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BOUNDS OF LENGTHS OF OPEN HAMILTONIAN WALKS

PAVEL VACEK

Dedicated to Professor F. Sik on the occasion of his seventieth birthday

ABSTRACT. If G is a graph, an open Hamiltonian walk is any open sequence of
edges of minimal length which includes every vertex of G. In this paper bounds of
lengths of open Hamiltonian walks are studied.

Since Hamilton defined the useful concept of Hamiltonian cycle or path in
graphs, a lot of related notions have been studied; in particular, Hamiltonian con-
nectedness, pancyclic graphs, hypohamiltonian graphs and many others. Almost
of them are stronger than the existence of a Hamiltonian cycle or a Hamiltonian
path while a few are weaker; namely Hamiltonian walk defined in [1], [2], [3]. Here
we propose some results on open Hamiltonian walks.

In this paper the graph means a finite, connected, undirected graph without
loops and multiple adges. If G is a graph, V(G) and E(G) denote the sets of
vertices and edges of G respectively. An open sequence of edges passing through
each vertex of a graph G is called an open walk in the graph G. Any open walk
of minimal length is called an open Hamiltonian walk (see [4]). Throughout the
paper we shall denote /g the length of open Hamiltonian walk in the graph G.

Let G be a graph on n vertices, n > 3, then n —1 <lg < 2n—4 [4]. Let S be a
spanning tree of the graph G and lg the length of open Hamiltonian walk in the
graph S. Then obviously lg < lg and ls = 2(n — 1) — diam S, where diam S is the
diameter of S (see [4]).

Consider the set of all spanning trees of the graph G. Let Sy.x be a spanning
tree, which has the maximal diameter and denote diam Sy,.x the diameter of it.
Then lg < 2(n — 1)— diam Spax.

Let G be a graph on n vertices and H a path in G whose length h = diam G.
The path H can be completed to a spanning tree of the graph G. Then obviously
lg <2(n—1)—diamG.

Let k£ be a minimal number of edges which we have to add to the graph G to
obtain a graph containing a Hamiltonian path. Obviously, 0 < k& < n — 3 and
k =0 iff G has a Hamiltonian path and £ =n — 3 iff G is a star graph Kj ;.
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Theorem 1. Let S be a tree on n vertices, n > 4, and k be a minimal number
of edges which we have to add to the graph S to obtain a graph G containing a
Hamiltonian path (k <n —3). Then

n+k—1

ls<2(n—-1)- 1

Proof. If k£ =0, the Theorem 1 clearly holds.

Let & > 1. Let H be a Hamiltonian path in G which we obtained from S
after adding k edges. H has to contain each of these k edges. If we omit these
k edges, the rest of H consists of (k + 1) disjoint paths coverning V(G). We
denote g, ag, ..., ai the lengths of these paths, where 0 < ag < a3 < -+ < k.

k
Obviously Y a; =n —1— k. Let 85+ denote the distance of path of lengths a;
i=0
and a; in S. Obviously, 85+ > 1 and there exists a path of length

g+«
max ( - ! +ﬂs,t>
s,t 2
in S and so N
as + a
diam S > max (=—— 4 Bey).
S,
Since 0 < ap < o1 < -+ < g,
. o + o
diam § > —F " —h1 5 ol + Brp—1-
n—2

Let £k = 1. Then ag + a1 = n — 2 and diam S >
Theorem 1 holds again.

Let now k& > 1. We shall study the numbers Sy t—1, Bk k—2, Br—1,k—2. At least
one of these numbers has to be at least 2, otherwise S is not a tree. Therefore, the
lower bound of diam S, the diameter of the tree S, is the number M, where

3 +1:gandsothe

Qg+ ag—1 Qg+ ag—2 ag—1 + ap—2
— + Br k-1 —s + Br k-2 — 5

We distinguish 3 cases:

M = max { + Br-1,k—2}

1. A2 = O
2. A2 = O — 1
3. A2 = O — 2

1. If ap_2 = ay, then a1 = agp_2 = a3 and so

Qp + a1 = Q + Qg9 = 01+ Qg_2.

n—1—k
Si 22—
mnce ag + agp—1 = [

n—1-—k n+k+1
di > 4 2=
iam S > ) + 1
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2. If ag—2 = ag, — 1 we distinguish 2 cases a) and b).

a) Let ag—2 = ax—1 = a — 1. Then

n—l—k:ao+a1+---—|—akSkak_2+(ozk_2+l):(k+1)ak_2+1

—k—-2 —k—2
and so ap_o > nkT Therefore ap_1 + ap_o > anT and we

n—k—2 n+k
di > 2= .
fam S 2 —me— 2=

b) Let ay_2 = ax_1 —1=a; — 1. Then
k—

— k-3
n—1—k<(k+1ag_2+2and ag_o > nkT Therefore
n Sl =hk=3 ko5 e
Wkl T Q=2 = 797 T Tkt

3 1
m—k—5 n+3k-1

i >+ 2=
diam 5> 27—y F ]

get

3. If ap_o < ap — 2, then ap — ap_o > 2.
n—k—1 2
If oy -
&) War—z > === — =7
N >n—k—1_ 2
S k+1

then

+ 2, ap_1 > ag_2 and so

n—k—1 2 n—2
— 2=2 .
) et )

ok + ap—1 > 2(

—k-1 2
k+1 k+1’
040+041+...+Oék_2§(]€—1)(

then
n—k—1 2
k+1 k+1

b) If s < 2

aptoap1=n—-1—-k—(w+ar+ - +ar2) >
n—k—1 2 n—2
k41 k+17

>n—1—Fk— (k—1)(

In both cases we get
n—2

> 22—
ap + a1 = o1

and, therefore
n—2 n+k—1
i >—+1l=—
diam 5 = 7= k1
n+k—1
k+1

holds in all 3 cases 1 —
O

We find out that, if £ > 1, the bound diam S >
3. This proves the Theorem 1.
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Remark 1. The bound of the diameter of the tree from the Theorem 1 is the
best possible. In the figure 1 there is an example of a tree on 11 vertices. The tree

can be completed to a graph with a Hamiltonian path by 2 edges. The diameter
n+k—-1

of this tree is 4 =
1S tr 1S k—|—1

a8

Fig. 1

Now we show that the conclusion of the Theorem 1 remains to hold even if G
is not a tree.

Theorem 2. Let Gy be a graph on n vertices, n > 4, and k be the minimal
number of edges which we have to add to the graph (Gi to obtain a graph G
containing a Hamiltonian path (k < n — 3). Then

n+k—1

lg, <2(n—-1)— Pl

Proof. Let H be a Hamiltonian path in G, which we obtained from G; after
adding k edges. H has to contain each of these k edges. If we omit these k edges,
the rest of H consists of (k+1) disjoint paths covering V(G). This system of paths
can be completed by edges of G; to a spanning tree S of the graph ;. Spanning
tree S can be completed by the same edges as G to a graph with a Hamiltonian

k-1
path. According to the Theorem 1, ls < 2(n—1)— WIL—T

is the Theorem 2 proved. ]

and because g, <lg,

Theorem 3. Let G be a graph which we obtain from a graph G1 by omitting a
unique edge. Then

2 1
lg, > lG3+ .
Proof. Let {[z,y]} = F(G1) — E(G) and Lg, be an open Hamiltonian walk in
Gh of length lg,. If [z,y] ¢ E(Lg,) then lg, = lg and the Theorem 3 holds.
Let [x,y] € E(Lg, ). The edge [z,y] is contained at most twice in Lg, .
Suppose that the edge [z,y] is obtained twice in Lg,. If at the first occurence
the edge [z, y] is walked in the direction from x to y, then at the second occurence
it is walked in the direction from y to x. Let

LG1 = {56071'17 ey L1y Ly Lj4 1y e ooy Lt by Lidht1y - - - ,;vlcl}
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and T; = Tjypr1 = T, Tir1 = Tirx = y. Obviously, for any index s, 1 +2 < s <
i+ k — 1 there does not exist an index ¢, t <i—1ort > i+ k+ 2 so that x; = xy,
otherwise there exists an open walk of length less than g, in G (not containing
the edge [z,y]). Since G is a connected graph indexes r,s (1 +2 <r <i+k—1
and s <i—1ors>i+k+ 2) have to exist so that [z,,z,] is an edge in G.
Suppose that s < ¢ — 1. Then the sequence of edges {xo, L1, ..., Ty, Ty, Tp_1,
oy i1y Liqdk—1y Litk—25 «++y Lpy Lgy LTs41y « - 3Ljy Titk+2y Litk+3, .- xlcl} is
an open walk in G having length I, and not containing the edge [z, y].

If s > i+ k+2, then the sequence of edges {wo, x1, ..., Ti, Titk+2, Tithtss -- -
Lgy Tpy Tp—1y «++y Ti41ly LTidk—1y Titk—2y «++y Lpy Tgy Tgp1ly -+, CClcl} is an open
walk in G having length I, and not containing the edge [z, y].

In both cases we have lg = lg, . It means that the edge [z, y] occurs in Lg, only
once.

The open Hamiltonian walk L, is divided by the edge [z, y] into two sequences
of edges P and @) having lengths p and ¢. Obviously, lq, = p+1+¢. Since G is a
connected graph, vertices u, v (u € P, v € Q, u # x, v # y) have to exist so that
[u,v] is an edge in G.

In G, there exists an open walk (see Fig. 2) of length

o< §] 1+ 2] ot ][9]

lg, —1 _ 3lg, —1

Sle + 2 2

+
]%ZZGl'F

21 1
and so lg, > G3+ . O

Fig. 2

Remark 2. The bound of the Theorem 3 is the best possible as seen in the figure
3. There is a graph G which can be completed by unique edge to the graph G
with a Hamiltonian path. Clearly g =13, lg, =9 and

_2lg-‘r1

le, 3
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Fig. 3

Corollary 1. Let G be a graph on n vertices which we obtain from a graph G
by omitting a unique edge. Let lg > %(Bn —1). Then lg, > n—1 ie. Gy does not
contain a Hamiltonian path.

9% + 1 e + 1
le + ZG% This

Proof. It is sufficient to find when —3 > n considering lq, >

1
in equality holds for g > 5(371 —1). d
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