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ARCHIVUM MATHEMATICUM (BRNO)Tomus 28 (1992), 139 { 154TEOREMY O SUWESTVOVANIII EDINSTVENNOSTI REXENI$iDIFFERENCIAL^NYH URAVNENI$i S MAKSIMUMAMI,SODER�AWIH FUNKCIONAL^NY$i PARAMETRA. R. MagomedovRez�me. V danno$i stat~e dokazyvaets� teorema suwestvovani� i edin-stvennosti dl� sistemy uravneni$i s maksimumami, vkl�qa�xe$i funkcio-nal~ny$i parametr, rassmatriva�ts� voprosy nepreryvno$i zavisimosti rex-eni� ot izmeneni� naqal~no$i funkcii i ot funkcional~nogo parametra. Pri�tom budet izuqat~s� suwstvenno bolee slo�ny$i sluqa$i, kogda zapazdyvaniedopolnitel~no zavisit ot iskomo$i funkcii.1. Rassmotrim sistemu(1) _x(t) = F (t; x(t); max�2[t�h(t;x(t));t]x(� ); u(t));gde x = (x1; : : : ; xn) 2 X - vektor sosto�ni�, u = (u1; : : : ; us) 2 U funkcio-nal~ny$i parametr, X;U - ograniqennye zamknutye mno�estva v En iEs sootvetstvenno, a zapazdyvanie h = h(t; x(t)) zavisit ot t i ot samo$ifunkcii x(t). Rexenie (1) iwets� na nekotorom otrezke T = [t0; t1].Naqal~noe uslovie dl� (1) sledu�wee:(2) x(t) = '(t); t 2 Et0 ;gde '(t) - zadanna� naqal~na� funkci� i Et0 - naqal~noe mno�estvo:(3) Et0 = [inf(t � h(t; x(t)); t0]; t 2 T; x 2 XPri issledovanii uravneni� (1) s naqal~nym usloviem (2) my rass-motrim vopros ob uslovi�h (dostatoqnyh), pri kotoryh suwestvuet re-xenie x(t) uravneni� (1) opredel ennoe na T i prinadle�awee zadannomu1991 Mathematics Subject Classi�cation : 34K15.Key words and phrases: differenci�l~nye uravneni� s maksimumami, naqal~na�funkci�, zapazdyvanie, edinstvennost~ rexeni�.Received February 10, 1987. 139



140 A. R. MAGOMEDOVmno�estvu X, esli u(t) 2 U . Dl� uproweni� zapisi ispol~zuem v dal~-ne$ixem oboznaqeni�:x� (t) = max�2[t�h(t;x(t));t]x(� ); xm� (t) = max�2[t�h(t;xm(t));t]x(� );hm = h(t; xm(t));m = 0; 1; 2; : : :a simbolom jjj � jjj oboznaqena tak nazyvaema� ravnomerna� norma ve-ktorno$i funkcii, ravna� sup jj � jj.Spravedliva sledu�wa�Teorema 1. Pust~1) Funkci� F (t; x; x� ; u) opredelena i nepreryvna po svoim argumentamna R1 = T � X � X � U , priq em v R1 udovletvor�ets� uslovieLipxica(4) jjF (t; x; x�; u)� F (t; x0; x0� ; u)jj � L1(jjx� x0jj+ jjx� � x0� jj;2) na R2 = T�X zapazdyvanie h(t; x(t)) nepreryvno i udovletvor�ets�neravenstvo 0 � h(t; x(t)) < t i udovletvor�ets� uslovie Lipxicas posto�nno$i L2:(5) jh(t; x(t))� h(t; x0(t))j � L2jjx� x0jj;3) v R1 funkci� F (t; x; x� ; u) ograniqena:(6) jjjF (t; x; x�; u)jjj � L3;4) naqal~na� funkci� '(t) udovletvor�et uslovi� Lipxica posto�n-no$i L3:(7) jj'(t2)� '(t1)jj � L3jt2 � t1j; t1; t2 2 Et0 :Togda pri l�bom zadannom kusoqno-nepreryvnom funkcional~nom para-metre u(t) 2 U i na nekotorom otrezke [t0; t�]; t� < t1 suwestvuet edin-stvennoe rexenie x(t) 2 X sistemy (1) s naqal~nym usloviem (2).Dokazatel~stvo. Budem stroit~ rexenie uravneni� (1) pri naqal~nomuslovii (2) s pomow� posledovatel~nyh pribli�eni$i:(8) 8>>><>>>:x0(t) = '(t); t 2 Et0 ; x0(t) = '(t0); t � t0;xm+1(t) = '(t0) + Z tt0 F (s; xm(s); xm� (s); u(s))ds; t � t0;xm+1(t) = '(t); t 2 Et0 ;m = 0; 1; 2; : : : :Utoqnim zamknutu� oblast~X dl� x(t) i t�, ukazannye v uslovii teorem.



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 141Budem sqitat~, qto x(t) 2 X, esli x(t) udovletvor�et neravenstvu(9) jjx(t)� '(t0)jj � r;gde r - nekotoroe qislo, vybrannoe tak, qto v oblasti (9) udovletvor��t-s� uslovi� teoremy isupt jj'(t)� '(t0)jj � r; t 2 Et0;(10) t� = min(t1; t0 + rL );(11)gde L = max(L1; L2; L3). Qisla L1; L2; L3 v uslovii teoremy zavis�t vo-obwe ot r.Poka�em snaqala, qto vse pribli�eni� xm(t) osta�tsc� v oblastiX pri t 2 [t0; t�]. De$istvitel~no, dl� x0(t) �to spravedlivo srazu v siluneravenstva (10). Rassmotrim dl� l�bogo pribli�eni� xm+1(t) raznost~xm+1(t) � '(t0):(12) xm+1(t) � '(t0) = Z tt0 F (s; xm(s); xmr(s); u(s))ds;sqita�, qto xm(t) 2 X;xm� (t) 2 X;u(t) 2 U; t 2 [t0; t�].V silu (6) poluqim(13) jjxm+1(t) � '(t0)jj � Z tt0 jjjF (s; xm(s); xmr(s); u(s))jjjds � L3(t� � t0) � rotkuda soglasno (9).Ocenim dalee raznosti xm+1(t)� xm(t); m = 0; 1; 2; : : : :Pri m = 0 imeem(14) x1(t)� x0(t) = � x1(t)� '(t0); t � t00; t 2 Et0 ;otkuda(15) jjx1(t) � x0(t)jj � L3(t � t0); t 2 [t0; t�];qto poluqaets� tak, �e, kak i (13). Pri m = 1 imeemx2(t)� x1(t) = Z tt0 [F (s; x1(s); x1� (s); u(s)) � F (s; x0(s); x0� (s); u(s))]ds:V silu (4)(16) jjx2(t) � x1(t)jj � L1 Z tt0 (jjx1(s) � x0(s)jj+ jjx1�(s) � x0� (s)jj)ds



142 A. R. MAGOMEDOVDl� jjx1(t)�x0(t)jj imeem ocenku (15). Qtoby ocenit~ x1� (t)�x0� (t) napi-xem �tu raznost~ v videx1� (t) � x0� (t) = max�2[t�h1;t]x1(� )� max�2[t�h0 ;t]x0(� ) == [ max�2[t�h1;t]x1(� ) � max�2[t�h1 ;t]x0(� )] + [ max�2[t�h1;t]x0(� ) � max�2[t�h0 ;t]x0(� )]:K pervo$i raznosti v �tom ravenstve raznost~ maksimumov funkci$ix1� (t); x0� na odnom i tom �e otrezke [t�h1; t] primenim neravenstvo (17)iz [9].My poluqim s uq etom (15)(17) jj max�2[t�h1;t]x1(� )� max�2[t�h1;t]x0(� )jj � jj max�2[t�h1;t]jx1(� ) � x0(� )jjj �� jjjx1(t) � x0(t)jjj � L3(t� t0):Dl� vtoro$i raznosti poluqim soglasno (7)jj max�2[t�h1;t]x0(� ) � max�2[t�h0 ;t]x0(� )jj � jj'(t� h1)� '(t� h0)jj; t� h1; t� h0 2 Et0:Soglasno (5), poluqim(18) jj'(t�h1)�'(t�h0)jj � L3jh1�h0j � L3L2jjx1(t)�x0(t)jj � L2L23(t� t0)Sledovatel~no,(19) jjx1�(t) � x0� (t)jj � L3(1 + L2L3)(t � t0):Togda (16) perepixets� v vide(20) jjx2(t) � x1(t)jj � L1L3(2 + L2L3) (t� t0)22! :Pri m = 2 poluqim(21) jjx3(t) � x2(t)jj � L1 Z tt0 (jjx2(s) � x1(s)jj+ jjx2�(s) � x1� (s)jj)dsQtoby sravnit~ x2� (t)� x1� (t) na odinakovom intervale izmeneni� t, za-pixem(22) x2� (t)� x1� (t) == [ max�2[t�h2 ;t]x2(� )� max�2[t�h1 ;t]xn(� )] + [ max�2[t�h1 ;t]x1(� ) � max�2[t�h1 ;t]x1(� )]:S uq etom (17) poluqim(23) jj max�2[t�h2;t]x2(� )� max�2[t�h2;t]x1(� )jj � jj max�2[t�h2;t]jx2(� ) � x1(� )jjj �� jjjx2(t) � x1(t)jjj � L1L3(2 + L2L3) (t � t0)22! ; t > t0:



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 143Dl� ocenki vtoro$i raznosti v pervo$i qasti (22) uqt em, qto pri t � t0(24) _x1(t) = F (t; x0(t); x0� (t); u(t))soglasno (6)(25) jjj _x1(t)jjj � L3; t > t0:Pri t 2 Et0 skorost~ rosta po norme naqal~no$i funkcii opredel�ets�usloviem Lipxica (7) s posto�nno$i L3. Ots�da sleduet, qto pri t > t0(26) jj max�2[t�h2;t]x1(� ) � max�2[t�h1 ;t]x1(� )jj � L3jh2 � h1j;gde t izmen�ets� v naibol~xem iz otrezkov [t� h1; t]; [t� h2; t].Soglasno (5)(27) jh(t; x2(t)) � h(t; x1(t))j � L2jjx2(t) � x1(t)jj:V silu (20)jh(t; x2(t)) � h(t; x1(t))j � L1L2L3 (2 + L2L3) (t � t0)22!i tak kak v (26) � � t, to (26) perepixem v vide(28) jj max�2[t�h2 ;t]x1(� ) � max�2[t�h1 ;t]x1(� )jj �� L1L2L23(2 + L2L3) (t� t0)22! :Takim obrazom, soglasno (23), (28)(29) jjx2�(t) � x1� (t)jj � (1 + L2L3)L1L23(2 + L2L3) (t� t0)22!i s uq etom (20) neravenstvo (21) perepixem v vide(30) jjx3(t) � x2(t)jj � L21L3(2 + L2L3)2 (t� t0)33! :Pri m = 3 poluqim(31) jjx4(t) � x3(t)jj � L31L3(2 + L2L3)3 (t� t0)44! :Dal~ne$ixie ocenki (pri m = 4; 5; : : :) analogiqny. Na ka�dom xage doba-vl�ets� mno�itel~ L1(2 + L2L3) i integriruets� po t, t.e.(32) jjx5(t)� x4(t)jj � L41L3(2 + L2L3)4 (t� t0)55!



144 A. R. MAGOMEDOVi t.d. Iz �tih ocenok vidno, qto posledovatel~nost~ fxm(t)g shodits�i pri tom ravnomerno po t na intervale [t0; t�]. V silu ravnomerno$ishodimosti �ta posledovatel~nost~ shodits� na [t0; t�] k rexeni� x(t)ishodnogo uravneni� (1) s naqal~nym usloviem (2). Pri �tom �to rexe-nie nahodits� v oblasti (9).Poka�em teper~ edinstvennost~ �togo rexeni�. Pust~ uravnenie (1)imeet na otrezke [t0; t�] tak�e drugoe rexenie �x(t) i pri tom �e naqal~nomuslovii, priq em(33) jj�x(t)� '(t0)jj � r; t 2 [t0; t�]:Sopostavim �x(t) i pribli�eni� x0(t); x1(t); : : : .My poluqim pri t � t0(34) �x(t) � x0(t) = Z tt0 F (s; �x(s); �x� (s); u(s))dsi soglasno (5) pri t > t0jj�x(t)� x0(t)jj � L3(t � t0):Rassmotrim dal~xe(35) �x(t)� x1(t) = Z tt0 [F (s; �x(s); �x� (s); u(s)) � F (s; x0(s); x0� (s); u(s))]ds:Soglasno (4)(36) jj�x(t)� x1(t)jj � L1 Z tt0 (jj�x(s) � x0(s)jj+ jj�x�(s) � x0� (s)jj)ds:Toqno tak �e, kak pri vyvode ocenki dl� jjx2(t) � x1(t)jj, poluqim(37) 8<: jj�x� (t)� x0� (t)jj � L3(1 + L2L3)(t� t0);jj�x(t) � x1(t)jj � L1L3(2 + L2L3) (t � t0)22!Dal~xe dl� �x(t) � x2(t) poluqim, kak pri vyvode ocenki dl�jj�x(t) � x2(t)jj � L1 Z tt0 (jj�x(s) � x1(s)jj+ jj�x�(s) � x1t(s)jj)ds(38) ( jj�x�(t) � x1� (t)jj � (1 + L2L3)L2L3(2 + L2L3) (t�t0)22! ; t > t0;jj�x(t)� x2(t)jj � L21L3(2 + L2L3)2 (t�t0)33!(39)



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 145Analogiqno poluqim(40) j�x(t)� x3(t)jj � L31(2 + L2L3)3L3 (t� t0)44! ;i t.d. Iz �tih ocenok vidno, qto(41) jj�x(t)� xm(t)jj ! 0 pri m!1ravnomerno po t na otrezke [t0; t�]. Ots�da sleduet, qto rexenie urav-neni� (1), k kotoromu stremits� posledovatel~nost~ �vl�ets� na otrezke[t0; t�] edinstvennym udovletvor��wim naqal~nomu uslovi� (2). Tem sa-mym teorema 1 pol~nost~� dokazana. �2. Nepreryvnost~ rexeni� po naqal~no$i funkcii. Rassmotrim te-per~ vopros o nepreryvnosti rexeni� ishodnogo uravneni� (1) po na-qal~no$i funkcii.Pust~ imeets� na otrezke [t0; t�] dva rexeni� x(t) i ~x(t) uravneni� (1),poro�d ennyh odnim i tem �e funkcional~nym parametrom u(t), no so-otvetstvu�wih razliqnym naqal~nym funkci�m '(t); ~'(t).Opredelenie 1. Rexenie x(t) nazov em nepreryvnym po naqal~no$i funkcii,esli dl� vs�kogo " > 0 na$id ets� takoe � > 0, qto iz neravenstva(42) jj'(t)� ~'(t)jj < �; t 2 Et0sleduet neravenstvo(43) jjjx(t)� ~x(t)jjj < "; t 2 [t0; t�];gde x(t); ~x(t) - dva rexeni� uravneni� (1), sootvetstvu�wie odnomu i tomu�e funkcional~nomu parametru i dvum naqal~nym funkci�m '(t); ~'(t).Spravedliva sledu�wa�Teorema 2. Pust~ funkci� F (t; x; x� ; u) i zapazdyvanie h(t; x(t)) v pravo$iqasti uravneni� (1) udovletvor�et v oblasti R1 uslovi�mi I0; 20; 30 teo-remy 1. Pust~ naqal~nye funkcii prinadle�at klassu Lipxicevyh fun-kcii s posto�nno$i L3 iz uslovi� 30 teoremy 1.Togda rexenie uravneni� (1) pri zadanno$i funkcii, kotoroe suwestvueti edinstvennoe po teoreme 1 na otrezke [t0; ty�], nepreryvno po naqal~no$ifunkcii na �tom otrezke.Dokazatel~stvo.Pust~ x(t) i ~x(t) - dva rexeni� uravneni� (1) na otrez-ke [t0; t�], prinadle�awee oblasti X, odnim i tem �e funkcional~nymparametrom u(t), no sootvetstvu�wie dvum razliqnym naqal~nym funk-ci�m '(t); ~'(t). Po uslovi� teoremy 1(44) ( jj'(t2)� '(t1)jj � L3jt2 � t1j;jj ~'(t2)� ~'(t1)jj � L3jt2 � t1j; t1; t2 2 Et0;



146 A. R. MAGOMEDOVgde L3 - posto�nna� v uslovii 30 teoremy 1. Pust~(45) jjj'(t)� ~'(t)jjj < �; t 2 Et0 :Soglasno teoreme 1 rexeni� x(t) i ~x(t) mo�no na$iti s pomow~� shod�wi-hs� posledovatel~nyh pribli�eni$i: xk(t); ~xk(t); k = 0; 1; 2; : : : : Budemsravnivat~ �ti pribli�eni�. My imeem� ~x0(t) = ~'(t);t 2 Et0x0(t) = '(t);t 2 Et0 ( ~x0(t) = ~'(t0);t > t0x0(t) = '(t0);t > t0(46) � jj~x0(t) � x0(t)jj = jj ~'(t0)� '(t0)jj � �; t > t0;jj~x0(t) � x0(t)jj = jj ~'(t) � '(t)jj � �; t 2 Et0:(47)Dl� ~x1(t); x1(t) imeem vyra�eni�(48) 8>>>>>>>><>>>>>>>>: ~x1(t) = ~'(t0) + Z tt0 F (s; ~x0(s); ~x0� (s); u(s))ds; t > t0;~x1(t) = ~'(t); t 2 Et0x1(t) = '(t0) + Z tt0 F (s; x0(s); x0� (s); u(s))ds; t � t0;x1(t) = '(t); t 2 Et0;gde(49) 8<: ~x0� (t) = max�2[t�h0;t]~x0(� ); x0;� (t) = max�2[t�h0;t]x0(� );~h0 = h(t; ~x0(t)); h0 = h(t; x0(t)):Dl� raznosti ~x1(t) � x1(t) imeem pri t � t0(50) ~x1(t)� x1(t) = ~'(t0)� '(t0)++ Z tt0 [F (s; ~x0(s); ~x0� (s); u(s)) � F (s; x0(s); x0� (s); u(s))]ds;a soglasno (4)(51) jj~x1(t)� x1(t)jj � jj ~'(t0)� '(t0)jj++L1 Z tt0 (jj~x0(s) � x0(s)jj+ jj~x0�(s) � x0� (s)jj)ds:Ocenim raznosti ~x0� (t)�x0� (t). Esli t takovo, qto t�h0 � t0; t�h0 � t0, tov (49) t � t0, ~x0(t) = ~'(t0); x0(t) = '(t0) i jj~x0�(t)�x0� jj � jj ~'(t0)�'(t0)jj � �.Esli �e t takoe, qto naprimer t � h0 < t0; t� h0 = t0, tojj~x0�(t)� x0� (t)jj = jj max�2[t�h0;t] ~'(� )� max�2[t�h0 ;t]'(� )jj



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 147my dol�ny sravnivat~ ~'(t) i '(t) v raznyh toqkah. Ocenka (45) srazuniqego ne dast.Perepixem raznost~ ~x0� (t)� x0� (t) v sledu�wem vide(52) ~x0� (t) � x0� (t) = max�2[t�h0;t]~x0(� )� max�2[t�h0 ;t]x0(� )]++[ max�2[t�h0 ;t]x0(� )� max�2[t�h0 ;t]x0(� )]; t � t0tak qto(53) jj~x0�(t)� x0� (t)jj � jj max�2[t�~h0;t]~x0(� ) � max�2[t�~h0 ;t]x0(� )jj++jj max�2[t�~h0 ;t]x0(� )� max�2[t�h0 ;t]x0(� )jj:Zdes~ my sravnivaem funkcii ~x0(t); x0(t) na odnom i tom �e otrezke [t�~h0; t] i odnu funkci� x0(t) na raznyh otrezkah. Dl� pervo$i primenimneravenstvo iz [9]jj max�2[t�~h0;t]~x0(� )� max�2[t�~h0 ;t]x0(� )jj � jj max�2[t�~h0;t]j~x0(� )� x0(� )jjj:Maksimum raznosti j~x0(t)�x0(t)j dostigaets� v nekotory$i moment, priq emt � t0 ili t � t0 v zavisimosti ot t.No pri l�byh takih t spravedlivo (47), tak qto pri vseh t � t0(54) jj max�2[t�~h0;t]~x0(� )� max�2[t�h0;t]x0(� )jj � �; t � t0:Raznost~ max�2[t�~h0 ;t]x0(� )� max�2[t�h0;t]x0(� )ravna nul�, esli t� ~h0 � t0; t� h0 � t0:Esli �e t� ~h0 � t0; t� h0 � t0 i naprimer t� ~h0 < t� h0, to �ta raznost~opredel�ets� izmeneniem naqal~no$i funkcii na intervale [t� ~h0; t�h0].Soglasno (44) jj'(t� ~h0) � '(t � h0)jj � L3j~h0 � h0j:Pri �tomj~h0 � h0j = jh(t; ~x0(t))� h(t; x0(t))j � L3(jj~x0(t)� x0(t)jj) � L2�; t � t0:Sledovatel~no, vsegda pri l�byh t � t0 imeem(55) jj max�2[t�~h0 ;t]x0(� )� max�2[t�h0 ;t]x0(� )jj � L2L3�:



148 A. R. MAGOMEDOVPolaga�, qto L2L3 > 1 (�tomu uslovi� vsegda mo�no udovletvorit~sootvectvu�wim naborom L2; L3). V silu (58) i (55) poluqim(56) jj~x0�(t)� x0� (t)jj � �(1+ L2L3); t � t0:Togda v sootvetstvii s (56), (47) poluqim(57) jj~x1(t)� x1(t)jj � �[1+ L1(2 + L2L3)(t � t0)]:Esli t < t0, to(58) jj~x1(t) � x1(t)jj = jj ~'(t)� '(t)jj � �:Rassmotrim raznost~ ~x2(t)�x2(t), kotora� vyra�aets� analogiqno (50)(59) ~x2(t)� x2(t) = ~'(t0)� '(t0)++ Z tt0 [F (s; ~x1(s); ~x1� (s); u(s)) � F (s; x1(s); x1� (s); u(s))]dsiz sootvetstvi� s (3)(60) jj~x2(t)� x2(t)jj � jj ~'(t0)� '(t0)jj++L1 Z tt0 (jj~x1(s) � x1(s)jj+ jj~x1�(s) � x1� (s)jj)ds:Raspixem ocenku normy jj~x1�(t)� x1� (t)jj po analogii s (53)(61) jj~x1�(t)� x1� (t)jj � jj max�2[t�~h1;t]~x1(� ) � max�2[t�~h1 ;t]x1(� )jj++jj max�2[t�~h1;t]x1(� ) � max�2[t�h1 ;t]x1(� )jj; ~h1 = h(t; ~x1(t)); h1 = h(t; x1(t)):Togda soglasno [9] poluqimjj max�2[t�~h1;t]~x1(� )� max�2[t�~h1 ;t]x1(� )jj �� jj max�2[t�~h1 ;t]j~x1(� ) � x1(� )jjj � max�2[t�~h1;t]jj~x1(� ) � x1(� )jj:Esli t takoe, qto t � ~h1 > t0, to dl� jj~x1(t) � x1(t)jj spravedlivo (57), aesli t takoe, qto t � ~h1 < t0, to spravedlivo (58). Ots�da sleduet, qtopri l�byh t � t0 imeem(62) jj max�2[t�~h1;t]~x1(� )� max�2[t�h1;t]x(� )jj � �[1 + L1(2 + L2L3)(t � t0)]:



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 149Dalee imeem(63) jj max�2[t�~h1 ;t]x1(� ) � max�2[t�h1 ;t]x1(� )jj �� L3j~h1 � h1j � L2L3(jj~x1(t) � x1(t)jj); t � t0:Takim obrazom, iz (61), (62), (63) imeem(64) jj~x1�(t) � x1� (t)jj � �[1+ L1(2 + L2L3)(t � t0)](1 + L2L3); t � t0:Togda s uq etom (57), (60), (64) poluqim(65) jj~x2(t) � x2(t)jj � �+ L1� Z tt0 (2 + L2L3)[1 + (2 + L2L3)(s � t0)]ds == �f1 + L1(2 + L2L3)(t� t0)� L21(2 + L2L3)2 (t � t0)22! g:Pri t 2 Et0 imeem jj~x2(t)� x2(t)jj � �:Analogiqnym put em poluqim(66) jj~x3(t)� x3(t)jj � �f1 + q(t � t0) + q2 (t � t0)22! + q3 (t� t0)33! g; t � t0;gde q = L1(2 + L2L3), t.d. Pri l�byh m poluqimjj~xm(t) � xm(t)jj � �f1 + q(t � t0) + � � �+ qm (t � t0)mm! g < �lq(t�t0); t � t0Ots�da sleduet, qto v predele pri m ! 1 imeet mesto sledu�wee ne-ravenstvo dl� raznosti rexeni$i(67) jj~x(t) � x(t)jj � �lq(t�t0); t � t0;a na otrezke [t0; t�] jj~x(t) � x(t)jj � �lq(t�t0)ili(68) jj~x(t) � x(t)jj � �lq rL ;gde r; L - qisla iz formuly (11). Iz (68) vytekaet nepreryvnost~ re-xeni� x(t) po naqal~no$i funkcii, tak kak pri zadannom " > 0 poluqimneravenstvo (43), esli jj'(t)� ~'(t)jj � "l�q rL :Takim obrazom teorema dokazana. �



150 A. R. MAGOMEDOV3. Nepreryvnost~ rexeni� po otnoxeni� k funkcional~nomu pa-rametru. Dl� funkcional~nogo parametra u(t), prinadle�awego klassukusoqno- -nepreryvnyh funkci$i vved em sledu�wu� ravnomernu� normujjjujjj= Z tt0 jju(s)jjds:Pust~ imeets� soglasno teoreme 1 na otrezke [t0; t�] dva rexeni� x(t) i~x(t) uravneni� (1), sootvetstvu�wih odno$i i to$i �e naqal~no$i funkcii,no poro�d ennyh raznymi funkcional~nymi parametrami u(t); ~u(t).Opredelenie 2. Budem govorit~, qto rexenie zadaqi (1), (2) nepreryvnozavisit ot funkcional~nogo parametra u(t), esli dl� l�bogo " > 0 na$id et-s� � > 0 takoe, qto iz(69) Z tt0 jju(s)� ~u(s)jjds < �sleduet neravenstvo(70) jjjx(t)� ~x(t)jjj < "; t 2 [t0; t�]:Spravedliva sledu�wa� teorema.Teorema 3. Pust~ udovletvor�ets� uslovi� teorem 1 i 2 i pust~ funkci�F (t; x; x� ; u) tak�e Lipxiceva s posto�nno$i L1 po u v oblasti R1 teo-remy 1, t.e.(71) jjF (t; ~x; ~x� ; ~u)� F (t; x; x� ; u)jj � L1(jj~x� xjj+ jj~x� � x� jj+ jj~u� ujj):Togda suwestvuet edinstvennoe rexenie x(t) uravneni� (1), na otrezke[t0; t�] pri zadanno$i naqal~no$i funkcii, nepreryvno po otnoxeni� k u(t).Dokazatel~stvo. Pust~ x(t); ~x(t) - dva rexeni� uravneni� (1), sootvet-stvu�wie odno$i naqal~no$i funkcii '(t) i razliqnym u(t); ~u(t) opre-del ennye na otrezke [t0; t�]. Budem stroit~ �ti rexeni� s pomow~� posle-dovatel~nyh pribli�eni$i� x0(t) = ~x0(t) = '(t); t � t0;x0(t) = ~x0(t) = '(t); t 2 Et0 ;(72) 8><>: xk+1(t) = '(t0) + R tt0 F (s; xk(s); max�2[s�hk;s]xk(� ); u(s))ds;~xk+1(t) = '(t0) + R tt0 F (s; ~xk(s); max�2[s�~hk;s]~xk(� ); ~u(s))ds;(73) xk+1(t) � ~xk+1(t) � '(t); t 2 Et0; x = 0; 1; 2; : : ::(74)



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 151Sravnivaem �ti pribli�eni�, sqita�, qto(75) Z t�t0 jju(t)� ~u(t)jjds � �:My imeem(76) 8>>><>>>: ~x0(t)� x0(t) � 0; t � t0;~xk+1(t)� xk+1(t) � 0; k = 0; 1; 2; : : :;~x1(t)� x1(t) = Z tt0 [F (s; ~x0(s); ~x0� (s); ~u(s)) � F (s; x0(s); x0� (s); u(s))]dsi v silu (71)(77) jj~x1(t)� x1(t)jj � L1 Z tt0 (jj~x0(s) � x0(s)jj++jj~x0�(s) � x0� (s)jj + jj~u(s) � u(s)jj)ds;gde ~h0 = h(t; ~x0(t)); h0 = h(t; x0(t)), priq em ~h0 = h0, tak kak ~x0(t) = x0(t)pri t � t0.V silu (75), (76) imeem(78) jj~x0(t)� x0(t)jj = 0; Z t�t0 jj~u(t) � u(t)jjdt � �; t 2 [t0; t�]:Dalee imeem soglasno [9], poskol~kujj max�2[t�~h0;t]~x0(� )� max�2[t�~h0 ;t]x0(� )jj � max�2[t�~h0 ;t]jj~x0(� )� x0(� )jj = 0;tak kak ~x0(t) � x0(t) = 0 pri l�bom t. Takim obrazom, iz (77) poluqims uq etom (75)(79) jj~x1(t)� x1(t)jj � L1�(t� t0); t 2 [t0; t�]:Dl� ~x2(t) � x2(t); t � t0 imeem vyra�enie(80) ~x2(t)� x2(t) = Z tt0 [F (s; ~x1(s); ~x1� (s); ~u(s)) � F (s; x1(s); x1� (s); u(s))]ds;gde ~h1 = h(t; ~x1(t)); h1 = h(t; x1(t)) otkuda s uq etom (71) imeem pri t � t0(81) jj~x2(t)� x2(t)jj �� L1 Z tt0 (jj~x1(s) � x1(s)jj+ jj~x1�(s) � x1� (s)jj+ jj~u(s) � u(s)jj)ds:



152 A. R. MAGOMEDOVDl� pervo$i i tret~e$i raznosti pod integralom imeem (79) i (75) soot-vetstvenno. Vtoru� raznost~ ocenim tak �e kak i v sluqae dokazatel~-stva teoremy 1. Zapixem(82) ~x1� (t) � x1� (t) = max�2[t�~h1 ;t]~x1(� ) � max�2[t�h1 ;t]x1(� ) == [ max�2[t�~h1 ;t]~x1(� )� max�2[t�~h1 ;t]x1(� )] + [ max�2[t�~h1 ;t]x1(� ) � max�2[t�h1 ;t]x1(� )]:Dl� pervo$i raznosti v (81) imeem soglasno [7]jj max�2[t�~h1 ;t]~x1(� ) � max�2[t�~h1 ;t]x1(� )jj � max�2[t�~h1 ;t]jj~x1(� )� x1(� )jj:Sledovatel~no, pri l�byh t � t0 (togda maksimum danno$i normy spravadostigaets� ili pri nekotorom �� > t0 (ili pri �� 2 Et0) imeem soglasno(79)(83) 8><>: max�2[t�~h1 ;t]jj~x1(� )� x1(� )jj < L1�(�� � t0); esli �� > t0;max�2[t�~h1 ;t]jj~x1(� )� x1(� )jj = 0; esli �� 2 Et0:Tak kak �� � t, to pri l�bom t 2 [t0; t�](84) max�2[t�~h1 ;t]jj~x1(� )� x1(� )jj � L1�(t� t0):Dl� vtoro$i raznosti v (82) imeem(85) jj max�2[t�~h1;t]x1(� ) � max�2[t�h1 ;t]x1(� )jj � jjj _x1(t)jjj � j~h1 � h1j; t � t0;esli t � ~h1 � t0; t � h0 � t0, tak qto x1(t) vyra�aets� soglasno (74), iliv silu (44).(86) jj max�2[t�h1 ;t]x1(� )� max�2[t�h1 ;t]x1(� )jj � max(jjj _x1(t)jjj; L3) � j~h1 � h1j;esli t � ~h1 < t0 ili t � h0 < t0. Tak kak jjj _x1(t)jjj � L3 v silu (6), to iz(74), (84) i s uq etom (5) poluqim pri l�bom t � t0,(87) jj max�2[t�~h1;t]x1(� )� max�2[t�h1 ;t]x1(� )jj � L3j~h1 � h1j == L3jh(t; ~x1(t))� h(t; x1(t))j � L2L3jj~x1(t) � x1(t)jj � L1L2L3�(t� t0):Takim obrazom, poluqim pri t � t0(88) jj max�2[t�~h1 ;t]~x1(� )� max�2[t�h1 ;t]x1(� )jj � L1(1 + L2L3)�(t� t0):



TEOREMY O SUWESTVOVANII I EDINSTVENNOSTI ... 153Togda iz (82) poluqim pri t � t0(89) jj~x2(t) � x2(t)jj � �[L1(t � t0) + L21(2 + L2L3) (t� t0)22! ]:Dl� ~x3(t) � x3(t); t � t0 imeem vyra�enie, poluqa�wees� iz (81) poslezameny v pravo$i qasti vs�du indeksa 1 na 2, otkuda(90) jj~x3(t)� x3(t)jj � L1 Z tt0 (jj~x2(s) � x2(s)jj++jj max�2[t�~h2;t]x2(� )� max�2[t�h2 ;t]x1(� )jj+ jj~u(s) � u(s)jj)ds;~h2 = h(t; ~x2(t)); h2 = h(t; x2(t)):Dl� pervo$i i tret~e$i raznosti pod integralom imeem ocenki (89), (75)sootvetstvenno. Vtoru� raznost~ ocenim tak �e, kak i v sluqae (82).Zapixem(91) max�2[t�~h2 ;t]~x2(� )� max�2[t�h2 ;t]x2(� ) = [ max�2[t�~h2;t]~x2(� )� max�2[t�~h2;t]x2(� )]+[ max�2[t�~h2 ;t]x2(� ) � max�2[t�h2 t]x2(� )];otkuda poluqim, kak i vyxejj max�2[t�~h2 ;t]~x2(� )� max�2[t�~h2 ;t]x2(� )jj � �(1 + L2L3)[L1(t � t0)++L21(2 + L2L3) (t� t0)22! ]:Soglasno (89) poluqim dalee pri t � t0(92) jj~x3(t)� x3(t)jj �� �[L1(t � t0) + L21(2 + L2L3) (t� t0)22! + L31(2 + L2L3) (t � t0)33! ]:Toqno tak�e poluqim pri l�bom m � 4 dl� t � t0jj~xm(t)�xm(t)jj � �L1[(t� t0)+ q (t� t0)22! + q2 (t� t0)33! + � � �+ qm�1 (t � t0)mm! ];gde q = L1(2 + L2L3) ili(93) jj~xm(t) � xm(t)jj � �L1q (lq(t�t0) � 1):V predele pri m!1 poluqim neravenstvo dl� raznosti rexeni$i ~x(t)�x(t) pri t � t0(94) jj~x(t) � x(t)jj � �L1q (lq(t�t0) � 1):



154 A. R. MAGOMEDOVNa otrezke [t0; t�](95) jj~x(t) � x(t)jj � �2+ L2L3 (lq(t��t0) � 1) = �2 + L2L3gde r; L - qisla iz formul (11). Ots�da vytekaet, qto pri zadannom " > 0poluqim neravenstvo jj~x(t)� x(t)jj < "; t 2 [t0; t�];esli jjj~u(t)� u(t)jjj � 2 + L2L3lq rL � 1 � ";qto i pokazyvaet nepreryvnost~ rexeni� x(t) uravneni� (1) po otnoxe-ni� k u(t).Takim obrazom teorema polnost~� dokazana.Literatura[1] Azbeleev, N.V., Rahmatulina, L.F., Zadaqa Koxi dl� differencial~nyh uravneni$is zapazdyva�wim argumentom, DU 8 No 9 (1972), 1542-1552.[2] Zverkin, A.I., Kamenski$i, G.A., Norkin, S.B., �l~sgol~c, L.�.,Differencial~nyeuravneni� s otklon��wimsc� argumentom, UMN 17, vyp. 2(104) (1962), 77-164.[3] Zverkin, A.I., Kamenski$i, G.A., Norkin, S.B., �l~sgol~c, L.�.,Differencial~nyeuravneni� s otklon��wims� argumentom, P., Trudy seminara po teorii differ-encial~nyh uravneni$i s otklon��wims� argumentom (1963), 3-49, UniversitetDru�by Narodov im. Lumumby, Moskva.[4] Koddington, �.D., Levinson, N.L.,Teori� obyknovennyh differencial~nyh urav-neni$i, IL, M, 1958.[5] Lika, D.A., R�bov, �.A., Metody integraci$i i ma�oriru�wie uravneni� L�-punova v teorii neline$inyh kolebani$i, Xtiinca, Kixen ev, 1974.[6] Magomedov, A.R., O nekotoryh voprosah differencial~nyh uravneni$i s maksimu-mami, Seri� fiz.-teh. i mat. nauk 1 (1977), 104-109, AN Azerb. SSR.[7] Magomedov, A.R., R�bov, �.A., Differencial~nye uravneni� s maksimumami, 75(1983), 1-32, AN Azerb. SSR Institut fiziki.[8] �l~sgol~c, L.�., Norkin, S.B., Vvedenie v teori� differencial~nyh uravneni$is otklon��wims� argumentom, Moskva \Nauka", 1971.[9] Magomedov, A.R., Nabiev, N.G., Teoremy o nelokal~no$i razreximosti naqal~no$izadaqi dl� sistem differencial~nyh uravneni$i s maksimumami, DAN Azerb.SSR, t.XL, No 5, 1984, pp. 14-19.A. R. Magomedov370054, Baku - 54pos. Kirova, pereulok Motina, d. 1aAzerba$id�an
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