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METRICALLY REGULAR SQUARE OF
METRICALLY REGULAR BIGRAPHS 1.

VLADIMIR VETCHY

(Received April 25, 1989)

ABSTRACT. The present paper deals with the spectra of powers of metrically regular
graphs. A necessary condition for G to have the square G? metrically regular is
found and the problem of the construction such graphs G is solved for metrically
regular bipartite graphs with 4 and 5 distinct eigenvalues (these eigenvalues can
have various multiplicities) )

1. INTRODUCTION AND NOTATION

The theory of metrically regular graphs originates from the theory of association
schemes first introduced by R.C. Bose and Shimamoto [2]. All graphs will be
undirected, without loops and multiple edges.

1.1. Definition [1]. Let X be a finite set, n := |X| > 2. For an arbitrary natural
number D let R = {Ro, Ry, ..., Rp} be a system of binary relations on X. A pair
(X, R) will called an association scheme with n classes if and only if it satisfies the
~axioms Al — A4:

Al. The system R forms a partition of the set X2 and R, is the diagonal
relation, i.e. Ry = {(z,z);z € X}.

A2. For each i € {0,1,...,D} it holds R,Tl €R.

A3. For each 1,5,k € {0,1,..., D} it holds

(z,9) € Re A (z1,1) € R = pij(z,y) = pij(z1,01),

where pij(z,y) = {z;(z,2) € Ri A(2,y) € Rj}|-
Then define pfj := pij(z,y) where (z,y) € Rs.
A4. For each ¢,j,k € {0,1,..., D} it holds Pfj = P;i-
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The set X will be called the carrier of the association scheme (X, R). Especially,
pk, = b, p?,- = v;;;, where §;; is the Kronecker-Symbol and v; := pf;, and define
Pj := (p}‘j), 0<4,5,k<D.

Given a graph G = (X, E) of diameter D we may define Ry = {(z,y); d(z,y) =
k}, where d (z, ) is the distance from the vertex z to the vertex y in the standard
graph metric. If (X, R), R= {Ro, Ry, ..., Rp}, gives rise to an association scheme,
the graph is called metrically regular and the pf,- are said to be its parameters or
its structural constants. Especially, metrically regular graphs with the diameter
D = 2 are called strongly regular.

1.2. Definition. Let G = (X, E) be an undirected graph without loops and
multiple edges. The second power (or the square) of G is the graph G? = (X, E)
with the same vertex set X and in which different vertices are adjacent if and only
if there is at least one path of the length 2 or 1 in G between them.

1.3. Definition. Let G be a graph with an adjacency matrix A. The characteristic
polynomial |AI — A| of the adjacency matrix A is called the characteristic polyno-
mial of G and denoted by Pg()). The eigenvalues of A and the spectrum of A are
called the eigenvalues and the spectrum of G, respectively. If Ay > A2 > --- > A,
are the eigenvalues of G, the whole spectrum is denoted by Sp(G) and A, is called
the index of G.

Define (0, 1)-matrices Ao,...,Ap by Ag = I and (A;)jz = 1 if and only if the
distance from the vertex j to the vertex k in G is d (j, k) = i. Using these notations
it follows:

1.4.Theorem [4]. For a metrically regular graph-G with diameter D and any
real numbers ry,...,rp the distinct eigenvalues of E,Pﬂ r;A; and 22__1 r; P; are
the same. In particular the distinct eigenvalues of a metrically regular graph are
the same as those of P, .

1.5. Theorem [9)]. For a graph G with an adjacency matrix A there exists a
polynomial P{z), such that P(A) = J, if and only if G is regular and connected.
In this case we have :

' n(z—A3)...(z = Am)

_ (r=22)...(r=Am)
where n is the number of vertices, r is the index of the graph G and \; = r,
Az,...,Am are all distinct eigenvalues of G.'(J = (i) with €;; = 1.)

P(z) =

1.6. Theorem [13]). A metrically regular graph with a diameter D has D + 1
distinct eigenvalues.

1.7. Theorem [4]. Let A\; =r, Ay, .. .‘, An be the spectrunﬁ of a graph G, r being
‘the index of G. G is regular if and only if

1<
-2)? =r
ni:l

, - Then G is regular of the degree r.
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1.8. Theorem [11]. The number of components of a regular graph G is equal to
the multiplicity of its index.

'1.9. Theorem [6, p.161]. Let G be a regular connected graph with n vertices
whose spectrum is Sp(G) and whose set of distinct eigenvalues is T. Suppose
|T| < 4. Then the following statements are equxvalent
(i) H is cospectral with G,
(i1) H is regular, connected, has n vertices, and has T for its set of distinct
eigenvalues.

1.10. Theorem [6, p.87). A graph containing at least one edge is bipatite if and
only if its spectrum, considered as a set of points the real axis, is symmetric with
respect to the zero point.

1.11. Theorem [6, p.82]. A strongly connected digraph G with the greates
eigenvalue r has no odd cycles if and only if —r is also an eigenvalue of G.

1.12. Theorem [11]. IfG is a regular graph of degree r with n vertices, then for
the complementary graph G it holds

A-n+r+1
— (=1 . .
Po) = ("2 pga - )
i.e., if the spectrum of G contains Ay = r, )a,...,\n, then the spectrum of G
containsn—1—r, A2 —1,...,A, — 1.

1.13. Theorem [7]). The spectrum of a graph G determines whether or not it
is a regular connected line graph except of 17 cases. In these cases G has the
spectrum of the line graph L(H) of H where H is one of the 3-connected regular
on 8-vertices or H is a connected semiregular bipartite graph on 6 4+ 3 vertices.

1.14. Theorem [7]. The line graphs of the following 17 graphs are cospectral
with an exceptional graph (a graph that is cospectral to a regular connected line
graph but is not itself a line graph ):
(i) Ka4,Kags.
(ii) The coctail party graph CP(4) on 8 vertices.
(iii)) Ks.-
(iv) ég.
(v) Cm UGy, {m,n} = {3,5}, {4,4}.
(vi)-a H where H is regular, connected and cubic graph on 8 vertices (four
graphs in all).
(vi)-b H where H is regular, connected graph on 8 vertices (five graphs in all).
(vii) The semiregular bipartite graph with the parameters (m,n,r,,r3) =
= (6,3,2,4). o
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1.15 Theorem [12]. If G is a regular graph of degree r with n vertices and m
(= §nr) edges, then the following relation holds:

(1.1) Prey(A) = (A + 2™ "Pe(A -1+ 2).

A multigraph (i.e. multiple edges are allowed) G is called semiregular of degrees
ry,re If

it is bipartite having a representation G = (X1, X2, E) with | X;| = n;, n1+n3 =
n, where each vertex z € X; has valency r; (i = 1,2).

1.16. Theorem [5]. Let G be a semiregular multigraph with ny > ny. Then for
the line graph of G the relation

PL(G)(’\) = (A + 2)ﬁ \/( )"1"'=PG(,/ala2)PG( Vaijas)

holds where a; = A —r; + 2 (1 =1,2), B = nyry — ny — na.

1.17. Theorem [10]. Let G,G’ be connected graphs, L(G) = L(G'). Then G =
G’ exceptly the case G = K3, G’ = K} 3.

2. METRICALLY REGULAR GRAPHS WITH 4 DISTINCT EIGENVALUES

For metrically regular graphs with 4 distinct eigenvalues we get by Theorem
14.:

I\ - Py| =
= M = X3(ply + Pl + Pis)+
+ N (=1 + pl1pds + PLipTz + Popis — Plopls — Phipl)—
= Mpliphopls — pliphapis — PLiPlapls — Aipla — Mipls)+
+ M(p3pls — piopls)-
By simple calculations we obtain

(2.1) M2+ A3+ A =pl + P +Pls— M

A2ds + A2)g +23)s = =1 + P11 (Pls + Pla) + Papls — PYopis—
— phipla — M(ph +Pla + P — M) =
= =1 +pL1(P3s + pla — M) + pha(ps — M)+
+ph(01 —pls) — P —1-p}) =
= =1 + P11 (pls — pls) + PH(1 - M)+
+ph(M —pls—ph) =
= =\ +ph(PYs — pls) + PLi(1 = M + p1a) =
= =1 +pLi(pls — pls) + i1 (1 - pis)

(2.2)
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(23) A2dads = phopls — plopls

We use some of known relations from the theory of the association scheme [1):
(2'4) . v = ZP:,

(2.5) ' viv; = Z vw.,

(2.6) iy = Pl

2.1. Condition for G to have the square G? strongly regular

If A denotes the adjacency matrix of a metrically regular graph G and A: the
adjacency matrix of G2 it is easy to see that

2 _ gl A
(2.7) Ay = ‘1—‘42 + P11 . PnA 1 2y
P11 P11 p}
So, if the eigenvalues of G are A} > A2 > Az > A4 with respective multiplicities
m; = 1, my, m3, my, the eigenvalues of G? are

_ A+ - ik - M
i = 2
P11
with the same “formal” multiplicities as A; (for i = 1,2,3,4), i.e. the multlphclty

of y; is }: mJ with M; = {j : pj = wi}.
€M

If p; is the index of G? it holds y; = vy + vz, where vy, v3 are the parameters
of G. Bedause of vy = Ay from (2.6) (i = 1, j = 2, k = 1) we get \pl, = vopd;;
thus we obtain (p}, = A\; — p}, = 1)

i = Ay 4 21— Pn -1 _ A+ 04 —zph)t\x M
rh ’ P11 _
As the multiplicity of the index of a graph is equal to 1, the index of G? must be
1. Because of Theorem 1.6 G? has diameter 2. Hence, if G? is metrically regular
then G? is strongly regular and because of Theorem 1.6 one of the following cases
a), b), ¢) occurs

(2.8) a) p2 = pis, then A2 + A3 = p}, — p},
(2.9) 'b) p2 = pa; then Ap + Ag = p}; — p}y
(2.10) ¢) p3 = pa; then A3+ Ay = p}; — pf,
On the other hand if G? is strongly regular, the parameters of G? are
(2.11) 2p}y = ply + 2p}2 + Ph2 = P}y + 293, + ph,
(2.12) 2pls = P33 = Pis + P33
(2.13) ?ph2 = P33 = Pis

2p?, = 203, + P32, 2Pi2 = Pia+ P3s, P32 = Pl
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2.2. Lemma. For metrically regular graphs with 4 distinct eigevalues the condi-
tions (2.11), (2.12), (2.13) are equivalent.

Proof. (2.11) = (2.12). From (2.4) i = 2, k = 1,2 it follows
(2.14) va = ply +Phy + Pha = 1+ py + ply + pls.
If we substitute (2.4) i =1,k =1,2in (2.11) we get'

M = 14ply+ P = M — pla+ iy + Pos-
So from (2.14) we obtain (2.12).
(2.12) = (2.11). From (2.14) and (2.4) i =1, k = 1,2 we get

Pli+2Pl+Pla=M—1+pl+ps =

= M+ piy + P32 — Pls = Pi1 + 291, + P2

(2.12) & (2.13). From (2.4) i = 3, k = 1,2 it follows
v3 = pya + P33 = Pis + Pja + P33

and equivalence is easy to see. O

2.3. Theorem. Let G be a metrically regular graph with 4 distinct eigenvalues
and G? be a strongly regular graph. Then condition (2.9) holds and A3 = -1,
A2 > 0. The conditions (2.8) and (2.10) cannot set in.

Proof. a) Substituting (2.8) in (2.1) we obtain from (2.4) i=1,k =2
(2.15) M =ply + 9l — Pl2 = Pl — Pls
The relations (2.2), (2.8) and (2.15) imply

Mds + (pls — pis) (P11 — p11) = Pha(p3s — pls) + P11 (1 = pls) — M
and we obtain '
(2.16) A+ 23 = pii (1 - pls).
By the substitution (2.15) and (2.16) in (2.3) we get

1(1 = pls) = Mllpdy + pla — pRa] = Phopls — plapls

and by a simple calculation using (2.15) and (2.4) ( = 1, k = 3) we obtain
—p}1pis(p}, + P}, —pYa +1) = 0. As the diameter of G is D = 3 we obtain p?, # 0,

13 #0, s0 2 . 3 s
A4 = piy + P12 — Piz = -1
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e smallest eigenvalue of a graph is equal to —1 if and only if the components
re complete graphs [8] which is a contradiction to D = 3.

f the condition (2.9) holds the procedure is equal as above in a) if we
ute Az for A4. So we get

. A3 =pi +pl—ph=-1

ondition (2.10) gives

A2 =pi +piy— Pl =-L

graph has exactly one positive eigenvalue if and only if its non-isolated
s form a complete multipartite graph [13], which is a contradiction with
by Theorem 1.6. This completes the proof. , a

3. BIPARTITE GRAPHS WITH 4 DISTINCT EIGENVALUES

heorem. For every k € N, k > 2 there is one and only one metrically
bipartite graph G = (X, E) with diameter D = 3, n = |X| = 2k + 2, so

2 is a strongly regular graph. Its structure constants are:

plo=1 plo=1  pl=1 vo=1 M=k
=0 ph=k-1 p}, =0 v = A2=1
pl3=0 pi;=1 Pia=0 v3=1 M =-k
P =0 poa=k-1 plh=0 m=1 my=1
pia=1 P33 =0 Pa=0 ma=k mg=k
l.=0 2. =0 =

P33 P33 P33

As G is a bipartite graph, pfj = 0 must be fulfilled for any ¢, j, k € {1, 2,3},
k =1 (mod 2). Thus it follows
Pil =P{3 =P§2 =P:133 =P¥2 =P33=P:1’1 =P?3=sz =P§3=0
cording to Theorems 1.10and 2.3 we get A\; = —Ag,m; = mg, A3 = =Az =1,
m3. With respect to (2.4) i = 1, k = 1,2,3 it holds pl, = A; ~ 1, pdy =
2,03, = A

P11y P12 1

(2 3) gives \1A2 = X1 (A1 — p?,). This implies p?, = Ay — 1, pfa =1.(2.11)
p3, = A1 — 1. Using relations (2.6) we obtain
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yields p33 = 0 and from (2.4) (i = 2, k = 3) p3; = 0. According to (2.7) the
eigenvalues of G? are

#1 = 22A; multiplicity m(lz) =1=my;
P2 =0 multiplicity mgz) =M+ 1=my+ my,
p3 = —2 multiplicity mgz) = A = m3.

Construction of G = (X, X, E):
X1 ={v1,vs,...,0e1}; X2 = {u,u2, ..., ur41};
E = {(vi,u); i, =1,2,...,k+ 1; i # j}.
This graph is shown in Fig.

Uk+1 Vi1

It remains to prove the characterization of G by its spectrum. According to
Theorem 1.12. this is equivalent to the assertion that the complement of G is
characterized by its spectrum. a

As G = Kiy1 + Ky = L(Kk41,2) we must prove that the line graph of Ki41,2
is characterized by its spectrum. But we prove the following theorem.

3.2. Theorem. Let G = L(Kn,n,), n1 > nz. Then G is characterized by its
spectrum unless:
(i) {n1,n2} ={4,4},
(“) {ﬂ],ng} = {6’3},
(iii) {ny,n2} = {t(2t +1),t(2t -1)},t > 2.
In the case (i) and (ii) there is a cospectral mate that is not itself a line graph. In
the case (iii) for t = 2 it holds

L(K10,6) & L(L(RKe)).
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but L(K1o,6) is cospectral with L(L(Ks)).

Proof. The cases (i) and (ii) follow from Theorems 1.13. and 1.14. Because of
Theorem 1.13. it is enough to consider the case G is cospectral with L(H).

With respect to [6, p.72] the spectrum of Ky, n, contains the numbers \/nny,
—y/ninz, and n; + nz — 2 numbers all equal to 0 and we obtain

PK,.I,,., (,\) - (,\2 _ nlﬂz)/\m‘h"-?
By Theorem 1.16. it holds
PL(KM_M)(A) = (,\ + 2)"‘"’_"""3(0102 - 711"2)0?’-1(1;"-1_

As ajay—ning = (/\—n2+2)(A—n1 +2) —-ning = (A+2)[/\— (ny + nq —2)] we
get

PL(Kn, np)(A) = (A 4 2)minamminatl,

3.1)
( [A= (1 + m = D][A = (mz = DA = (my D]

So we get a connected regular graph of degree n; + n2 — 2 with n;n; vertices.
By Theorem 1.9. the line graph L(H) cospectral with L(Kn, n,) must be regular,
connected and it has nyn, vertices and the same set of the distinct eigenvalues. It
follows, that H must be either a semiregular or a regular graph.

A. Let H = (X1, X2, E) be a semiregular graph of degrees ry,r, with | X;| =
mi, dg(zi) = ri, z; € Xi (i = 1,2), m;y > my. According to [6, p.31] we get
+,/r172 € Sp(H) with the multiplicity 1 and from Theorem 1.16. it follows that
the multiplicity of -2 in L(H) is myry —mj —m2+1 and that 7; — 2 is an eigenvalue
of L(H). Hence from (3.1) we obtain ny = r;. So, it follows

Ty =n2

mir; = mory - the necessary condition for H.

mir = ning - the numbers of vertices of L(H), G.
mri—m;—me+1= - the multiplicity of —2 in the spectrum
=nng—-n;—ny+1 of L(H) and G.

But these equations give H = Ky, n,.

B. Let H be a regular graph of a degree r with n vertices and m = %nr edges.
Denote S,(L(H)) = {\} = Sp(G), A1 > A2 > ... According to Theorem 1.15.
we obtain comparing the degrees of L(H) and G, \y =2r—-2=n; +n2 - 2, so0
r= m:%:&z Moreover, m = nyns.

1) Let H be a bipartite regular graph (Xi, X3, E) with |X;] = my, i = 1,2,
my > my. Then myr = mar, i.e. my = my = in. By Theorem 1.10., —r € Sp(H),
and from (3.1) and (1.1) it follows m;r = n;n, and that the multiplicity of -2 is

(3.2a) m-n+l=mns—n;—na+1
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Asm = %nr we obtain

_ n1n2—4 .
n—4(n1+n2-—4 1), ifn +n,—4+#0.

Comparing (3.1) and (1.1) we get that the spectrum of H contains the numbers

gy = Mz (multiplicity 1)
gy = zta (multiplicity ny — 1)
pa = g2 (multiplicity ny — 1)
pq = —aina (multiplicity 1)

As H is a bipartite graph we obtain by Theorem 1.10.
ny = ny, son =2n,; an‘d my=mp=n;=ny=r,

hence
H = Ka,n,.

If ny + ny —4 =0 we get from (3.2a)
n
Z(n1+TI2—-4) =ning—n; —ny=0.

So we obtain ni + n2 = 4, niny = 4. This implies n; = 2, ng =2, r = 2
m=mg=2,m=n=4and H=Cy= Kj,.

2) Let H be a nonbipartite regular graph. Comparing (1.1) and (3.1) we obtain
(—r is not eigenvalue of H - Theorem 1.11)

m-n=nng—ny —ng+1,

3.2 :
(32 %("1+n2-4)="1ﬂ2—n1—7l2+1.

a) ny + ny — 4 = 0. It implies nyn; = 3. So we obtain
n=3 ny=1r=2 m=3=nand H=K;.

But L(K3) 2 L(K3,1).
b) n; + n2 > 4. So we get from (3.2)

_ A4Aniny —12
- ny+ny,—4

(33) —4

Comparing (3.1) and (1 1) we get in this case that the spectrum of H contains the
numbers :

by =-2aina ' (multiplicity 1)
po = M52 (multiplicity np — 1)
nz—-n

pa = 835 (multiplicity ny — 1)
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if ny # ng; if ny = ny then yz = pz = 0 has the multiplicity 2n; — 2. As H haswno
loop the sum of all eigenvalues py, ..., pn Y 1y #i = 0 and we obtain

(n1 = n2)? — (1 +n2) = 0.
If we denote n; — ny = t, we get
t2—t—2n, =0.

Ast € N we obtain n; > ny

_ (k1) (k+2)  _ k(k+1)
ny = ) yN2 = 2

.Asr:%:gﬂ;—lﬁeN,weobtainkzﬁ—l,jZ1.Sowegetr=2j2,
ny =325 +1), n2=j(2j = 1), n =452 - 1, m =inr = j2(452 - 1).

It is easy to see that H is a strongly regular graph with the following table of
the structural constants:

plo=1 P =1 p1 =252 (multiplicity 1)
pn=3  phi=j?  p=j  (multiplicity 2> -j—1)
pla=3* -1 plp=3 ps=—j (multiplicity 2% — j — 1)

Pi=3*=1 ph=j2-3 n=2" vn=2,"-1)jeN\{0}

Sofor j =1 weget H= K3, n =3, ny =1, but L(K3,) = L(Ks). For
j =2 it is easy to see that H congL(Ks). According to Theorem 1.17. we obtain
Sp(L(KIO,s)) = SP(L(Ks))) but L(}Klo,s) £ L(L(Ks)), because Kjg6 ¥ L(Ks).

The fact that H is isomorphic with L(Kg) we can obtain by the same procedure
as before. At first, H = L(H') with some H’ holds because of Theorem 1.13.; then
we get:

A. H' - semiregular graph of the type (m;,ma,r1,r2). Comparing L(H') and
H we obtain: myry = mary, myry = 16, ry + ro = 8 (the degree of L(H') and H),
myry — my — my + 1 = 9 (the multiplicity of —2). But there are no my;mz,ry,r2
satisfying these conditions. »

B. H' - a regular connected graph of a degree r’. So we obtain:

1) H' - a bipartite graph. It implies 2+/ ~2 =8, ¥ =5, m-n+1=9, s0
3 o
5" = 8. . - .

2) H' - a nonbipartite graph. It implies m — n = 9 and as / = 5, n.= 6. So
H' = Kg. ~ C -_
The table of the association scheme with the parameters pfj for this case (i.e. for
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the graph H) is the following

1 23 456 7 8 9 10 11 12 13 14 15
1 0111111112 2 2 2 2 2
210221112111 1 2 2 2
31201211122 2 1 1 1 2
4 1210221111 2 2 2 11
5 1122012112 1 2 1 2 1
6 11121902212 2 1 1 1 2
7 1111220121 1 1 2 2 2
8 121112102 2 1 2 1 2 1
9 1121112201 2 2 2 11
102121221210 1 1 2 11
1 212 2121121 0 1 1 2 1
1221122112211 0 1 1 2
13 221211212 2 1 1 0 1 1
4 2 211212211 2 1 1 0 1
15 2221122111 1 2 1 10

Substituting 2 by 0 we obtain the adjacency matrix of H for j = 2. O

4. METRICALLY REGULAR BIPARTITE GRAPHS WITH 5 DISTINCT EIGENVALUES

Let T = {A1, A2, A3, A4, As} be the set of the distinct eigenvalues of the graph G
and Ay > A2 > A3 > Aq > 5. As G is a bipartite graph we obtain from Theorem
1.10.

A1 ==2X5, A2=-=A4, A3=0.
According to Theorem 1.4., A; (i = 1,2,3,4,5) is the solution of the equation
A — P,| = 0.
As G is bipartite it holds
piy=0fori,j,k€{0,1,2,3,4}, i+j+k=1(mod2)
and we get

(41) A — A3[A; + p}op2, + P2apd, + Yt
+A[p1op11P34pts + M (plapl, + PRapts)] = 0.

From the condition for G to have the square G2 strongly regular we get for the
structural constants ?pf; of G%:

pl, = Pl + 21, + P = ph + 2%, + »ph

2pla = Pis = pjs + pls + Pl

ply = pls + 2080 + Pl = pls + 208 + Pl

ph, = 2r, + P = pin

lpds = Pl + 208+ pia = pis + 2p4 + pls

2 = pis + pPls + Pl + P = pls + Pl +
+ pis + Pl
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As G is a bipartite graph we obtain

(4.2) ’pl1 = 21, = Pl + P
(4.3) *pl2 = P33 = pls + P34
(4.4) ’pye = ’2P:ls4, = p33+ Pi4
(4.5) ph = 21’:1;2 = pa)

(4.6) 2pla= P+ P =P+ Pj,
4.7) | ’p32 = 2934 = P33 + Pl

According to the form of the matrix A; of G? we get the eigenvalues of G? in the
form ’

- M+phdhi-M

4.8) Hi
( ' P%l

i 1€{1,2,3,4,5}

As for a bipartite graph it holds p?, (u1 — pi) = p2, (A1 = X)) (A1 + X +p%,) > 0, 1y
is the index of G2. As a strongly regular graph has 3 distinct eigenvalues it must
hold (for distinct numbers ¢, j, k,m; 4,5, k,m # 1) either p; = p; = pp or p; = p;
and g = pim.

Al pi = pj = p
According to (4.8) we obtain

P%I—Ph:Ai‘l’Aj =A,'+Ak=Aj+Ak.

So we get the contradiction with A; # Aj # Ax # A;.

B. pi = pj, pe = ppm.

Because of Theorem 1.4. we obtain for a strongly regular G2 of a degree r
paps = —(r — 2p?,) < 0. As G? contains at least one edge p3 < 0, so pz > 0.
Because of p?, > 0 it remains py = us, g3 = p4.

In this case we obtain from (4.8) for the bipartite graph G

Ay = = —pfl ==\

(4.9) so A =2p2, = 2.
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From (4.1) we obtain

(4.10) M 423 = A1+ plaply + plapts + Plapls
and using (4.9), (4.10) and (2.4) (i =1, k = 1,2,3) we get

pia =2}, — 1, pls=pl, pls = 297,

(4.11)
‘ Pha=ph+1, pla=pl - L.
Asp?4>0(D=4)wegetp'f1>l. ’

From the relation (2.6) (i=1,j=2,k=1andi=2,5=3, k =1) we get

(412) | v2 = 2(2p}, ~ 1)

6

4.13 d =4 6
(4.13) an vg=4p}, -6+ 57— Al

As v3 15 an integer we get p?, € {2 5}.

a) p}; = 5.
Accroding to (4.9) and (4.10) - (4.13) we obtain

=10 v,=18 wvy=15 pl,=9
Pis=5 p=6 pi4=4 pis = 10.

By (26) (i=3,j=4,k=1) we get v4 = 6. (24) (=2, k = 1) implies p}; =9
and from (4.3) we obtain p3, = 4. By (2.4) (i = 4, k = 2) we get p3, = 2. As (2.6)
(i =2, j = 4, k = 4) implies p}, = 6 and v4 > p3,, which follows from (2.4) (i = 4,
= 4) we obtain a contradiction.
b) pfy = 2.
According to (4.2) - (4.13) and (2.4) - (2.6) we obtain the following table:

pio=1 Plo=1 po=1 pio=1 v=1
Pn—o Ph=2 ph=0 p},=0 vy=4
P12—3 Pia=0 p}r=3 ply=0 v,=6
Pi3=0 pl3=2 piH=0 pjz=4 vz=4
p}4=0 Pla=0 pla=1 piy=0 v4=1
p2=0 ply=4 p,=0 ph=6 A\ =4=-)
Pla=3 pi=0 Pgs=3 Pis=0 '\2—2_"'\4
P3a=0 pia=1 ply=0 piy=0 A3=0
Pla=0 pls=2 plh=0 pi3=0 m=1=ms
Pia=1 p34=0 p3,=0 p3, =0 my=4=my
Pi4=0 P4 =0 P34=0 P34=0 m3 =6

The realization of this table is the 4-dimensional unit cube So we have proved
the following theorem:
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4.1. Theorem. There is only one table of the parameters of an association scheme
so that the corresponding metrically regular bipartite graph with 5 distinct eigen-
values has the strongly regular square.

4.2. Remark. Theorems 3.1. and 4.1. show that for £k = 3 and k = 4 the k-
dimensional unit cubes have the strongly regular square.
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