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NATURAL AFFINORS ON HIGHER
ORDER COTANGENT BUNDLE

JAN KUREK

ABSTRACT. All natural affinors on the r-th order cotangent bundle T"*M are de-
termined. Basic affinors of this type are the identity affinor id of TT7*M and the
s-th power affinors Q3, : TT™M — VI"™M with s = 1,...,7 defined by the
s-th power transformations AL" of T™*M. An arbitrary natural affinor is a linear
combination of the basic ones.

Recently, Kolai and Modugno have determined all natural affinors on cotangent
bundle 7% M, which constitute a 2 parameter family linearly generated by the
identity of TT*M and by a natural affinor Qus : TT*M — VT™*M, [1].

In this paper, we determine all natural affinors on the r-th order cotangent
bundle 77" M. We deduce that all natural affinors on the r-th cotangent bundle
T M form a (r+ 1)-parameter family linearly generated by the identity affinor id
of T7T"* M and by the s-th power natural affinors @3, : 777" M — V17" M with
s =1,...,r defined by the s-th power natural transformations A7" of T7* M into
itself introduced in [3].

The author 1s grateful to Professor I. Kolaf for suggesting the problem, valuable
remarks and useful discussions.

1. Let M be a smooth n-dimensional manifold. Let T7*M = J"(M,R)y be the
space of all r-jets from a manifold M into R with target 0. The vector bundle

(1.1) v TT°M — M

where mps 1s the source jet projection, is called the r-th cotangent bundle of M.
Let

(1.2) py TTM — T M
(1.3) gy TM — T*M
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be the bundle projections. Let Aps : TT"* M — IR be the generalized Liouville form
of T™ M, [1], defined by

(1.4) An (X) = {gar(par (X)), Tmar (X)) -

Let A" : T™*M — T M be the s-th power natural transformation of T7* M,
[3], defined by

(1.5) AT gk = ()

where (f)® denote the s-th power of f.

Since mpr : T M — M 1is a vector bundle, we have an identification VI™* M =
=T M &T™ M. Then using this identification we can define natural affinors Q3,
on T™*M with s =1,...,r.

Definition 1. A natural affinor @4, : 777" M — V1" M defined by
(1.6) Q(X) = (par(X), A (X) AL (par (X))

is called the s-th power natural affinor.

If (z*) are some local coordinates on M and (uy,ua,...,ur): = (Wi, Wiy, - -
...yt 4. ) are the induced fibre coordinates on T™* M (symmetric in all indices),
the coordinate expressions of the s-th power natural affinors @5, with
s=1,...,r are

Qi = iy ..Uy, uj@u' : @ da’
(s + 1)! ;
(1.7) + s 1) Uiy - - Uiy Ui,y U Oy iy o de
r! i
4+ .4 cee Ui UGG ® da?

ws
j
) Jui, . 4,

GG-Dlr—s+1) "
where (i1 ...4,) denote the symmetrization.
The identity id of T7"* M constitute a trivial natural affinor on 77" M.

2. In this part we determine, by induction with respect to the order r, all natural
affinors on 7T7* M.

Theorem 1. All natural affinors F'" : T1"*M — TT"*M defined on the r-th
cotangent bundle T"™ M constitute the (r 4+ 1) parameter family of the form
(2.1) Fr=koid +k1Q3y + -+ kQYy

with any real parameters ko, k1, ..., k- € R.

Proof. The rth cotangent bundle functor 77* is defined on the category M f,, of
n dimensional smooth manifolds with values in the category VB of vector bundles
and is of the order 7. Since the tangent functor 7 is of the order 1, the superposition
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TT"™ is of the (r 4+ 1)-th order functor. Then, its standard fibre T(T""R")q is a
G7+lspace, where GT11 means a group of all invertible (r + 1) jets of R™ into R™
with source and target at 0.

Natural affinors F" : TT"™* M — TT"™ M are in bijection with GTtl-equivariant
maps of the standard fibres F" : T(T™*R™)g — T(T"*R")g. Let tilda @ = a=! de-
note the coordinates of the inverse element in G;‘H. If (a:i, Uiy Uiyig, - s Uiy i, ) ATE
the fibre coordinates on 77* M, then we have the induced coordinates on 1T77* M
of the form

(2.2) Yl = dl‘i, Wi = dui, Wiyi, = duggig, ..., Wi, 4, = dui, i,

The action of an element (aj, aj ., ., a}1~~~jr+1) € G on (u;, wiyiy, - -
) .
T s Wiy Witiay s Way i) € T(TT*R™)g is of the form
Ui = Uj Eli
(23) Uiyip = uj1]2 il + u]l 2122
T R X
Wiy i = Ujy i, B - GG
r! ] Jr—2 ] 1
L ~j1 ~jr—2 ~jr—
+ u]1~~~]r—1( )'_2' (iy " alr R Zr Lir) + -+
! . .
+ u; . ri ]1 a’2 + —|—Ugl] .
J1J2 ( )'1' (21 Z'Q,,,Z'T) Rk SR

Vi=alyl
J
V. — .od =)kl
Wi = W, a; —|—u]a»ka, Y
~3 {
VVlez—VV]lh +VV]1 2122+u]1]2 Z1k Y

R ~J1 ~Jj2 ]1 l
+ U150 @G i1 a22kalY + Uz, @ 1192 kalY

21

. — . . le ’“jr
Wiy i, = Wiy g, @G -Gy
7“! J ~fr—2 ~jr—1
R R 7"’1 T— "’7‘
+W]1...]T_1( 2! R T SR &
7“! ~]1 ~]2 ~j
+VVJ1J2 (7“ )'1' (21 @, . zr)+ +M/}ai1...iT
g, g, @t alraf Y+
J1odr |k - %G, A
r! ~j1 ~fr—2 ~jr—1 kol
RO (r—ayi2t Tk G G i) Yot
1
r.
U DR ~] I
T [(r—l)!ll Ahe @] iy @Y

r! 1 2 kol ~7 ksl
+(7°—1)!1I le gQ aok @ Y —I—] + uj aflmirkal Y.
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I. In the first induction step, we consider the case r = 2. Any Gg—eqqivariant map
F2: T(T*R")g — T(T?*R")g in the induced coordinates (u;, u;j, Y, W;, W;;) on
T(T?*R"™)g is of the form

(2.4) Y= F(ug, us)Y? 4+ FY (uy, u) Wy + F7*(uy, ug) Wj
Wi = Fij(ur,us)Y? + Fij(ul, u2)W; + Fijk(ul, us)W;
Wij = Fijr(ur, u2)Y* + FE (uy, un) Wi + FE (ug, ug) Wi -

Considering the equivariancy of the map F? with respect to homotheties : aé =

=k 6]2:, aj»k =0, aj»kl =0 in G2, we obtain a homogeneity condition

(25) Fi(un,w) = Fi(3 w1, 75 2)
F”(ul, us) = k% F”(% Uy, kl—z uz)
Fiik(uy ug) = kl—SF”k(% uy, kl—zuz)
kl_zFij(Ul,UZ) = FZ(% ug, kl—zuz)
Fi(uy, us) = Fg(%ul,kizuz)
F*n,us) = T FF (L, )
k_sFiik(ul’ Uz) = Fzyk(% U1, kiz us)
%F;}(ul, Uz) = sz(% Uy, kl—z us)
Ffl(uy, uz) = Fz@l(% uy, kiz us) .

Using the homogeneous function theorem and the invariant tensor theorem, [2],
we obtain the map F? in the form

(2.6) Y= koY?
Wi = (kyuiug + ksuig) Y* + ka Wi
Wij = (kougujug + ksuijug + keugujyg) y*
+ kabfiupy W + ks Wi

with any real parameters ko, k1,..., ks € R.
The equivariancy of the map F'? of the form (2,6) with respect to the kernel of
the projection G2 — G : at

y _ Z Z Z . . .
; =6 and A%y, gy ATE arbitrary, gives the relations
for parameters:

(2.7) ks =0, ka = ko, ks = k1, ke =0, k7 =0, ks = ko .
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This gives 3 parameter family of natural affinors 7' of the form
(2.8) Y= koY?
Wi = krugupY* + koW,
Wij = kowujurY* + kyuijur Y5 + koWi;
with any real parameters ko, k1, ks € R. Hence, the natural affinors F'2 may be
expressed in the form F? = ko id +k1Q}; + k2Q3%,.

IL. In the induction step for (r — 1), we assume that natural affinors F"~1 on
(T =1*R"), constitute the r parameter family of the form

(2.9) Frl=hoid +kiQhy + -+ k1@

with any real parameters ko, kqi,..., k-1 € R.

Consider any natural affinor F'" on (T"*R™)g. Using the homogeneous function
theorem, we deduce that its first » components are the components of F7~1. Let
the last (r + 1)-th component be

(2.10) Wi, i, = Fi,. ajlu, . )Y]—I—FZ]1 i (ut, ..., u)W;
e FR T u) Wiy,
Con51der1ng the equlvarlancy of F'" with respect to the homotheties
a; =k 6Z §1]2 =0,...,4aj, degr = = 0in G7*!, we obtain the homogeneity condi-
tlons
(2.11) M%Fil...nj(ul, o Up) = Fil...irj(% ug,. .., kir uy)

1 : : 1 1
kr_le'Jl...iT(ul’ .- "UT) = FZ]IZT(E Uy ooy k‘_’" UT)

1

! FIv9=tuy, ) = B (5t gy )
o ] 1
FL () = B (P )

By the homogeneous function theorem and by the invariant tensor theorem [2],
we deduce that the (r 4+ 1)-th component of F” is of the form

(2.12) Wi, i, = [Rluiy .. ug uy + hg—l,lu(il C UG UG,y
+ hg—l,zu(il Ui, _Ui, Uy
+hug, i ui] YO
+ [hi_légil Uiy . Uiy + o4 hy 5(21 iy in| W,

el
+ hy 6{; W,

ir) ]1]7"

jro1 o
c 0T iy Wy
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with any real parameters h2, hE_M, hE_lyz, Y T SN | Y L T
eR.
The equivariancy of F” with respect to the kernel of the projection G7t! — G -

i g i i : : : .
a; = 6; and aj ;.. .., aj, j,., are arbitrary, gives the relations for parameters:

(2.13) h2—1,1 = kr_1, h2—1,2:0,~~~,h(1):/€1
hi_lzo,...,h%:o

R =0, B = ko
If we put h? = k,, this gives the (r+1) parameter family of the natural affinors F"

on (TT*R™)g of the desired form (2,1), F" = ko id +k1Q3;+ - ~—|—kr_1Q§Vf1—|— ke Q'

with any real parameters ko, k1,..., k-_1, k- € R. This proves our theorem. a
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