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ON TERNARY SEMIGROUPS OF
HOMOMORPHISMS OF ORDERED SETS

ANTONI CHRONOWSKI

ABSTRACT. The paper deals with the characterization of ordered sets by means of
ternary semigroups of homomorphisms of ordered sets.

1. INTRODUCTION

In many areas of mathematics the mutual connections between algebraic, or-
dered, topological structures and semigroups (groups) of some mappings of these
structures are studied (e.g. [2]). In the present paper we introduce the notion of
a ternary semigroup of homomorphisms of ordered sets which is the counterpart
of a semigroup of endomorphisms of an ordered set. In the main theorem of this
paper we give necessary and sufficient conditions for a certain characterization of
ordered sets by means of ternary semigroups of homomorphisms of these sets.

2. BASIC DEFINITIONS

Definition 2.1 (cf. [3]). A ternary semigroup is an algebraic structure (A, f) such
that A is a nonempty set and f : A3 — A is a ternary operation satisfying the
following associative law:

J(f(@1, 20, 23), 24, 25) = f(xq, fxo, 23, 24), 25) =
= f(xla T2, f(x3a L4, $5))

for all xq,..., x5 € A.

Definition 2.2 (cf. [3]). A nonempty subset I C A is called an ideal of a ternary
semigroup (A, f) if F(I, A, A) C I, J(A, I, A) C I, (4, 4,1) C I.
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Definition 2.3. An element g € A is said to be a left zero of a ternary semigroup

(A, ) if flxo, x1,22) = xg for all 1,2, € A.

Let X and Y be nonempty sets. Let T(X,Y) be the set of all mappings of
X into Y. Put T[X,Y] = T(X,Y) x T(Y, X). Define the ternary operation f :
T[X,Y]? — T[X,Y] by the rule:

f((Pl, fh), (Pz, Q2), (Ps, QB)) = (Pl ©q2°0pP3,410Pp2° QS)

for all p;, ¢;) € T[X,Y] where i = 1,2,3.
The algebraic structure (T[X, Y], f) is a ternary semigroup.

Definition 2.4. The ternary semigroup (7[X,Y], f) is called the ternary semi-
group of mappings of the sets X and Y.

It is easy to check that the ternary semigroups (T[X, Y], f) and (T[Y, X], f) are
isomorphic.

A slightly modified argument applied in the proof of Theorem 3 (cf. [1]) yields
the following theorem.

Theorem 2.1. Every ternary semigroup (A, f) is embeddable into a ternary semi-
group (T[X,Y], f) of mappings of some sets X and Y.

Now we give some definitions concerning partially ordered sets. Partially ordered
sets we shall simply call ordered sets. Throughout this paper we shall consider
nonempty ordered sets.

Definition 2.5. A mapping p : X — Y is called a homomorphism of ordered sets
X and Y if

Vo, 2e € X[zg <22 = p(r1) < p22)].
A mapping p: X — Y 1s called an isomorphism of ordered sets X and Y if

(i) pis a bijection of X onto Y,
(i) Vo, 22 € X[11 < 29 <= p(21) < p(22)].

Let H(X,Y) be the set of all homomorphisms from the ordered set X to the
ordered set Y. Put H[X Y] = H(X,Y) x H(Y, X). Define the ternary operation
[ H[X,Y]? — H[X,Y] by the rule:

f((Pl, fh), (Pz, Q2), (Ps, QB)) = (Pl ©q2°0pP3,410Pp2° QS)

for all (p;,q;) € H[X,Y] where i = 1,2,3. The algebraic structure (H[X,Y], f) is
a ternary semigroup.

Definition 2.6. The ternary semigroup (H[X,Y], f) is called the ternary semi-
group of homomorphisms of the ordered sets X and Y.
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3. SOME PROPERTIES OF THE TERNARY SEMIGROUP H[X,Y]

The symbol E(X) denotes the set of all equivalence relations on the set X.

Let X and Y be ordered sets. Consider the smallest equivalence relations
a € F(X) and f € E(Y) containing the ordering relations of the sets X and
Y, respectively. The relations o and 3 are called the connectivity relations.

Suppose that p € H(X,Y). Define the mapping p* : X/a — Y/ by the rule

p*([#]a) = [p(2)]s

for [#]o € X/a. If [2]o = [#']a, then (z,2") € . Since p is an order-preserving
mapping, it follows that (p(x),p(z’)) € 4, and so [p(z)]s = [p(z’)]s. Therefore
the mapping p is well-defined. Suppose that ¢ € H(Y, X). Define the mapping
q* :Y/B — X/« by the rule

for [yl € Y/5.
Let us define the mapping F' : H[X,Y] — T[X/«,Y/p] by the formula

fpg) =" q")

for (p,q) € H[X,Y]. We shall prove that the mapping F is an epimorphism of the
ternary semigroups H[X,Y] and T[X/«a,Y/G]. Assume that (p;, ¢;) € H[X,Y] for
i = 1,2,3. First we prove that (p1 o g2 0 p3)* = pjoglops and (g1 opzoqs)* =
i 0 93 0 €5, Indeed, (31 0 g3 0 p3)*([2)a) = [pr(a(ps(@)]s = pi([a2(po(2))]e) =
Pi(g3([ps()]g)) = pi(a5(p3([2]a))) = (p1 © 45 o p3)([2]a) for all [z]s € X/a, and
we have (p1 0 q2 0 p3)* = pj o ¢5 o p5. Similarly (q1 o p2 0 ¢3)" = ¢ o p3 o ¢5.
Therefore, F'(f((p1,q1), (P2, 42), (P3,43))) = F(p1ogaops,qiop2oqs) = ((progzo
p3)" (g1 op20q3)") = (P oqs0p5 7 ophoqs) = f((p1,47), (P3,43), (P35, 43)) =
F(F(p1,q1), F(pa,q2), F(ps, q3)). Assume that (r,s) € T[X/«,Y /). Define the

following mappings:
piX = X/a, () =laa, v € X,
po Y = Y/8, pa(y) =[yls, yeY.
Consider the choise functions:
w1 X/a— X, wi([#]a) € [#]a, [t]a € X/a,
wy Y/B =Y,  wallyls) € luls, [yl €Y/8.

Define the mappings p(r) = wa or oy and ¢(s) = wyj o so pa. If 1,22 € X and
21 < 2o then (21, 22) € o, this means that [21]o = [22]a. Thus p(r)(z1) = p(r)(x2).
Consequently p(r) € H(X,Y). Similarly q(s) € H(Y, X). Notice that p(r)*([#]a) =
() (@)]s = [os(r{ (@D)]s = [wa(r((z]a))]s = r(li]a) for each [¢]a € X/a. Hence
p(r)* = r. Similarly ¢(s)* = s. Consequently F(p(r), ¢(s)) = (p(r)*, q¢(s)*) = (v, 5).
Therefore F' is an epimorphism.

We have obtained the following result.



88 ANTONI CHRONOWSKI

Proposition 3.1. The ternary semigroups H[X,Y]/Ker(F) and T[X/«a,Y /7] are
isomorphic.

Assume that P(X) denotes the power-set of X. Put Py(X) = P(X)\{0}.

Definition 3.1. A homomorphism p € H(X,Y) is called a complete homomor-
phism of X into YV if the following two conditions are fulfilled:

(i) VA€ Po(X)BV A= (3Vp(A) Ap(VA) = Vp(A))],

(i)VA € Po(X)[FAA = (FAp(A)Ap(AA) = Ap(A))].

Notice that every constant homomorphism p € H(X,Y) is a complete homo-
morphism. Let SH(X,Y") be the collection of all complete homomorphisms of X
intoY. Put SH[X,Y] = SH(X,Y)x SH(Y, X). Tt is easy to verify that SH[X,Y]
is a ternary subsemigroup of the ternary semigroup H[X Y].

Assume that (r,s) € T[X/a,Y/F]. We shall show that (p(r), ¢(s)) € SH[X,Y].
Suppose that A € Py(X) and there exists a join VA. Since Vo € 4 : & < VA,
it follows that Vo € A : (#,VA) € «a. Hence pi(x) = p1(VA) for every z €
A. Consequently p(r)(A) = {p(r)(VA)} and Vp(r)(A) = p(r)(VA). Similarly for
the meet AA. Therefore p(r) € SH(X,Y ). Analogously ¢(s) € SH(Y, X). Thus
(1(r), a(s)) € SHIX, Y]

We have obtained the following

Proposition 3.2. The epimorphism F : H[X|Y] — T[X/«,Y /] restricted to
the set SH[X Y] is an epimorphism of the ternary semigroup SH[X,Y] onto the
ternary semigroup T[X/a,Y/[].

As a consequence, we have

Corollary 3.1. The ternary semigroups SH[X,Y|/Ker(F') and T[X/«,Y /(3] are
isomorphic.

Let W and Z be any sets for which there exist surjections f; : X — W and
fa 1Y — Z such that Ker(f1) = o« and Ker(f2 = 5). Consider the bijections
01 : X/ao — W and ¢y : /3 — Z defined by the formulas:

p1([z]a) = fi(z), [2]a € X/a,
e2([yls) = fo(y), [ls €Y/B.

Define the mapping G : T[X/«, Y /5] — T[W, Z] by the rule:

G(Tas):(@2Or°¢f1a¢1050¢51)

for all (r,s) € T[X/a,Y/3].

It is easy to check that G is an isomorphism of the ternary semigroups T[X/«, Y/ (]
and T[W, Z]. Put K = G o F. Thus, we conclude that K is an epimorphism of
H[X,Y] onto T[W, Z].

Therefore we have obtained the following
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Proposition 3.3. Let X and Y be ordered sets. Let o € E(X) and § € E(Y') be
connectivity relations. Consider the surjections f; : X — W and f» : Y — Z such
that Ker(f1) = o and Ker(f2) = 3. Then the ternary semigroups T[X/«,Y /] and
T[W, Z] are isomorphic. Moreover, the ternary semigroup T[W, Z] is an epimorphic
image of the ternary semigroup H[X,Y] by the epimorphism K.

Assume that (g, h) € T[W, Z]. Consider the choice functions:

1 X/ a— X, wi([#]a)€ [2a, [2]a€ X/a
2 Y/B =Y, wilyls) € lyls, WlseY/B

Define the mappings p(g) = waopy ogo fi and q(h) = wiop toho fo. Similarly as
for the mappings p(r) and ¢(s) we can show that (p(g), ¢(h)) € SH[X,Y]. We shall
prove that K(p(g),q(h)) = (g,h). Indeed, K(p(g), q(h)) = (G o H)(p(g), q(h)) =
(p2 o p(g)* o gpl_l), w10 q(h)* o gy ) If we W, then there exists an & € X
such that fi(z) = w. Therefore, (p2 0 p(g)* ogp1 Y(w) = @a(p(9) (7 (fr(2)))) =
soz(P(g)*([l‘]a)() = pa(lp(9)(@)ls) = 302([w2(802 (9(fr(x ))))] ) = falwa(py (g(

h

() = g(fi(2)) = g(w). Thus paop(g)* ogp1 = ¢. Similarly ¢ oq(h)”‘ogpz_1 =
Therefore K(p(g),q(h)) = (g, h).

From the foregoing it follows the following

Proposition 3.4. The epimorphism K : H[ X, Y] — T[W, Z] restricted to the set
SH[X,Y] is an epimorphism of the ternary semigroup SH[X,Y] onto the ternary
semigroup T[W, Z].

As a consequence, we have

Corollary 3.2. The ternary semigroups SH[X,Y|/Ker(K) and T[W, Z] are iso-
morphic.

Summarizung we get the following
Corollary 3.3. The ternary semigroups H[X,Y]/Ker(F), H[X,Y]/Ker(K),
SH[X,Y]/Ker(F), SH[X,Y]/Ker(K), T[X/«,Y /8], T|W, Z] are isomorphic.
4. MAIN RESULT

The main result of this paper is contained in Theorem 4.1. Let X and Y be
ordered sets. Consider the following sets:

Ho(X,)Y)={pe HX,Y): Jyp e YVze X : p(x)= 1o},
Ho(V,X)=H¢e HY,X): Juyg € XVyeY : q(y)= 20} .

The homomorphisms p € Ho(X,Y) and ¢ € Hy(Y, X) such that their single values
are yg € Y and zo € X we denote by p,, and ¢, respectively. Define the partial
order on the set Hy(X,Y) by the rule:

Pyo < Pyy <= Yo < Y
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for py,, pyr € Ho(X,Y).
Define the partial order on the set Hy(Y, X) by the rule:

ey < qo, <= xo < 2

for quy, ¢ry € Ho(Y, X).
Put Hy[X,Y] = Ho(X,Y) x Ho(Y, X). Tt is easy to notice that Hy[X,Y] is a
ternary subsemigroup of the ternary semigroup H[X,Y].

Lemma 4.1. Let X and Y be ordered sets. A pair of homomorphisms (p, q) is a
left zero of the ternary semigroup H[X,Y] if and only if (p,q) € Ho[X,Y].

Proof. Let (p,q) be a left zero of H[X,Y]. By Definition 2.3 we have f((p,q),
(pla Q1)a (pZa QZ)) = (pa Q) fOI' aH (pla Q1)a (pZa QZ) S H[Xa Y] Put (pla (J1) = (pyua ng)
for some xg € X and yo € Y. Hence f((p,q), (Pyo qes), (P2, ¢2)) = (p,q) and
P =DPO e, ©P2, § = ¢ O Py, © g2. Therefore, Vo € X : p(x) = p(x0) and Vy € ¥ :
q(y) = q(yo), and so (p, q) € Ho[X,Y].

Suppose that (p,q) € Ho[X,Y]. Consequently p = p,, and ¢ = ¢, for some
Zo S X and Yo S Y. For any (pla Q1)a (pZa QZ) S H[XaY] we have: f((pa Q)a (pla Q1)a

(P2,92)) = F((Pyos 9wo), (P1,91), (P2, 92)) = (Pyo © 41 °P2, 420 0 P1°42) = (Pyo, 4wo) =
(p, q). Therefore, the pair (p, q) is a left zero of the ternary semigroup H[X,Y].0

Proposition 4.1. The set Hy[X, Y] is the smallest ideal of the ternary semigroup
H[X,Y].

Proof. Tt is easy to check that Ho[X, Y] is anideal of H[X,Y]. Put Iy = Ho[X,Y].
Let T C H[X,Y] be an ideal of H[X,Y]. By Lemma 4.1 f(ly,I,1) = Iy. On the
other hand, f(Iy,I,I) C I. Hence Iy C I. d

Lemma 4.2. Let X; and Y; for i = 1,2 be ordered sets. Let ' : H[X,Y]] —
H[X5,Ys] be an epimorphism of the ternary semigroups H[X,Y1] and H[X2,Y5].
Then F(Ho[Xl,Yl]) = Ho[Xz,Yz].

Proof. Suppose that (p,q) € Ho[X1,Y1]. By Lemma4.1 we have f((p, ¢), (p1,q1),
(P2,q2)) = (p, ¢) for all (p1, q1), (p2, g2) € H[X1, Y1]. Therefore, f(F(p, q), F'(p1, q1),
F(pa2,q2)) = F(p,q) for all (p1,q1), (p2,q2) € H[X1,Y1]. Again by Lemma 4.1
F(p,q) € Ho[X>, Y]

Suppose that (r,s) € Ho[X2, Y>]. This implies that r = r,, and s = s,, for some
22 € X5 and ya € Ya. There exists a pair (p/,¢') € H[X1, Y1] such that F(p',¢') =
(7y,,5z,). Assume that (pys,q,1) € Ho[X1,Y1] is an arbitrary fixed pair and
(p1,q1) € H[X1, V1] Put (p,q) = F((¥', ¢'), (Py!, 421 ), (P1, q1)). Hence p = p'oqpr 0
p1and ¢ = ¢'opy0oqi. Set y1 = p'(2) and x1 = ¢'(y;). Thus p = py, and ¢ = ¢,
hence (p, q) € Ho[X1,Y1]. We have Fi(p,q) = f(F(p',q), F(py;, ¢01), Fp1,01)) =
F((ryss 82.), F(pyrs ge1), F(p1,91)) = (7y,, 80,) = (7, 8). Therefore, there exists a
pair (p,q) € Ho[X1,Y1] such that F(p,q) = (v, s).

Notice that a mapping Fy : Ho[X1,Y1] — Ho[X2,Y2] is an isomorphism of the
ternary semigroups Ho[X1,Y1] and Ho[Xs, Ys] if and only if Fy is a bijection.
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Let X; and Y; for i = 1,2 be ordered sets. Suppose that f; : X1 — X5 and f5 :
Y] — Y5 are isomorphisms of ordered sets. Define the mapping F' : H[X,,Y]] —
H[X2,Y5] by the rule:

(1) F(p,g) = (faopo ST frogqofh)

for all (p,q) € H[X1,Y1].
It is easy to check that F'is an isomorphism of the ternary semigroups H[X;,Y7]
and H[XQ,YQ]. O

Definition 4.1. The mapping F' defined by the formula (1) is called the isomor-
phism of the ternary semigroups H[X1,Y1] and H[X5, Y] induced by the pair of
isomorphisms (f1, f2).

Anisomorphism F : H[X,Y ] — H[X3,Y5] of the ternary semigroups H[X, 7]
and H[X2,Y5] need not imply the existence of isomorphisms f; : X; — X5 and
fa: Y1 — Y5 of the ordered sets X1, X3, Y1, Ys.

Example. Consider the following sets:

X1 = {11,212, 213}, Yi={wn},
Xy = {01,290, 232}, Yo ={ya}.

Assume that X5, Y7, Y5 are trivially ordered sets. Define the partial order < in the
set X1 by the following rules: #11 < 211, 12 < 219, #13 < 213, 12 < x13. Thus

we have:
H(X1, Y1) =A{py. }, HY, X)) = {1 Gera Gos )
H(X2,Y2) =A{py.}, H(Yo, Xo) = {rars Gwon Gooa ) -
Hence
H[X1,Y1] = {(Py:s €011)s Py Gorz)s (Pyr s 4o0s) }
H[X2,Ys] = {(Pyzs €021), Py Graz)s (Pyzs 4oas) } -

Thus H[X1,Y1] = Ho[X1,Y1] and H[Xs,Ys] = Ho[Xs, Ys]. Let us take any bi-
jection ' : H[X,,Y1] — H[X3,Ys]. The mapping F' is an isomorphism of the
ternary semigroups H[X1,Y1] and H[X>, Y2]. Notice that the ordered sets X; and
X5 are not isomorphic.

Let X; and Y; for ¢ = 1,2 be ordered sets. Let F : H[X1,Y1] — H[X2,Y3]
be an isomorphism of the ternary semigroups H[X1,Y]] and H[Xs,Y3] induced
by the pair of isomorphisms (f1, f2). Assume that py,, p,s € Ho(X1,Y1) and
q,¢" € Ho(X1,Y1). We have

F(py,q) = (faopy, o i iogo fit),
F(py,d')= (foopy o fi ' friod o f5h).

Notice that f2 o py, o f1_1 = Tty and faopyr o f1_1 = Tp,(y!), this means that
Tra(un)s Tha(y) € Ho(X2,Ya). If py, < pyr, then yi < g, Since fa(y1) < fa(yh),
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it follows that ry,y,) < 7,41 Conversely, suppose that rg,,,) < 7,41 Hence
f2(y1) < f2(yy), and so y1 < yj. This means that py, < pys. Let us denote by m
and 7o the projections of Cartesian product. From the foregoing we have obtained
the following condition:

(W1) Vp,p' € Ho(X1,Y1)Vq,¢ € Ho(Y1, X1)[p<p <= mi(F(p,q)) <

A similar argument yields the following condition:

(W2) Vp,p' € Ho(X1,Y1)Vq, ¢ € Ho(Y1,X1)[g < ¢/ < m2(F(p,q)) <
<m(F(p',q)].

Notice that the isomorphism F' : H[X;,Y]] — H[X,,Y2] defined in the former
example does not satisfy the condition (W3).

Theorem 4.1. Let X; and Y; for i = 1,2 be ordered sets such that the ternary
semigroups H[X1,Y1] and H[X,,Ys] are isomorphic. The isomorphism
F : H[X1,Y1] — H[X,, Y] of the ternary semigroups H[X;,Y1] and H[X>, Y]
is induced by the pair of isomorphisms (f1, f2) if and only if the isomorphism F
satisfies the conditions (Wy) and (W2).

Proof. We have proved that the isomorphism F' induced by the pair of isomor-
phisms (f1, f2) satisfies the conditions (Wy) and (W3).

Let us assume that F': H[X,Y]] — H[X2, Y5] is an isomorphism of the ternary
semigroups H[X1,Y1] and H[X3,Y3] such that the conditions (W) and (W3) are
satisfied.

In view of Lemma 4.2 we can define the mapping F* : X x Y1 — X» x Y5 by the
formula:

(2) Fr(e1,51) = (22, 2) <= Fpys, 4e1) = (ryz) 522)

for (z1,y1) € X1 x Y1, (x2,y2) € Xa X Ya.
It is easy to notice that F'*is a bijection. Let yg € Y] be an arbitrary fixed element.
We define the mapping f1 : X1 — X3 by the rule:

(3) filzn) = o &= m(F" (21, 90)) = 22
for &1 € X1, x5 € Xy. We will prove that
fl(l‘l) = x5 <:>Vy1 ey : Fl(F*(xl’yl)) = x5

for #1 € X1, 2 € X5. Suppose that F*(z1,y0) = (22, y2) and F*(z1, 1) = (25, ¥h)
for an arbitrary fixed element y; € Y7, and #; € Xy, @a, 24 € Xa, Y2, vh € V5.
Thus we have

F*(l‘l,yo) = (xZ’yz) < F(pyua(hfl) = (ryzasl&)’

F*(xl’yl) = ($/2’y/2) — F(py1aqx1) = (Ty;,5x5)~
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In view of the condition (W3) we infer that s,, = 5., and so z2 = z4. Therefore,
2

(4) filzr) = a0 = Vy €Y1 mi(F (21, 11)) = 22 for z1 € X1 20 € Xy,
(5) fl(xl) = T9 —— E'yl ey Zﬁl(F*(l‘l,yl)) =z, for z; € Xl,l‘z € Xs.

Next we will prove that f; : X7 — X5 is a bijection. Suppose that zo € X5.
Let us take an arbitrary fixed element y» € Y5. Thus there exists a pair (z1,y1) €
X7 x Y7 such that F*(z1,y1) = (22, y2). Therefore using the condition (5) we
obtain fi(x1) = z2, and so fi is a surjection. Suppose that fi(z1) = fi(«)) for
z1, 27 € Xy. Hence fi(x1) = x2 and fi(x)) = a2 for some z2 € Xa. By (3) it
follows that F*(z1,y0) = (®2,y2) and F*(2),y0) = (w2, y5) for some ya, 4 € V5.
Hence we have F'(py,, ¢x,) = (7y,, 82,) and F(py,, qz1) = (7y1, 52,). Using (W) we
get gz, = qu1, and so xy = z). Therefore f; is an injection. We shall prove that

(6) Vai, o) € Xi[r < 2} < fi(z1) < fi(2)].

Suppose that 21 < #) for z1, 2] € X1. Set fi(x1) = x2 and f1(2)) = @), where x5,
zh € Xy, Hence
Ji(x) = o= m (" (21, %0)) = 22,

fi(2) = ohe= i (F (2], y0)) = 25 .

Thus F*(z1,y0) = (#2,y2) and F* (2], yo) = (24, y4) for some y2, v, € Y5. We have

F*(l‘l,yo) = (l‘z,yz)<:> F(pyua(hfl) = (ryzasl&)’
F*(xllayO) = (x/Zay/Z)C:} F(pyanx’l) = (ry;asxg) .

Since ¢z, < ¢/, the condition (W3) yields s, < s;1, that is x5 < 25, and so
fi(zy) < fi(z)). Tt is easy to notice that fi(x1) < fi(x)) implies 27 < & for each
z1, ) € X1. Therefore we have proved the condition (6).

Summarizing, the mapping f1 : X1 — X5 is an isomorphism of the ordered
sets X1 and Xo.

Let 29 € X be an arbitrary fixed element. We define the mapping fo : Y1 — Y5
by the formula:

(7) Jo(y1) = y2 <= ma(F (20, 41)) = ¥2

for y1 € Y7 and y» € Ya. The analogous argument applied to the mapping fo allows
to prove that

(8) falyr) = ya <=V € Xyt ma(F¥ (21, 11))= y2,
(9) falyr) = yo =Ty € Xyt ma(F* (21, 1)) = 2

for y; € Y7 and y» € Ys. We can similarly show that the mapping fo : Y1 — Y5
is an isomorphism of the ordered sets Y7 and Y3. By the conditions (4) and (8)
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we get F™(z1,y1) = (m(F (21, 91)), m2(F"(21,11))) = (f1(z1), f2(y1)) for each
(z1,y1) € X1 x V7. Consequently,

(10) = (f1,f2).

We shall prove that the isomorphism £ is induced by the pair of isomorphisms
(f1, f2). First, we shall show that the following condition is satisfied:

Vo € XqVyr € ViV(p,q) € H[X1, V1] : F(p, ¢)(fi(z1), f2(n1)) =
(11) (fo(p(21)), f1(a(y1))) -

Suppose that 1 € X1, 31 € Y1, and (p,q), (p1,q1) € H[X1,Y1]. Hence f((p, 9),
(Py1921)s (P1:,41)) = (PO gy ©P1,00 Pyy ©41) = (Pp(ar)s dy(yr))- We have Fi(pp(ey),
Qy(yn)) = FU(P:0), Py1: 4e0)s (P1,01))) = J(F P, @), F(pyss ¢01), F(p1,q1))- Set
F(p,q) = (r,s) and F(p1,q1) = (r1,51). By Lemma 4.2 we get F(py,,¢e,) =
(rys, Sey) for some @y € X, yo € Yo By(10) F(py,, ¢e,) = (Py,, Sos) <= F*(21,41)
(r2,92) <= (fi(x1), fo(y1)) = (x2,y2) &> (v2 = fi(®1)Ay2 = f2(y1)). Therefore,
F(ppen)s Qawn)) = FU(:8), (o) S1acen)s (71,81)) = (10 87, (a0) 0 71,8 0 Ty ) ©
51) = (Pr(fi(x1))) Ss(falyr))). On the other hand, F(pp(e,); Qy(yy)) = (7ys) Sz,) for
some zy € Xy, y2 € Yo By (10) F(pp(ar), dg(v1)) = (792, 50,) = F7(a(n), p(21)) =
(22,y2) <= (fila(1)), fo(p(x1))) = (%2, 42) <= (22 = fi(q(y1))Ay2 = fa(p(21))).
Therefore, F(pp(e,), qq(yl)) = (Tfa(p(x1)) Sfi(a(yr))). Comsequently, r(fi(x1)) =
fa(p(e1)) and s(f2(y1)) = f1(q(y1)). Thus, F(p,q)(f1(z1), f2(y1)) = (r,5)(f1(21),
Fai1)) = (), s(Ua() = (o)), fi(a(sn)). Therefore we have ob-
tained the formula (11).

For z2 € X3 and y2 € Y3 there exist #; € X7 and 3y, € Y3 such that fi(z1) = 22
and fo(y1) = y2. Hence x; = f7'(x2) and y1 = f5 ' (y2). Using the formula
(11) we obtain F(p,q)(z2,92) = ((f2 o po fi ) (x2),(froqo fi')(ye)) = (f2 0
po fit fioqo f71)(wa,y2) for any pair (p,q) € H[X1,Y1]. Therefore, F(p,q) =
(foopofit fiogo f71) for each (p,q) € H[X1,Y1]. Finally, we conclude that
the isomorphism F' is induced by the pair of isomorphisms (fi1, f2) defined by the
formulas (3) and (7). The proof of Theorem 4.1 is completed. d

Definition 4.2. Let X; and Y; for ¢ = 1, 2 be ordered sets. The ternary semigroups
H[X1,Y1] and H[X2,Y3] are called W-isomorphic if there exists an isomorphism
F : H[X1,Y1] — H[X,, Y] of the ternary semigroups H[X;,Y;] and H[X>,Ys]
fulfilling the conditions (W) and (Wa).

From Theorem 4.1 we deduce the following two corollaries.

Corollary 4.1. Let X; andY; fori = 1,2 be ordered sets. The ternary semigroups
H[X1,Y1] and H[X>,Ys] are W-isomorphic if and only if the ordered sets Xy and
X5 are isomorphic and the ordered sets Y, and Yy are isomorphic.

Corollary 4.2. Let X; and Y; for i = 1,2 be ordered sets such that there exists
an isomorphism G : H[X1,Y1] — H[X»,Ya] of the ternary semigroups H[X1, Y]]
and H[X5,Ys]. The ordered sets X; and Xo are isomorphic and the ordered sets
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Y1 and Y, are isomorphic if and only if there exists an automorphism u of the
ternary semigroup H[X1,Y1] such that the isomorphism F = G o p satisfies the
conditions (Wy) and (W).
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