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METRICALLY REGULAR SQUARE OF
METRICALLY REGULAR BIGRAPHS II

ViaDIMIR VETCHY
Dedicated to Professor M. Novotny on the occasion of his seventieth birthday

ABSTRACT. Metrically regular bigraphs the square of which are metrically regular
graphs are investigated in the case of graphs with 6 distinct eigenvalues (these
eigenvalues can have variuos multiplicities).

1. TERMINOLOGY AND NOTATION

We use the same terminology as in [2]. Our graphs are finite and undirected
and have no loops or multiple edges. The second power or equivalently the square
of a graph G is the graph G? with the same vertex set as G and different vertices
are adjacent if and only if there is at least one path of length 2 or 1 in G between
them.

The present paper deals with the metrically regular graphs (MRG) with 6 dis-
tinct eigenvalues and having metrically regular squares and it extends the results
obtained in [2].

2. METRICALLY REGULAR BIPARTITE GRAPHS WITH 6 DISTINCT EIGENVALUES

Let Ay > Ao > A3 > Aa > A5 > Ag are the eigenvalues of MRG G with respective
multiplicities my, ma, ms, ma, ms, mg. As G is a bipartite graph we obtain from [2]
Theorem 1.10

(1) Al = —A6, mp = Mg = 1
Az = —X5, Mo =mgy
Az = =y, mz=my

and it holds for the structural constants of G
k .o
(2) p;; =0 for i,7,k€{0,1,2,3,4 5},
i+j+k=0(mod 2)and alsofor i+j<k and |i—j| >k
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According to [2] Theorem 1.3 A;(i = 1,2,3,4,5,6) is the solution of the equation
[AT— P;|=0 and we get
(3) A% — X[A1 4 plopty 4 Piapls 4 Prapls + Pispial
+ N [p1opT 1P apls + Plapi i Plspla + Piapiaplsplat
+ M (piapis + Plapls + Pispia)]—
- /\1P%3P?2P4115P?4 =0

The condition for GG to have the square G? metrically regular gives the following
relations for the structural constants prj of G?

(4) pii= 21 = pht i
(5) “pla= a3 = pis+ri
(6) b= 2034 = Piatpi
(7) 21%3 = P}Ls = P:zss

(8) 2P:133 = Pés = Pgs =0
(9) 2P%1 = 21’:1))2 = P%z

(10) 2P%2 = P?4 + PSB = P%B + P§4
(11) 2P%3 = Pgs = Pils

(12) 2P§2 = 21’34 = PgB + P?M
(13) 2P§3 = PZE, = Pgs

(14) 2P:233 = Pgs = Pgs =0
(15) Pla= D+

(16) 21011))3 = Pgs

(17) 2P§2 = 21’34

(18) 2P§3 = Pis

(19) 2P§3 = Pgs = 0

If A denotes the adjacency matrix of G and A, is the adjacency matrix of G2
it is easy to see

1 2 _pl A
Ay= A BRIy - Sy
P11 P11 P11

The eigenvalues of G? are in regard of (2) in the form

AZ 4 p2 A — A
(20) = S
P11

i€{1,2,...,6}

bl
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As G? is a metrically regular graph with diameter 3 it must have just 4 distinct
numbers as its eigenvalues. So it must hold p; = p; = pp or p; = p; and pp =
(for distinct numbers 7,5, k,l; 4,4, k, 1 # 1 because GG? is connected and therefore
its index gy has the multiplicity 1).

Ay = gy =
According to (20) we obtain

XX =X+ =N+ M = —ply

and we get the contradiction with A; # Ay # Ap # A; .

B pi =y, pr = -
As X2 >0, p?, >0and Ay > |N|, t€{3,4,5}, and p3 # pa,
there are only the following cases:

a) po = g, U3 = 5.
From (20) we obtain Az + A¢ = —p}; = A3 + A5
and from (1) we get Ay = Ay — p? |
As

(21) Az > 01t holds Ay > 210%1

b) p2 = pe, pa = pis.
By the same way as in a) it follows from (1) and (20)

Az =Xy —P%DAS :P% — Ay = 2P%1 — A

As Az > Az > 0 1t follows

3
(22) 27 > A1 > 517%1

) p3 = fis, fa = fi.
From (1) and (20) we obtain Az = p3; — Ay .
As A > pli(on = M = 3 pij,see [1]) we get the contradiction with
Az > 0.

d) pz = pie, pra = pis.
In this case it follows from (1) and (20)
Ao = 2p% — A1, Az = A1 —p?y. As Ao > A3 > 0 we get

3
(23) 51’%1 > A\ > phy

In the next part it will be shown that the conditions b) and d) cannot occur.
We use the well-known relations for the structure constants of association schemes

(see [1])
(24) v = P?z' = ZP?]' )

(25) viph; = vepi;
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(Let x is an arbitrary vertex, v; denotes the number of vertices y for which d(x, y) =
= ¢ where d(#,y) is the distance from the vertex x to the vertex y.)

From (24) (i = 1; k = 1,2,5) it follows
(26) P%z =M -1, P%B =X\ —P%h Pi’4 =X\
With respect to (8), (14) and (25) we get

(27) Uspgs = Ungs = 0; Pgs =0
(28) Uspis = U4P§5 = 0; Pis =0

So, the relations (8), (24), (27), (28) give

5
(29) vs= > phs=1
k=0

5
(30) Us = ZpllcS = P}Ls =1
k=0
5
(31) and vy = szg, =pi =1
k=0

From (25) we get vsp3; = vsp3s and because p3; # 0 we obtain from (24) (i =
=5, k= 3) - note that p3;, p3; are non-negative integers and p3; > 0 -

(32) pis =1, pis=0.

As p}, # 0 we get from (25) vspl, = vapls and pis # 0. So, from (24) (i = 5, k = 4)
we obtain

(33) pis =1, p3=0.

The relations (25), (26), (33) give

(34) v5p‘;’4 = v4p4115 and vg = Ay
With regard of (24)(i =4, k = 1) it follows

() pha= -1

and from (25) we get

(36) Ulpzlaz} = v4p‘113, 50 P%B =A -1
With respect to (24) (i = 2,4; k = 5), (26), (28) it follows

(37) P33 =v2, PR =0
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From (25) we get vapis = vspSs, so
(38) vy = Vs
and the relation (25) gives

(39) p%3 = p?2a
(40) P33 = Pas-

With regard of (1) we obtain from (3)
(41) ’\%’\gAg = /\IP%SP?ZP%SP?AL
In the case d) we obtain from (26), (33), (39), (41)

AL2pY = AP (M = pi)? = Apiapis
(42) 50 12p7, — A1 = L.
As p?, € N we get the contradiction with (23).

By the same way we obtain the relation (42) in the cases a) and b).
In the case b) we obtain with regard of (22)

(43) M o=2pi -1, pi>2
and from (25), (26), (43) it follows

2A1(A; — 1 4
viprs = vapi; and 022%22/\1—4-1-/\1_1_1

As vy € N we obtain A; < 3, so p?; <2 and we get the contadiction with (43).
The relations (21) and (42) imply for the case a)

(44) M=2p 1,
A -1
(45) P%1 = 1T

From (25) with respect to (26), (38) we get
(46) vlp%z = vzpfl and vy = vs =2\
The relations (24) (i = 1, k£ = 2) and (45) imply

A +1
(47) P%B = 1T
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and from (9), (26), (39), (47) we get

(48) Py = A1 +1

With respect to (24) (i = 2, k = 1), (2), (46) it follows
(49) Py =AM +1

From (5), (47), (49) we obtain

A +1
(50) P§4: 12

and the relations (4), (26) and (45) imply

3(M =1
G1) iy = 202D
The relation (24) (¢ = 4, k = 2) implies with respect to (34), (50)

A —1
(52) p4214: 12

From (6), (35), (38) and (52) we get

3
(53) P33 = Phs = 5(’\1 -1
The relations (25), (34), (36) and (46) imply

A —1
(54) U3p?4 = U4P‘113 and P?4 = 5

and from (2), (24) (i =4, k = 3), (32), (54) we obtain

Ar+1
(55) sz}: 12

From the relations (25), (34), (46), (52) and (55) we get

(56) vapss = v3p3, and p3g=Ap + 1

(57) and V4Psy = Vapiy SO pag = A — L.
(12), (55) and (57) imply

(58) Pi} =
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Because of pf]» € N and Ay > 1 the relations (45), (47), (50), (51), (52), (53), (54)
and (55) imply
(59) M=2k+1, keN

and the nonzero structural constants of the considered metrically regular bigraphs
are

Pio = P}Ls :Pzzss = Pgs = Pils =1,
P%1 = P4214 :P?AL =k,
Pls =P =Pia =paa=k+1,
P%z = P:ls4 = P%B = P§4 = 2k,
Pla=2k+1,

(60) Phs = P3o = paz = 2k + 2,
P%z = P:233 = PSB = 3k,
PgB =2(2k+1),

vog = vy = 1, A =2k+ 1= =X,
vy = vg = 2k + 1, A= k+1=-As,
1}2:1}3:2(216—1—1), Az = 1 = -—A4
For the eigenvalues A1, As, ..., Ag and their corresponding multiplicities
my, ma, ..., mg of the considered graphs it holds

my = 1, since the graph is connected,
26: m; = 25: v; = n, the number of vertices,
izl j=0
Z; m;A; =0, since the graph has no loops,
f: m;A? = nX;, since the graph is regular.
ZS:ol, with respect to (1), (2) and (60) we obtain
m; =1
2my + 2ms + 2mg = 4(3k + 2),
2my (2k + 1) + 2ma(k + 1)% + 2m3 = 4(3k + 2)(2k 4+ 1) .

These equations imply

12
S
ms k+2a
=6k—5+ 12
As mso,m3 € N 1t must hold
ke {l,2,4,10}.

So we have proved the following theorem:
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Theorem. There are only four tables of the parameters of association schemes
of the type (60) for k € {1,2,4,10} so that the corresponding metrically regular
bipartite graphs with 6 distinct eigenvalues have the metrically regular square.

The realization of the table (60) for & = 1 is shown in the figure below. In the
case k = 2 it is the b-dimensional unit cube.
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