) = 0,

where n > 3 and L,, denotes the general disconjugate differential operator of the
form

@) ;o Lod 1 d d 1 d -
T (t) dt e (t) At dt ri(t) dtro(t)’

It is always assumed that 7;(¢), 0 < i < n, p(t) and 7(¢) are continuous on [tg, o0),
p(t) >0, 7(t) <t, 7(t) — o0 as t — oo and

(3) / ri(s)ds =00 for 1<i<n-1.

The operator L, satisfying (3) is said to be in canonical form. It is well-known that
any differential operator of the form (2) can always be represented in a canonical
form in an essentially unique way (see Trench [7]). In the sequel we will assume
that the operator L, is in canonical form.
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We introduce the following notation:

Lou(t) = W)

Llu(t) =

The domain D(L,) of L, is defined to be the set of all functions w : [T, 00) — R
such that L;u(t), 0 < { < n exist and are continuous on [Ty, 00). A nontrivial
solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is
called nonoscillatory.

If u(t) is a nonoscillatory solution of (1) then according to a generalization of a
lemma of Kiguradze [4, Lemma 3] there is an integer £, 0 < £ < n such that £ =n
(mod 2) and

£

IN
IN

0<s ,
4
( ) £<q

n

IN
IN

for all sufficiently large ¢. A function w(t) satisfying (4) is said to be a function of
degree £. The set of all nonoscillatory solutions of degree £ of (1) is denoted by Ny.
If we denote by N the set of all nonoscillatory solution of (1), then

N=N{UN3U---UN, if nis odd,
and
N=NgUNsU---UN, if niseven.

Following Kiguradze, we say that equation (1) has property (B) if for n even
N = NogUN,, and for n odd N = N,,.

In a recent paper [5] Kusano and Naito has presented a useful comparison
principle which enables us to deduce property (B) of a delay equation of the
form (1) from that of ordinary differential equation

Lpu(t) — p(ZT(;f)R(Zns;_(t()t))u(t) =0,

where 771(t) is the inverse function to 7(t). The objectives of this paper is to
show that this comparison theorem may fail and then it is a good idea to compare
equation (1) with a set of the first order delay equations

(£:) Y (1) + qi(t)y(r(t)) =0,

We present the relationship between property (B) of equation (1) and oscillation
of equations (F;).

We begin by formulating a preparatory result (Lemma 1) which can be found
in [5] and is needed in the sequel.
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Let ip € {1,2,---,n—1}, 1<k <n—1and t, s € [tyg,o0), we define

Iy =1,
t
Ik(tﬁs;rik’ T ’ril) = rik(x)jk—l(xas;rik—u o arh)dx'
s
It is easy to verify that for 1 <k < n—1

Ik(tas;rika e ’ril) = (_1)k1k(5at;ri1a e arik)a

(5) k
In(t, sy v, o riy) = / rig () o1 (t, a5, -0y 1,) di.

Lemma 1. If u € D(L,) then the following formula holds for 0 <i <k <n—1
andt,s € [T, 00):

k
Liu(t) = (=1 7 Lyu(s)Li_s(s, 675, -+, rig1)
j=i
(6) FED Gt i) ) L ula) da.
t

This lemma is a generalization of Taylor’s formula. The proof is immediate.
For convenience and further references we make use the following notations:

:i(t) = 7°i+1(t)/ ro($)ro(T(s)p(8)In—i—2(s, t;rn_1, -, 7iq2)
3
(1)
X / Ii—l(T(S)a$;r1a"' ari—l)ri($)dxd5’
t1

for sufficiently large ¢y with 7(2) > ¢, and i=1,2,--- ,n— 2.
The following theorem presents an important relationship between equation (1)
and corresponding first order differential inequalities.

Lemma 2. Let
(7) 7(t) be nondecreasing.

Assume that for £ € {1,2,--- ,n—2}, such that n+/ is even the linear differential
inequalities

(Er) Y (1) + qe(t)y(r(1) <0
have no eventually positive solutions. Then equation (1) has property (B).

Proof. For the sake of contradiction we assume that (1) has a nonoscillatory
solution, which belongs to the class Ny ,where £ € {1,2,--- ,n—2} such that n+/¢
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is even. We may assume that «(?) is positive. Then there exists a ¢; such that (4)
holds for all t > ;.
Puttingéi =¢+ 1, k=n—1and s >t > t; in (6), we have in view of (4) and
(5)
—Lppru(t) > / Pa(®) In—e—a(®, t; 01, 7eqa) Lnu(z) dz,
t

letting s — oo and using (1), we obtain

(8) —Loyu(t) > /too () In—e—2(2, t;rn_1, - rega) ple)u(r(z)) dz,

for t > t;. Now by Lemma 1, with ¢ = 0, k = £ — 1 and t > s = ¢; taking (4)
and (5) into account, one gets

t
(9) Lou(t) > / Li—a(tyasr, - yremq) re(x) Lou() doe
t1

for t > t;. Combining (8) with (9) we have with respect to (7)

oQ

_LZ-I—lu T(S))IH—Z—Z(Sat; pn—1,""" arZ-I—Z)

oQ

ro(T(8)) In—e—2(s,t;1m_1, -+, Teq2)

> )
x/ L1(7(s), &yr1, - reet) re(2) Dou(x) deds
> )

(1)
X / Ii_a(7(s), x5, - yre—1) re(x) Lou(x) deds.
t1

Since Lyu(t) is decreasing (¢ > 1) we obtain from the last inequality

(10) —Loyru(t) > Le((t))

for t > t1. Let y(t) be given by
y(t) = Leu(l),
then y(¢) > 0 on [t1,00) and ¢/ (¢) = re41(2) Leq1u(t) and by (10) we have
y(t)+qt)y(r(t)) <0, t =t

which contradicts with the fact that differential inequality (E@) has no positive
solutions.
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Theorem 1. Let (7) hold. Define a function f = f(A) for 0 <A< 1/e by
ferM =1, 1< f<e.

Assume that for £ € {1,2,--- 'n— 2} such that n+ £ is even either

t
1
(11) d= liminf/ qe(s)ds > —,
=0 Jr(n) €
or
t
(12) c¢=lim sup/ qe(s)ds > 1,
i—=oo Jr(t)

or when 0 < d < 1/e and ¢ < 1 the folowing condition hold

(13) Fd)(1=vi=¢)>1.

Then equation (1) has property (B).

Proof. Ttis known (see e.g. [2, Corollary 4] or [1, Theorem 1] or [6, Theorem 2.1.1])

that conditions (11) or (12) or (13) are sufficient for differential inequalities (F;)
to have no positive solutions. Qur assertion follows by Lemma 2.

Lemma 3. Suppose that q(t) € C([tg, o)) is positive. Equation
Y (1) +a(Oy(r(t) =0
has a positive solution if and only if the differential inequality
Y (0 +a®y(r(1) <0
has a positive solution.
This lemma can be found in [3, Corollary 3.2.2].
Theorem 2. Let (7) hold. Assume that for ¢ € {1,2,--- ,n— 2} such that n + ¢
is even the delay differential equations

(E¢) y' () + ¢@)y(r(t)) =0

are oscillatory. Then equation (1) has property (B).
Proof. This theorem immediately follows from Lemma 2 and Lemma 3.

Example 1. Let us consider the third order equation

(14) Y (t) — ? y(\%) =0, a>0, and t2>1,
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We have 7(t) = /1, p(t) = tzaat and ¢1(¢) = (7(2) —tl)/ p(s)ds. By Theorem 1
t

equation (14) has property (B) for all @ > 0. On the other hand, by the above-
mentioned result of Kusano and Naito one gets that (14) has property (B) if the
ordinary equation without delay

(15) V1)~ 22yt = 0

has property (B). But as (15) has not property (B) criterion of Kusano and Naito
fails for (14).

We can extend our previous results to more general nonlinear differential equa-
tion of the form

(16) Lnu(t) = f(t,u(r(1))) =0,

where L, and 7 are the same as in (1) and f is a continuos function such that

Ji[to,00) xR — R and zf(t,x) > 0 for  # 0.

Lemma 4. Let all conditions of Lemma 2 are satisfied. Moreover we assume that
(17) |f(t,2)] = p(t)|x| fort € [to,00) and x # 0.

Then equation (16) has property (B).

Proof. By Lemma 2 equation (1) has property (B). Applying the well known
comparison theorem of Kusano and Naito [5, Theorem 1] one gets that condition
(17) guarantees property (B) of (16).

Theorem 3. Let all conditions of Theorem 2 hold and (17) is satisfied. Then
equation (16) has property (B).

Proof. The assertion of Theorem 3 follows by Theorem 2 and Theorem 1 in [5].
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