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SPECTRAL INVARIANT OF THE ZETA FUNCTION 
OF THE LAPLACIAN ON Sp(r + 1)/Sp(l) X Sp(r) 

NEELACANTA STHANUMOORTHY 

(Received May 15, 1987) 

Abstract. The aim of this paper is to compute a spectral invariant of the Zeta function 
C(A, s) at s = 0 of the Laplace Beltrami operator A acting on 1-forms on Sp(r + 1)/Sp(l) *Sp(r). 
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1. I N T R O D U C T I O N 

When A is a self adjoint positive elliptic pseudo-differential operator of order 
m(> 0) acting on a compact n-dimensional manifold K, its eigen values are A > 0. 
Its Zeta function £(A, s) is defined as 

0 ) s ^ , 5 ) = T r a c e A - 5 = X ^ -
A > 0 

Here each eigenvalue repeats as many times as its multiplicity. This series con­

verges to Re(s) > — [4] and gives a holomorphic function of the complex 

variables in this half plane. Moreover C(_4, s) can be analytically continued to the 
whole of s plane as a meromorphic function with simple poles. When the-operator A 
is not necessarily positive, we define its eta function as rj(A9 s) = £ Sign A | A |~*, 

1*0 

where each eigenvalue A of A repeats as many times as its multiplicity. 
The real valued invariants of the metric satisfying the condition that it is 

a continuous function of the metric can be obtained by evaluating £ at some point 
where it is known to be finite. For a positive operator A, r\(A, s) = C(-4, s) is finite 
at s = 0 by the results in [7}> In [2] and [3], the spectral asymmetry of certain 
selfadjoint elliptic operators arising in Riemannian geometry was studied. In 
particular an expression for r}(0) was given in [2] for the selfadjoint operator B « 
=- ±(*d — d*) acting on even forms on the boundary Y of a 4fc dimensional 
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compact oriented manifold X. Here B1, the square of B, is the usual Laplace 
Beltrami operator A. The function C(-4, s) for arbitrary selfadjoint operators was 
studied in detail in [4]. In [10], we gave a general method of analytic continuation 
to compute the spectral invariant of the Zeta function ((A, s) at s = 0 of the 
Laplace Beltrami operator A acting on 2-forms on sphere S41""1 and computed 
explicitly the value of £(A, 0) for S4'"1. The aim of this paper is to compute the 
spectral invariant of the Zeta function ((A, s) at s = 0 of the Laplacian zl acting 
on forms of degree 1 on Sp(r + l)jSp(l) xSp(r). The method we have used here 
is similar to the method that we used in [10]. 

The author is thankful to Professor K. Ramachandra of Tata Institute of 
Fundamental Research, Bombay for very useful discussions he had with him 

CO 

regarding the analytic continuation of the series of the form £ g(n) {f(n)}'s, 
n= 1 

where g(n) and f(n) are polynomials of finite degrees. From these discussions, it 
was understood that Professor K. Mahler [6] had long back obtained more general 
and deeper results on the convergence of such, series and integrals. The author 
also thanks Professor S. Raghavan of Tata Institute of Fundamental Research, 
Bombay for some useful discussions. 

2. SPECTRA OF THE LAPLACIAN A ON Sp(r + 1)/5P(1) xSp(r) 

Let G be a compact connected semisimple Liegroup and K be a closed sub­
group of it. We consider the space M = G/K. The Laplace Beltrami operator or 
Laplacian is defined as A = dS + <W,Vwhere d is the exterior differentiation defined 
on C°°(APM), the vector space of the smooth sections of the pth exterior power 
of the complexified cotangent bundle APM on M and 6 is the operator adjoint 
to d. When B is the Killing form of ,the Lie algebra 3 of G, the casimir element is , 
C = £ C%.Xj, where {Xl9...,XN} is a basis of 3 and CiJ = (B(Xi9 Xj)yK 

We have the Cartan decomposition 

3 = / c © m . 

(direct sum), where k is Lie algebra of K and m is the orthogonal complement to k 
in 3 with respect to the Killing form B. Restricting the Killing form sign changed 
to m, we get a bi-variant Riemannian metric on M = G/K and the identity A = 
= — C [5]. Using this result, the eigenvalues and its multiplicities for A acting 
on p-form were computed for some p and some r for the space Sp(r + l)jSp(l) xSp(r) 
in [13]. In [9], we computed all eigenvalues of A acting on 1-form on 
Sp(r 4- l)ISp(l) xSp(r) without using the identity A = - C and our results coincide 
with the results in [13]. We state the theorem A that we have proved in [9]. 
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Theorem. The spectrum of the de Rham Hodge operator D (or Laplacian A) 
acting on forms of degree 1 on Sp(r + 1)/Sp(l) x$p(r) (r Si 1) is the union of the sets 

J 2(r \ 2) ("
2 + 2»r + »); n e iV»l, 

| 2 ^ ^ 2 ) (n
2 + 2nr + 3n + 2r + 4); n&j\i 

and 

| 2 ( r + 2) (n' + 2nr + 2n + 2r + 1); n £ N J • 

Using the notations in [9] if AQ is the highest weight of the irreducible representa­
tion Q intervening in the C00 sections of the complexfied cotangent bundle on m, 
then the multiplicity of an eigenvalue co is the product of the multiplicity of A9 

arid the dimension of the representation Q. By the results in [9], the multiplicity 
of AQ is 1 in each case. The dimension of the representation can be computed 
using WeyPs formula: 

7r</L + c),a> 

a > 0<o, a> 

Here a > 0 are the positive roots in Sp(r + 1) and 8 is half the sum of the positive 
roots in Sp(r + 1). So we get the following table. 

Highest weight A§ Multiplicity of the eigenvalue 

n(Xt + X2) K! . aQi, 2r). a(n, 2r - 1) (n e N*) 

(n + 2) Xt + nX2 K2 . a(n + 2, 2r) . a(n9 2r - 1) (n e N) 

(n + 1) Xx + nX2 + A3 K3 . a(n + 1, 2r + 1) . a(n, 2r) (n e N*) 

Here 
K 2n + 2r + 1 

1 (2r + l)'(n + 1) ' 

x = 3(2n + 2r + 3) 
( 2 r + l ) ( n + 3) ' 

K 4nr(2r-2)(2n + 2r + 2) 
3 (n + iмn + знn + гr-rнпнíгr+i) 

and 

* . • » • ( ' : ' ) • 

97 



3. ZETA F U N C T I O N OF THE L A P L A C I A N A 
ON Sp(r + l)ISp(l) xSpir) AND THE SPECTRAL INVARIANT 

As we consider the positive operator A, we get n(A, s) = t,(A, s) and 

riA x v f 2n + 2 r + l (n + 2r\ (n + 2r - l \ i n2 + 2nr + n 1 _5{ , 
a " ' S ) ^ l ( 2 r + l ) ( n + l ) ( 2r j ( 2r - 1 )*{ 2(r + 2) j | + 

+ V 3(2n + 2r + 3) /n + 2r - l \ /« + 2r + 2\ f n2 + 2nr + 3n + 2r + 4 ) ~ ' | 
. t 'o (2r + l ) (n + 3)^ 2r - 1 / \ 2r , X j 2(r + 2) } } + 

" 4nr(2r-2)(2n + 2r + 2) (n+ 2r + 2\(n + 2r\ 
.t*! (n + l)(n + 3)(n + 2 r - l ) ( n + 2 r + l ) V 2r + 1 ) \ 2r J* 

fn2 + 2nr + 2n + 2r + l)"s1 

4 -WTT) j )• 
First we explain below the method of analytic continuation which we use to 

oo 

compute C(-4, s) at s -= 0. Let S = £ gC*0 {f(n)}"s be a series, where g(n) and /(«) 
« - i 

are two primitive polynomials of degrees q and k respectively. This series S has 
analytic continuation in the entire complex plane as 

S - f g(n) {nk + P(n))~s - n"**} + f g(n) n~ks. 
/ i = i f i = i 

Here /(w) - n* + P(ia), P(n) being a polynomial of degree k — 1. Let 

use 

(H^gWn-^l + ^ y ' - l } , .. 

( I I I ) = f g(n)n"*J. 

Pu.p(n) 
< 1. So, S has analytic con-The positive number c is chosen such that 

tinuation in the entire complex plane with 

S - (I) + (II) + (III). 

Now, (I) is an entire function whose value at s =- 0 is 0. In (II), [l + 

Pu.p(n) 
(••^Г 

can be expanded using binomial theorem because < i. 
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, , . v , . -kJ-sP(n)^ s ( s+ l ) /P(n)V •«. 1 

(n)-z«(-)» ( -^- + - T - ( - ^ - J " t o w | ' 
when s -> 0, (II) gives some constans due to first few terms as s£(s + 1) -* 1 
and all the other terms in (II) will tend to zero. Here ( is the ordinary Riemann -
Zeta function. Moreover the sum in (II) taken over any finite rectangle also tends 
to zero as s -» 0. 

9 . 
Let g(n) = £ a id where * ' % • ' 

<=o 
a, (0 S * S q) 

are constans with 
aq « 1. 

Then v 

(111) = t aftks - 0, 

when s -> 0, (III) will contribute some constans to ((zl, 0). Now We compute 
£(_4, s) at 5 aa 0 for Sp(r + 1)/Sp(-) xSp(r). Let us make the following assumptions: 

n = 2n + 2r + 1 /n + 2r\ /n + 2r - l\ 
g l W (2r + l)(n + 1) V 2r / \ 2r - 1 ) 

4 r - l 

= £ atn', 
1 = 0 

, 3(2n + 2r + 3) ín + 2r - l \(n + 2r -f 2 \ 
8lW (2r + l)(n + 3) V 2r - 1 Д 2r. J 

4 г - l 

*• £ ь,n', 
ť«=0 

. f v 4nr(2r-2)(2n + 2r + 2) 
g з W (n + l)(n + 3)(n + 2r - l)(n + 2r + 1) X 

/n + 2r + 2\/« + 2Л %ť , 
Ҷ 2r + l j{ 2r )"&**• 

n2 + 2rn + n 
Л(") -

Л(n) -

2(r + 2) * 
n2 + 2nr + Зn + 2r + 4 

2(r + 2) 
, . ч n2 + 2nr + 2n +.2r + 1 

Л ( я ) " — 2(r + 2) ; 
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Then 

«-1. s) - £ gi(») {/i(»)}_1 + £ g2(») {h(n)r + £ fa(») {/aW}".' 
n-=l n « 0 / n = l 

«--. -)c-o) = (r + 1) (2r + 3) + { £ gl(n) {/.(«)}"' + £ ga(n) {/2(n)}"J + 
n-=l n = l 

+ £g3(»){/3(»)}_1} (5 = 0). 
n-=l 

Wefirst find the contribution to £(.4,0) from 

S i - f gi(»){/i(»)}"'. 
w = l 

This series has analytic continuation in the entire complex plane as 

. S1 = (I) + (II) + (III), 

where 

(i")=Egi(«)V7^~r • 
„=i \V2(r + 2)7 

(1) is entire function whose value at s = 0 is 0. As 

2 r + * [< 1 fo rn£2r + 2, 
I » I ' ~ 

(ID = £ giin)( , n Y'\-s^±i+^^(^±i)2....t0(XX. 
n^iKiKJ\y/2(r + 2)/ \ n 2 \ n J J 

Denoting by (II),, the t-th term of (H) in above expansion, we get 

, m S ' J n \~2' 2 r + l 
(II)l = ~S

B J ;2 g i ( n ){ vi(FTi)} — I T -
- ~ s ( 2 r + 1 ) £ gi(»)»—>. 

(N/(2(r + 2))-2,

в=Гr+2 

(II). (at s - 0) - -(2r + 1) {/£ вДfc + 1 - i)} = ( 2 Г + 1 } a0 
, i«0 z 

(ats = 0). 
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Similarly 

(II)2 (at s = 0) = ( 2 r + 1 ) 2 , đ . , 

(И)з (ats = 0)= к"7 ' a2 

~(2r+ l)э 

6 

and so on. Finally 

and 

(11)4... (ats = 0) = A _ І L _ i _ ± ^ . . в 4 r т a ' 

(II)4r (ats = 0)= ( 1 ) 4

2 [ ^ ) + 1 ) 4 ' • V . . 

AH the other terms in (II) will tend to zero as s tends to zero. 
oo / \ - 2 s / | \ - 2 s o o 

(III)-.-gi(»)(-1==—==-) -»(-"-=_==!-J IgiOOiT2', 
»=i \V2(r + 2 ) / \^2(r + 2)J »=, 

4 r - l 

(III) (at s = 0) = X a,C(2s - í) (at s = 0) = 
i - 0 

*oC(0) + a t C ( - l ) + * з C ( - 3 ) + - + ^ r - i C O - 4r) 

- a 0 a ^ a 3 B 2 <*$вз , , #2r 
+ ... + Ö 4 Г - I 2 2 ^ 4 6 r - - " 4 , - 1 4 r • 

Here we used the formulae: 

and 

í ( 0 ) = - ү , C(-2m) = 0 

C(l-2m)= ( ^ B m form = 1,2,3,..., 

in which Bl9 B2,... are Bernoulli's numbers [12]. 
Let us now find out the contribution to C(-4» 0) from 

S2 = Ig2(n) {/2(n)}-*. 

52 has analytic continuation in the entire complex plane as S2 = (IV) + (V) + 
+ (VI) where 
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(VI)-.£g,(n)( " V * * . 
»-i \ .y2(r + 2) / 

Here e is chosen such that 
2nr + Зn + 2r + 4 

n2 

For example when r = 2, c can be chosen to be equal to 8. (IV) is entire function 
whose value at s = 0 is 0. 

m\ v , \( ' n V " j 2nr + 3n + 2r + 4 , 
0 0 - I g2(n) - ^ ^ ^ = - 1 < - s . - + 

«-c+i \V2(r + 2)/ I n2 

s + 1) / 2nr + 3n + 2r + 4 V 4 \ 
s(s 

Let 

and 

P2(ń) =* 2nr + Зn + 2r + 4 

4r + t-l 

g2(n)(P2(n)r - £ f,(t))n' for 1 g t g 4r. 
i*0 

Denoting by (V)l9 the i-th term of (V), we get 

( V ) 1 « = = p = ^ ; f g2(n)P2(n)n^+2>, 
(V2(r + 2)) »4+i 

(Vt) (at5-0)--j26c l § 0C(2j + 2 - - 0 - - i » c i i i , 
i=-o z 

(at 5 - 0). 
Similarly 

Finally 

Now 

(V)2 = —. Ъ(2џ 3 ) and so on. 

пn l-V h 
l vЛir = — g ^ — • 0(4r.8r-iv 

•-» \V2(r + 2)/ VV2(r + 2)/ .-o 

(VI) (at s - 0) - - A - - ^ - + •££-- + ... + < - 1 ) 2 , ^ - i ^ . 

Similarly to find the contribution from S3 = £g3(n) {/3(n)}~*, we assume that 

P3(n) « 2nr + 2» + 2r + 1 
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and ' < 

g3(n)(PMY = £ W for 1 < MS 4r. 
< = o 

As we have done for Slt the contribution from S3 can be found out. 
So we have now proved the following theorem: 

Theorem. A spectral invariant of the Zeta function i'(J. s) at s = 0 of the Laplace 
Beltrami operator A acting on forms of degree 1 on Sp(r + 1)/Sp(l) xSp(r) is 

* (-l)'(2r+l)' „ a0 , £ (-DX.-iB, , 
, ? i — T t — • * - » - T + J ; — 2 i — - + 

* ' ( - ! ) ' . fco , £ (-D'^.-i*. , 
+ l i - 2 7 - . V 2 . - D - - 2 - + L -- + 

+ I - S r - ^ » - i ) - - ^ + I (- i y;»--*' +(r + l)(2r + 3) 
/=i 2t 2 r=i 2/ 

The meanings of the above symbols were already explained. 

Remarks. Using the same method and using the results in [8], a spectral invariant 
for SO(n + 2)1 S0(2) xSO(n) can be computed [11]. 
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