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ARCHIVUM MATHEMATICUM (BRNO)Tomus 30 (1994), 85 { 95ON TERNARY SEMIGROUPS OFHOMOMORPHISMS OF ORDERED SETSAntoni ChronowskiAbstract. The paper deals with the characterization of ordered sets by means ofternary semigroups of homomorphisms of ordered sets.1. IntroductionIn many areas of mathematics the mutual connections between algebraic, or-dered, topological structures and semigroups (groups) of some mappings of thesestructures are studied (e.g. [2]). In the present paper we introduce the notion ofa ternary semigroup of homomorphisms of ordered sets which is the counterpartof a semigroup of endomorphisms of an ordered set. In the main theorem of thispaper we give necessary and su�cient conditions for a certain characterization ofordered sets by means of ternary semigroups of homomorphisms of these sets.2. Basic definitionsDe�nition 2.1 (cf. [3]). A ternary semigroup is an algebraic structure (A; f) suchthat A is a nonempty set and f : A3 ! A is a ternary operation satisfying thefollowing associative law:f(f(x1; x2; x3); x4; x5) = f(x1; f(x2; x3; x4); x5) == f(x1; x2; f(x3; x4; x5))for all x1; : : : ; x5 2 A.De�nition 2.2 (cf. [3]). A nonempty subset I � A is called an ideal of a ternarysemigroup (A; f) if f(I; A;A) � I, f(A; I;A) � I, f(A;A; I) � I.1991 Mathematics Subject Classi�cation : 08A62, 20N15.Key words and phrases: homomorphism and isomorphism of ordered sets, ternary semigroupof homomorphisms of ordered sets.Received November 22, 1992.



86 ANTONI CHRONOWSKIDe�nition 2.3. An element x0 2 A is said to be a left zero of a ternary semigroup(A; f) if f(x0; x1; x2) = x0 for all x1; x2 2 A.Let X and Y be nonempty sets. Let T (X;Y ) be the set of all mappings ofX into Y . Put T [X;Y ] = T (X;Y ) � T (Y;X). De�ne the ternary operation f :T [X;Y ]3 ! T [X;Y ] by the rule:f((p1; q1); (p2; q2); (p3; q3)) = (p1 � q2 � p3; q1 � p2 � q3)for all pi; qi) 2 T [X;Y ] where i = 1; 2; 3.The algebraic structure (T [X;Y ]; f) is a ternary semigroup.De�nition 2.4. The ternary semigroup (T [X;Y ]; f) is called the ternary semi-group of mappings of the sets X and Y .It is easy to check that the ternary semigroups (T [X;Y ]; f) and (T [Y;X]; f) areisomorphic.A slightly modi�ed argument applied in the proof of Theorem 3 (cf. [1]) yieldsthe following theorem.Theorem 2.1. Every ternary semigroup (A; f) is embeddable into a ternary semi-group (T [X;Y ]; f) of mappings of some sets X and Y .Now we give some de�nitions concerning partially ordered sets. Partially orderedsets we shall simply call ordered sets. Throughout this paper we shall considernonempty ordered sets.De�nition 2.5. A mapping p : X ! Y is called a homomorphism of ordered setsX and Y if 8x1; x2 2 X[x1 � x2 ) p(x1) � p(x2)] :A mapping p : X ! Y is called an isomorphism of ordered sets X and Y if(i) p is a bijection of X onto Y ,(ii)8x1; x2 2 X[x1 � x2 () p(x1) � p(x2)].Let H(X;Y ) be the set of all homomorphisms from the ordered set X to theordered set Y . Put H[X;Y ] = H(X;Y ) �H(Y;X). De�ne the ternary operationf : H[X;Y ]3 ! H[X;Y ] by the rule:f((p1; q1); (p2; q2); (p3; q3)) = (p1 � q2 � p3; q1 � p2 � q3)for all (pi; qi) 2 H[X;Y ] where i = 1; 2; 3 : The algebraic structure (H[X;Y ]; f) isa ternary semigroup.De�nition 2.6. The ternary semigroup (H[X;Y ]; f) is called the ternary semi-group of homomorphisms of the ordered sets X and Y .



ON TERNARY SEMIGROUPS OF HOMOMORPHISMS OF ORDERED SETS 873. Some properties of the ternary semigroup H[X;Y ]The symbol E(X) denotes the set of all equivalence relations on the set X.Let X and Y be ordered sets. Consider the smallest equivalence relations� 2 E(X) and � 2 E(Y ) containing the ordering relations of the sets X andY , respectively. The relations � and � are called the connectivity relations.Suppose that p 2 H(X;Y ). De�ne the mapping p� : X=�! Y=� by the rulep�([x]�) = [p(x)]�for [x]� 2 X=�. If [x]� = [x0]�, then (x; x0) 2 �. Since p is an order-preservingmapping, it follows that (p(x); p(x0)) 2 �, and so [p(x)]� = [p(x0)]�. Thereforethe mapping p is well-de�ned. Suppose that q 2 H(Y;X). De�ne the mappingq� : Y=� ! X=� by the rule q�([y]�) = [q(y)]�for [y]� 2 Y=�.Let us de�ne the mapping F : H[X;Y ]! T [X=�; Y=�] by the formulaf(p; q) = (p�; q�)for (p; q) 2 H[X;Y ]. We shall prove that the mapping F is an epimorphism of theternary semigroups H[X;Y ] and T [X=�; Y=�]. Assume that (pi; qi) 2 H[X;Y ] fori = 1; 2; 3. First we prove that (p1 � q2 � p3)� = p�1 � q�2 � p�3 and (q1 � p2 � q3)� =q�1 � p�2 � q�3. Indeed, (p1 � q2 � p3)�([x]�) = [p1(q2(p3(x)))]� = p�1([q2(p3(x))]�) =p�1(q�2([p3(x)]�)) = p�1(q�2(p�3([x]�))) = (p�1 � q�2 � p�3)([x]�) for all [x]� 2 X=�, andwe have (p1 � q2 � p3)� = p�1 � q�2 � p�3. Similarly (q1 � p2 � q3)� = q�1 � p�2 � q�3.Therefore, F (f((p1; q1); (p2; q2); (p3; q3))) = F (p1 � q2 � p3; q1 � p2 � q3) = ((p1 � q2 �p3)�; (q1 � p2 � q3)�) = (p�1 � q�2 � p�3; q�1 � p�2 � q�3) = f((p�1; q�1); (p�2; q�2); (p�3; q�3)) =f(F (p1; q1); F (p2; q2); F (p3; q3)). Assume that (r; s) 2 T [X=�; Y=�]. De�ne thefollowing mappings: �1 : X ! X=�; �1(x) = [x]�; x 2 X ;�2 : Y ! Y=�; �2(y) = [y]�; y 2 Y :Consider the choise functions:!1 : X=�! X; !1([x]�) 2 [x]�; [x]� 2 X=�;!2 : Y=� ! Y; !2([y]�) 2 [y]� ; [y]� 2 Y=� :De�ne the mappings p(r) = !2 � r � �1 and q(s) = !1 � s � �2. If x1; x2 2 X andx1 � x2 then (x1; x2) 2 �, this means that [x1]� = [x2]�. Thus p(r)(x1) = p(r)(x2).Consequently p(r) 2 H(X;Y ). Similarly q(s) 2 H(Y;X). Notice that p(r)�([x]�) =[p(r)(x)]� = [!2(r(�1(x)))]� = [!2(r([x]�))]� = r([x]�) for each [x]� 2 X=�. Hencep(r)� = r. Similarly q(s)� = s. Consequently F (p(r); q(s)) = (p(r)�; q(s)�) = (r; s).Therefore F is an epimorphism.We have obtained the following result.



88 ANTONI CHRONOWSKIProposition 3.1. The ternary semigroupsH[X;Y ]=Ker(F ) and T [X=�; Y=�] areisomorphic.Assume that P (X) denotes the power-set of X. Put P0(X) = P (X)nf;g.De�nition 3.1. A homomorphism p 2 H(X;Y ) is called a complete homomor-phism of X into Y if the following two conditions are ful�lled:(i) 8A 2 P0(X)[9 _A) (9 _ p(A) ^ p(_A) = _p(A))],(ii)8A 2 P0(X)[9 ^A) (9 ^ p(A) ^ p(^A) = ^p(A))].Notice that every constant homomorphism p 2 H(X;Y ) is a complete homo-morphism. Let SH(X;Y ) be the collection of all complete homomorphisms of Xinto Y . Put SH[X;Y ] = SH(X;Y )�SH(Y;X). It is easy to verify that SH[X;Y ]is a ternary subsemigroup of the ternary semigroup H[X;Y ].Assume that (r; s) 2 T [X=�; Y=�]. We shall show that (p(r); q(s)) 2 SH[X;Y ].Suppose that A 2 P0(X) and there exists a join _A. Since 8x 2 A : x � _A,it follows that 8x 2 A : (x;_A) 2 �. Hence �1(x) = �1(_A) for every x 2A. Consequently p(r)(A) = fp(r)(_A)g and _p(r)(A) = p(r)(_A). Similarly forthe meet ^A. Therefore p(r) 2 SH(X;Y ). Analogously q(s) 2 SH(Y;X). Thus(p(r); q(s)) 2 SH[X;Y ].We have obtained the followingProposition 3.2. The epimorphism F : H[X;Y ] ! T [X=�; Y=�] restricted tothe set SH[X;Y ] is an epimorphism of the ternary semigroup SH[X;Y ] onto theternary semigroup T [X=�; Y=�].As a consequence, we haveCorollary 3.1. The ternary semigroups SH[X;Y ]=Ker(F ) and T [X=�; Y=�] areisomorphic.Let W and Z be any sets for which there exist surjections f1 : X ! W andf2 : Y ! Z such that Ker(f1) = � and Ker(f2 = �). Consider the bijections'1 : X=�!W and '2 : Y=� ! Z de�ned by the formulas:'1([x]�) = f1(x); [x]� 2 X=� ;'2([y]�) = f2(y); [y]� 2 Y=� :De�ne the mapping G : T [X=�; Y=�]! T [W;Z] by the rule:G(r; s) = ('2 � r � '�11 ; '1 � s � '�12 )for all (r; s) 2 T [X=�; Y=�].It is easy to check that G is an isomorphismof the ternary semigroups T [X=�; Y=�]and T [W;Z]. Put K = G � F . Thus, we conclude that K is an epimorphism ofH[X;Y ] onto T [W;Z].Therefore we have obtained the following



ON TERNARY SEMIGROUPS OF HOMOMORPHISMS OF ORDERED SETS 89Proposition 3.3. Let X and Y be ordered sets. Let � 2 E(X) and � 2 E(Y ) beconnectivity relations. Consider the surjections f1 : X !W and f2 : Y ! Z suchthat Ker(f1) = � and Ker(f2) = �. Then the ternary semigroups T [X=�; Y=�] andT [W;Z] are isomorphic. Moreover, the ternary semigroup T [W;Z] is an epimorphicimage of the ternary semigroup H[X;Y ] by the epimorphism K.Assume that (g; h) 2 T [W;Z]. Consider the choice functions:!1 : X=�! X; !1([x]�)2 [x]�; [x]�2 X=�!2 : Y=� ! Y; !2([y]�)2 [y]�; [y]� 2 Y=�De�ne the mappings p(g) = !2�'�12 �g�f1 and q(h) = !1�'�11 �h�f2. Similarly asfor the mappings p(r) and q(s) we can show that (p(g); q(h)) 2 SH[X;Y ]. We shallprove that K(p(g); q(h)) = (g; h). Indeed, K(p(g); q(h)) = (G � H)(p(g); q(h)) =('2 � p(g)� � '�11 ), '1 � q(h)� � '�12 ). If w 2 W , then there exists an x 2 Xsuch that f1(x) = w. Therefore, ('2 � p(g)� � '�11 )(w) = '2(p(g)�('�11 (f1(x)))) ='2(p(g)�([x]�)) = '2([p(g)(x)]�) = '2([!2('�12 (g(f1(x))))]�) = f2(!2('�12 (g(f1(x))))) = g(f1(x)) = g(w). Thus '2�p(g)��'�11 = g. Similarly'1�q(h)��'�12 = h.Therefore K(p(g); q(h)) = (g; h).From the foregoing it follows the followingProposition 3.4. The epimorphismK : H[X;Y ]! T [W;Z] restricted to the setSH[X;Y ] is an epimorphism of the ternary semigroup SH[X;Y ] onto the ternarysemigroup T [W;Z].As a consequence, we haveCorollary 3.2. The ternary semigroups SH[X;Y ]=Ker(K) and T [W;Z] are iso-morphic.Summarizung we get the followingCorollary 3.3. The ternary semigroups H[X;Y ]=Ker(F ), H[X;Y ]=Ker(K),SH[X;Y ]=Ker(F ), SH[X;Y ]=Ker(K), T [X=�; Y=�], T [W;Z] are isomorphic.4. Main resultThe main result of this paper is contained in Theorem 4.1. Let X and Y beordered sets. Consider the following sets:H0(X;Y ) = fp 2 H(X;Y ): 9y0 2 Y 8x2 X : p(x)= y0g ;H0(Y;X) = fq 2 H(Y;X) : 9x0 2 X8y2 Y : q(y)= x0g :The homomorphisms p 2 H0(X;Y ) and q 2 H0(Y;X) such that their single valuesare y0 2 Y and x0 2 X we denote by py0 and qx0, respectively. De�ne the partialorder on the set H0(X;Y ) by the rule:py0 � py00 () y0 � y00



90 ANTONI CHRONOWSKIfor py0 , py00 2 H0(X;Y ).De�ne the partial order on the set H0(Y;X) by the rule:qx0 � qx00 () x0 � x00for qx0; qx00 2 H0(Y;X).Put H0[X;Y ] = H0(X;Y ) �H0(Y;X). It is easy to notice that H0[X;Y ] is aternary subsemigroup of the ternary semigroup H[X;Y ].Lemma 4.1. Let X and Y be ordered sets. A pair of homomorphisms (p; q) is aleft zero of the ternary semigroup H[X;Y ] if and only if (p; q) 2 H0[X;Y ].Proof. Let (p; q) be a left zero of H[X;Y ]. By De�nition 2.3 we have f((p; q),(p1; q1); (p2; q2)) = (p; q) for all (p1; q1), (p2; q2) 2 H[X;Y ]. Put (p1; q1) = (py0 ; qx0)for some x0 2 X and y0 2 Y . Hence f((p; q); (py0 ; qx0); (p2; q2)) = (p; q) andp = p � qx0 � p2, q = q � py0 � q2. Therefore, 8x 2 X : p(x) = p(x0) and 8y 2 Y :q(y) = q(y0), and so (p; q) 2 H0[X;Y ].Suppose that (p; q) 2 H0[X;Y ]. Consequently p = py0 and q = qx0 for somex0 2 X and y0 2 Y . For any (p1; q1); (p2; q2) 2 H[X;Y ] we have: f((p; q); (p1; q1),(p2; q2)) = f((py0 ; qx0); (p1; q1); (p2; q2)) = (py0 � q1 �p2; qx0 �p1 � q2) = (py0 ; qx0) =(p; q). Therefore, the pair (p; q) is a left zero of the ternary semigroup H[X;Y ].�Proposition 4.1. The set H0[X;Y ] is the smallest ideal of the ternary semigroupH[X;Y ].Proof. It is easy to check thatH0[X;Y ] is an ideal ofH[X;Y ]. Put I0 = H0[X;Y ].Let I � H[X;Y ] be an ideal of H[X;Y ]. By Lemma 4.1 f(I0; I; I) = I0. On theother hand, f(I0; I; I) � I. Hence I0 � I. �Lemma 4.2. Let Xi and Yi for i = 1; 2 be ordered sets. Let F : H[X1; Y1] !H[X2; Y2] be an epimorphism of the ternary semigroups H[X1; Y1] and H[X2; Y2].Then F (H0[X1; Y1]) = H0[X2; Y2].Proof. Suppose that (p; q) 2 H0[X1; Y1]. By Lemma 4.1 we have f((p; q); (p1; q1),(p2; q2)) = (p; q) for all (p1; q1); (p2; q2) 2 H[X1; Y1]. Therefore, f(F (p; q); F (p1; q1);F (p2; q2)) = F (p; q) for all (p1; q1), (p2; q2) 2 H[X1; Y1]. Again by Lemma 4.1F (p; q) 2 H0[X2; Y2].Suppose that (r; s) 2 H0[X2; Y2]. This implies that r = ry2 and s = sx2 for somex2 2 X2 and y2 2 Y2. There exists a pair (p0; q0) 2 H[X1; Y1] such that F (p0; q0) =(ry2 ; sx2). Assume that (py01 ; qx01) 2 H0[X1; Y1] is an arbitrary �xed pair and(p1; q1) 2 H[X1; Y1]. Put (p; q) = f((p0; q0); (py01 ; qx01); (p1; q1)). Hence p = p0 � qx01 �p1 and q = q0 �py01 � q1. Set y1 = p0(x01) and x1 = q0(y01). Thus p = py1 and q = qx1 ,hence (p; q) 2 H0[X1; Y1]. We have F (p; q) = f(F (p0; q0); F (py01 ; qx01); F (p1; q1)) =f((ry2 ; sx2); F (py01; qx01); F (p1; q1)) = (ry2 ; sx2) = (r; s). Therefore, there exists apair (p; q) 2 H0[X1; Y1] such that F (p; q) = (r; s).Notice that a mapping F0 : H0[X1; Y1] ! H0[X2; Y2] is an isomorphism of theternary semigroups H0[X1; Y1] and H0[X2; Y2] if and only if F0 is a bijection.



ON TERNARY SEMIGROUPS OF HOMOMORPHISMS OF ORDERED SETS 91Let Xi and Yi for i = 1; 2 be ordered sets. Suppose that f1 : X1 ! X2 and f2 :Y1 ! Y2 are isomorphisms of ordered sets. De�ne the mapping F : H[X1; Y1] !H[X2; Y2] by the rule:(1) F (p; q) = (f2 � p � f�11 ; f1 � q � f�12 )for all (p; q) 2 H[X1; Y1].It is easy to check that F is an isomorphismof the ternary semigroupsH[X1; Y1]and H[X2; Y2]. �De�nition 4.1. The mapping F de�ned by the formula (1) is called the isomor-phism of the ternary semigroups H[X1; Y1] and H[X2; Y2] induced by the pair ofisomorphisms (f1; f2).An isomorphismF : H[X1; Y1]! H[X2; Y2] of the ternary semigroupsH[X1; Y1]and H[X2; Y2] need not imply the existence of isomorphisms f1 : X1 ! X2 andf2 : Y1 ! Y2 of the ordered sets X1, X2, Y1, Y2.Example. Consider the following sets:X1 = fx11; x12; x13g; Y1 = fy1g ;X2 = fx21; x22; x32g; Y2 = fy2g :Assume that X2, Y1, Y2 are trivially ordered sets. De�ne the partial order � in theset X1 by the following rules: x11 � x11, x12 � x12, x13 � x13, x12 � x13. Thuswe have: H(X1; Y1) = fpy1g; H(Y1; X1) = fqx11 ; qx12; qx13g ;H(X2; Y2) = fpy2g; H(Y2; X2) = fqx21 ; qx22; qx23g :Hence H[X1; Y1] = f(py1 ; qx11); (py1 ; qx12); (py1 ; qx13)g ;H[X2; Y2] = f(py2 ; qx21); (py2 ; qx22); (py2 ; qx23)g :Thus H[X1; Y1] = H0[X1; Y1] and H[X2; Y2] = H0[X2; Y2]. Let us take any bi-jection F : H[X1; Y1] �! H[X2; Y2]. The mapping F is an isomorphism of theternary semigroups H[X1; Y1] and H[X2; Y2]. Notice that the ordered sets X1 andX2 are not isomorphic.Let Xi and Yi for i = 1; 2 be ordered sets. Let F : H[X1; Y1] ! H[X2; Y2]be an isomorphism of the ternary semigroups H[X1; Y1] and H[X2; Y2] inducedby the pair of isomorphisms (f1; f2). Assume that py1 , py01 2 H0(X1; Y1) andq; q0 2 H0(X1; Y1). We haveF (py1; q) = (f2 � py1 � f�11 ; f1 � q � f�12 ) ;F (py01 ; q0) = (f2 � py01 � f�11 ; f1 � q0 � f�12 ) :Notice that f2 � py1 � f�11 = rf2(y1) and f2 � py01 � f�11 = rf2(y01), this means thatrf2(y1), rf2(y01) 2 H0(X2; Y2). If py1 � py01 , then y1 � y01. Since f2(y1) � f2(y01),



92 ANTONI CHRONOWSKIit follows that rf2(y1) � rf2(y01). Conversely, suppose that rf2(y1) � rf2(y01). Hencef2(y1) � f2(y01), and so y1 � y01. This means that py1 � py01 . Let us denote by �1and �2 the projections of Cartesian product. From the foregoing we have obtainedthe following condition:(W1) 8p; p0 2 H0(X1; Y1) 8q; q0 2 H0(Y1; X1)[p � p0 () �1(F (p; q)) �� �1(F (p0; q0))] :A similar argument yields the following condition:(W2) 8p; p0 2 H0(X1; Y1) 8q; q0 2 H0(Y1; X1)[q � q0 () �2(F (p; q)) �� �2(F (p0; q0))] :Notice that the isomorphism F : H[X1; Y1] ! H[X2; Y2] de�ned in the formerexample does not satisfy the condition (W2).Theorem 4.1. Let Xi and Yi for i = 1; 2 be ordered sets such that the ternarysemigroups H[X1; Y1] and H[X2; Y2] are isomorphic. The isomorphismF : H[X1; Y1] ! H[X2; Y2] of the ternary semigroups H[X1; Y1] and H[X2; Y2]is induced by the pair of isomorphisms (f1; f2) if and only if the isomorphism Fsatis�es the conditions (W1) and (W2).Proof. We have proved that the isomorphism F induced by the pair of isomor-phisms (f1; f2) satis�es the conditions (W1) and (W2).Let us assume that F : H[X1; Y1]! H[X2; Y2] is an isomorphism of the ternarysemigroups H[X1; Y1] and H[X2; Y2] such that the conditions (W1) and (W2) aresatis�ed.In view of Lemma 4.2 we can de�ne the mapping F � : X1 � Y1 ! X2 � Y2 by theformula:(2) F �(x1; y1) = (x2; y2)() F (py1; qx1) = (ry2 ; sx2)for (x1; y1) 2 X1 � Y1, (x2; y2) 2 X2 � Y2.It is easy to notice that F �is a bijection. Let y0 2 Y1 be an arbitrary �xed element.We de�ne the mapping f1 : X1 ! X2 by the rule:(3) f1(x1) = x2 () �1(F �(x1; y0)) = x2for x1 2 X1, x2 2 X2. We will prove thatf1(x1) = x2 () 8y1 2 Y1 : �1(F �(x1; y1)) = x2for x1 2 X1, x2 2 X2. Suppose that F �(x1; y0) = (x2; y2) and F �(x1; y1) = (x02; y02)for an arbitrary �xed element y1 2 Y1, and x1 2 X1, x2, x02 2 X2, y2, y02 2 Y2.Thus we have F �(x1; y0) = (x2; y2) () F (py0 ; qx1) = (ry2 ; sx2) ;F �(x1; y1) = (x02; y02) () F (py1 ; qx1) = (ry02 ; sx02) :



ON TERNARY SEMIGROUPS OF HOMOMORPHISMS OF ORDERED SETS 93In view of the condition (W2) we infer that sx2 = sx02 , and so x2 = x02. Therefore,(4) f1(x1) = x2 () 8y1 2 Y1 : �1(F �(x1; y1)) = x2 for x1 2 X1;x2 2 X2 ;(5) f1(x1) = x2 () 9y1 2 Y1 : �1(F �(x1; y1)) = x2 for x1 2 X1;x2 2 X2 :Next we will prove that f1 : X1 ! X2 is a bijection. Suppose that x2 2 X2.Let us take an arbitrary �xed element y2 2 Y2. Thus there exists a pair (x1; y1) 2X1 � Y1 such that F �(x1; y1) = (x2; y2). Therefore using the condition (5) weobtain f1(x1) = x2, and so f1 is a surjection. Suppose that f1(x1) = f1(x01) forx1; x01 2 X1. Hence f1(x1) = x2 and f1(x01) = x2 for some x2 2 X2. By (3) itfollows that F �(x1; y0) = (x2; y2) and F �(x01; y0) = (x2; y02) for some y2; y02 2 Y2.Hence we have F (py0; qx1) = (ry2 ; sx2) and F (py0 ; qx01) = (ry02 ; sx2). Using (W2) weget qx1 = qx01 , and so x1 = x01. Therefore f1 is an injection. We shall prove that(6) 8x1; x01 2 X1[x1 � x01 () f1(x1) � f1(x01)] :Suppose that x1 � x01 for x1; x01 2 X1. Set f1(x1) = x2 and f1(x01) = x02 where x2,x02 2 X2. Hence f1(x1) = x2() �1(F �(x1; y0)) = x2 ;f1(x01) = x02() �1(F �(x01; y0)) = x02 :Thus F �(x1; y0) = (x2; y2) and F �(x01; y0) = (x02; y02) for some y2, y02 2 Y2. We haveF �(x1; y0) = (x2; y2)() F (py0 ; qx1) = (ry2 ; sx2) ;F �(x01; y0) = (x02; y02)() F (py0 ; qx01) = (ry02 ; sx02) :Since qx1 � qx01, the condition (W2) yields sx2 � sx02 , that is x2 � x02, and sof1(x1) � f1(x01). It is easy to notice that f1(x1) � f1(x01) implies x1 � x01 for eachx1, x01 2 X1. Therefore we have proved the condition (6).Summarizing, the mapping f1 : X1 �! X2 is an isomorphism of the orderedsets X1 and X2.Let x0 2 X1 be an arbitrary �xed element. We de�ne the mapping f2 : Y1 ! Y2by the formula:(7) f2(y1) = y2 () �2(F �(x0; y1)) = y2for y1 2 Y1 and y2 2 Y2. The analogous argument applied to the mapping f2 allowsto prove that(8) f2(y1) = y2 ()8x1 2 X1 : �2(F �(x1; y1))= y2 ;(9) f2(y1) = y2 ()9x1 2 X1 : �2(F �(x1; y1)) = y2for y1 2 Y1 and y2 2 Y2. We can similarly show that the mapping f2 : Y1 ! Y2is an isomorphism of the ordered sets Y1 and Y2. By the conditions (4) and (8)



94 ANTONI CHRONOWSKIwe get F �(x1; y1) = (�1(F �(x1; y1)), �2(F �(x1; y1))) = (f1(x1); f2(y1)) for each(x1; y1) 2 X1 � Y1. Consequently,(10) F � = (f1; f2) :We shall prove that the isomorphism F is induced by the pair of isomorphisms(f1; f2). First, we shall show that the following condition is satis�ed:8x1 2 X18y1 2 Y18(p; q) 2 H[X1; Y1] : F (p; q)(f1(x1); f2(y1)) =(f2(p(x1)); f1(q(y1))) :(11)Suppose that x1 2 X1, y1 2 Y1, and (p; q), (p1; q1) 2 H[X1; Y1]. Hence f((p; q);(py1 ; qx1); (p1; q1)) = (p � qx1 � p1; q � py1 � q1) = (pp(x1); qq(y1)). We have F (pp(x1),qq(y1)) = F (f((p; q); (py1 ; qx1); (p1; q1))) = f(F (p; q); F (py1; qx1); F (p1; q1)). SetF (p; q) = (r; s) and F (p1; q1) = (r1; s1). By Lemma 4.2 we get F (py1; qx1) =(ry2 ; sx2) for some x2 2 X2, y2 2 Y2:By(10) F (py1 ; qx1) = (ry2 ; sx2)() F �(x1; y1)(x2; y2)() (f1(x1); f2(y1)) = (x2; y2)() (x2 = f1(x1)^y2 = f2(y1)). Therefore,F (pp(x1); qq(y1)) = f((r; s); (rf2(y1); sf1(x1)); (r1; s1)) = (r � sf1(x1) � r1; s � rf2(y1) �s1) = (rr(f1(x1)); ss(f2(y1))). On the other hand, F (pp(x1); qq(y1)) = (ry2 ; sx2) forsome x2 2 X2, y2 2 Y2. By (10) F (pp(x1); qq(y1)) = (ry2 ; sx2)() F �(q(y1); p(x1)) =(x2; y2)() (f1(q(y1)); f2(p(x1))) = (x2; y2)() (x2 = f1(q(y1))^y2 = f2(p(x1))).Therefore, F (pp(x1); qq(y1)) = (rf2(p(x1)); sf1(q(y1))). Consequently, r(f1(x1)) =f2(p(x1)) and s(f2(y1)) = f1(q(y1)). Thus, F (p; q)(f1(x1); f2(y1)) = (r; s)(f1(x1);f2(y1)) = (r(f1(x1)); s(f2(y1))) = (f2(p(x1)); f1(q(y1))). Therefore we have ob-tained the formula (11).For x2 2 X2 and y2 2 Y2 there exist x1 2 X1 and y1 2 Y1 such that f1(x1) = x2and f2(y1) = y2. Hence x1 = f�11 (x2) and y1 = f�12 (y2). Using the formula(11) we obtain F (p; q)(x2; y2) = ((f2 � p � f�11 )(x2); (f1 � q � f�12 )(y2)) = (f2 �p � f�11 ; f1 � q � f�12 )(x2; y2) for any pair (p; q) 2 H[X1; Y1]. Therefore, F (p; q) =(f2 � p � f�11 ; f1 � q � f�12 ) for each (p; q) 2 H[X1; Y1]. Finally, we conclude thatthe isomorphism F is induced by the pair of isomorphisms (f1; f2) de�ned by theformulas (3) and (7). The proof of Theorem 4.1 is completed. �De�nition 4.2. LetXi and Yi for i = 1; 2 be ordered sets. The ternary semigroupsH[X1; Y1] and H[X2; Y2] are called W-isomorphic if there exists an isomorphismF : H[X1; Y1] ! H[X2; Y2] of the ternary semigroups H[X1; Y1] and H[X2; Y2]ful�lling the conditions (W1) and (W2).From Theorem 4.1 we deduce the following two corollaries.Corollary 4.1. Let Xi and Yi for i = 1; 2 be ordered sets. The ternary semigroupsH[X1; Y1] and H[X2; Y2] are W-isomorphic if and only if the ordered sets X1 andX2 are isomorphic and the ordered sets Y1 and Y2 are isomorphic.Corollary 4.2. Let Xi and Yi for i = 1; 2 be ordered sets such that there existsan isomorphism G : H[X1; Y1] ! H[X2; Y2] of the ternary semigroups H[X1; Y1]and H[X2; Y2]. The ordered sets X1 and X2 are isomorphic and the ordered sets



ON TERNARY SEMIGROUPS OF HOMOMORPHISMS OF ORDERED SETS 95Y1 and Y2 are isomorphic if and only if there exists an automorphism � of theternary semigroup H[X1; Y1] such that the isomorphism F = G � � satis�es theconditions (W1) and (W2). References[1] Monk, D., Sioson, F. M., m-Semigroups, semigroups, and function representations, Fund.Math. 59 (1966), 233{241.[2] Schein, B. M., Ordered sets, semilattices, distributive lattices and Boolean algebras withhomomorphic endomorphism semigroups, Fund. Math 68 (1970), 31{50.[3] Sioson, F. M., Ideal theory in ternary semigroups, Math. Japon. 10 (1965), 63{84.Antoni ChronowskiWyzsza szkola pedagogicznaInstytut matematykiul. Podchorazych 230-084 Krakow, POLAND
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