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ON NONOSCILLATORY SOLUTIONS
OF A LINEAR DEVIATED SYSTEM
OF DIFFERENTIAL EQUATIONS
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Abstract. The paper contains a certain sufficient condition under which there exists a T such
that all noutrivial solutions of a linear deviated system of n ordinary differential equations have
a bounded number of zeros of their components in the interval [T, «). For this purpose we
transform the considered system into a system of n — 1 differential-integral equations.
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1. INTRODUCTION

Nonoscillation of systems of ordinary differential equations is investigated by
many authors. In particular, Z. Ratajczak [6] has given some criteria of non-
oscillation of the linear systems. In other papers, there are considered some suffi-
cient conditions in order that components of all nontrivial solutions of systems -
of differential equations have a bounded number of their zeros. Z. But-
lewski [1, 2] has given sufficient conditions under which components of all non-
trivial solutions of the linear homogeneous system of two and three differential
equations have at most one and two zeros, respectively. In [5],_ these results have
been extended to the linear homogeneous system of four differential equations.
A generalization of this problem for the linear homogeneous system of n differential
equations and an extension to the linear nonhomogeneous system of n differential
equations are contained in [3] for n = 2, and in [4] for n 2 3. :

The present paper contains an extension of these results to the linear system of n
differential equations with deviating argument

M) xO= T a6+, i=12.m
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where

(1'2) aljsfh 8’6 Cl[’o» w) fOl' i,j = 1: 2, ooy Iy
(1.3) a,() # 0 for 1e[t,, ),
(1.4) 3V gzt
t12to XN
Let

T = min {t;: g() 2 1, for r 2 1,}.

We give a sufficient condition under which the nontrivial first components of all
solutions of the considered system have a bounded number of zeros in the interval
[T, ). Analogous conditions for the remaining components can be given.

A function f: [r, ) — R is called nonoscillatory if

3 V f(n#0.

et >0

2. Lemma. Let the conditions (1.2) —(1.4) hold. Assume that there exists a solu-
tlon (§y, &2, ..., &) of the linear homogeneous system

@1 WO = T a0 i=12.m

corresponding to the system of differential equations (1.1) such that £,(f) # O for
te [T, ). Then the substitution

x,(t) = fx(‘).T‘zz(s) ds,
2.2) '

t
xl(t) = 5!(‘) ,‘ zl(s) dS + zi(t)l i= 2; 3’ ey
7
brings the system (1.1) on the interval [T, ©) to the system of equations

23(8) = b11(0) 2:1(8) + 1(1) 2,(8(2)) +:§:2 [b14(8) 2,(8(8)) + (1) z,(g(g(O)] +

o(t) 9(a(t))
, v + (1) + A3(0) [ zy(s)ds + B(t) [ zy(s)ds,
2.3) ~ H o) ‘

n—1
2i(t) = by, (1) 2,(1) +J§L2 bi(t) z,(g(1)) + hy(t) +

' o) ;
+ A1) [z4(8)ds, i=2,3,...,n-1,
1 4

- where
by, = —e-—[—:-:-l-—fx =3 aulls 0 8) ~ ‘1]!
1 in k=i
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by = :" (-4
bu = au _ a:ljlaln ,
(1088
[ Py ) Z a1x(axn 0 8),
Q4 ¢ = %;Z as [au og— @y (:f: 'o(:k" °8) ] ,
hy =‘11"{ 9in fitg Zalk[fk"g“' L8 (f1°8)]+f1},
—_ Qin ‘
hl = a,, fl + fh
4y = [(a;,‘- “;"‘“")-(a °8) + aug'Gi og)],
1 k=1 in
n—1
4, = Qi — a::a,,,) ¢k 0 8),
k=1 1n .
B —é—‘:‘ kZ[ph°g~' (alpOagl)"':‘;k"og)]-(5,58°l),

Jort,j=2,3,...,n — 1. Moreover
n—~1
2(80) = g [0 200 = 30,0 5,60) = A0 +
in J=2
n o(t)
@5 = L a0 860 [ 29 ds] ,

Proof. Let (¢4, €, ..., &,) be the solution of the system (2.1) appearing in the
assumption of the lemma. In the system of differential equations (1.1) we change
variables according to the formulae (2.2) on the interval [T, 00). We get

4020 = 3 a0 2(60) + £, +
. o)
+J§1“u(‘) $i(g(®) 'f z,(s) ds,
@6 240 = =8O 20) + T a0 2/e0) + £0) +

n (t)
+I;au(t) f,(g(t))"j' z,(s)ds, i=2,3,..,n.
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Hence the equation (2.5) follows. Differentiating the first equation of (2. 6) and
eliminating the varlable z,, we obtain the system

ﬁl(t)z'l(t)—[ ‘g; ROE Zau(t)c'k(g(t))—c“i(t)]zl(t)+

* [ : n((gg((tl)))) g0 Z a,(t) “k»(g(t))] z,(g() +

+ Z {[au(t) - M)"] z;(g(®) +

aln(t)
8'(0 Z au(?) [akj(g(t)) - a“(g(t,),zga(’;")()g(t))] zj(g(g(t)))} -
aunlt) a(g(1)) -
- 1,,(1) fil) + g (t) Z at) [fk(g( ) — :,,(g(t)) fl(g(t))] + fi() +

i g(t)
@n .5 {[a;k(t) - aull ) ‘(‘;)"(‘)]ék(g(t» +an®gm :,;(go»} [z ds +

n n-1 g(g())
+2OY an®) Y [ak,,(g(z))—"”‘g“”““"(g(’”]cp(g(g(r») [ 2i(s)ds,
k=2 p=1 ay(g(®) o(1)

2i(1) = [ ) - g(t)]zl(t)+

+%, [t - —‘-‘—i‘a)—“ﬂ] 260) - 25010 + 40 +
Jj=2 in in

n-=1 . g(t
+ 2 [aik(t) - Ml)_aﬂ(t_)] Ek(g(t)) })zl(s) ds! l = 2: 35 ey B — 11
k=1 as(t) t

for te [T, ). This is a system of the form (2.3) with the coefficients defined by the
formulae (2.4). . '

3. Theorem. Let (u, u, ..., u,) be a solution of the system of differential equations
(1.1) with the coefficients satisfying the conditions (1.2)—(1.4). Assume that there
exists a solution (¢4, &,, ..~ &,) of the system of differential equations (2.1) such that
&(H) # 0 for te[T, ). If for every solution (v,,v,,...,v,_,) of the system of
differential-integral equations (2.7) the function v, either is identically equal to zero
or has at most m zeros in the interval (T, o), then the function u, either is identically
equal to zero or has at most m + 1 zeros in the interval [T, ).

" Proof. Take the solution (uy, u,, ..., t,) of the system of differential equations
(1.1) and the solution (¢,, &, ..., &,) of the system (2.1) appearing in the assump-
tions of the theorem. Let ¢ = (u,/&,) (T) and

n‘=a‘—c€‘, i=l,2,...,n

)



Hence (1, %5, ..., n,) is a solution of the system (1.1). Since
t
n(t) = &:(1) ; (n4/&1)’ () ds,

g0, by Lemma 2, the function (1,/¢;)". is the first component of a solution of the
system (2.7).
We have

uy(t) = &([c + ;("1/61)’ (s) ds].

Denote .
U@ =c+ ;(’11/51)/(3) ds, te[T, ).

Differentiating the function U, we obtain U’ = (1,/£,)’. Thus U’ is the first com-
ponent of a solution of the system (2.7). By the assumption, the function U’ either
is identically equal to zero or has at most m zeros in the interval (7, o). Hence
the function U either is identically equal to zero or has at most m + 1 zeros in the
interval [T, o). Obviously, the function u, has the same property.

4. Corollary. Let (u;, u,, ..., u,) be a solution of the system of differential equa-
tions (1.1) with the coefficients satisfying the conditions (1.2) —(1.4). Assume that
there exists a solution (€, &,, ..., E,) of the system of differential equations (2.1)
such that the £.(t) # 0 for te([T, o). If for every solution (v{,Vz,...,Vn—y) Of
the system of differential-integral equations (2.7) the function v, is either identically
equal to zero or nonoscillatory, then the function u, has the same property.

This corollary follows from the proof of Theorem 3, immediately.

- 5. Remark. Let the conditions (1.2) —(1.4) hold. Assume that there exists a solu-
tion (&,, &,, ..., &,) of the system of differential equations (2.1) such that &,(7) # 0
for t € [T, o). If the system of differential-integral equations (2.7) has no solutions
with the first component identically equal to zero, then the system of differential
equations (1.1) has the same property.

6. Remark. In particular, if the function g is identity, then T' = £, and the system
of differential-integral equations (2.7) reduces to the linear system of n ~1
differential equations '

n—1
Z;(t) = Z dlj(‘) zj(t) + hi(‘)$ ' i = 11 21 ey B - 1)
i=1

where

dyy = -é-[ gzau(—gﬁ—fn - fk) + Zi: $1— C'n].'
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1] as;a; ay;a}
diyy=—5| X anlay - ) - = =+ aj; |,
§1 L= Ain Qin

a
d = in - ,
1 a;, (i —¢&
ay;a;
d =a 1j%in ,
Y Y Ain
1 c A 150kn a;n c . ’
hy ==Y —/—=+—")fi+Yauli+ fi],
¢ k=2 Qin An k=2
a .
h, n fx + fi

fori,j=2,3,....,n- 1.
]
7. Remark. The assumption (1.2) of our paper can be weakened to the form

< ay, fi, 8 € Clty, ] for i,j=1,2,...,n,

, 1,2,...,n, if %+ id,
“u fogeClL ) for ]={23...n 0 a-id

8. Examplé. For the system of differential equations

x{(1) = a[x(g(1) — x,(g(N] + f1(1), a#0,
x5(8) = b(r) [x,(g(1)) — x5(g(1)] + f2())

and the solution

(L))

GO =1, &O=1

of the linear homogeneous system corresponding to this system, the system (2.7)
is the equation-

» z(0) = [a — blg()] g'() z,(g(?)) +
) + [b(e()) £1(8()) — af28(N] £'() + f£i(0).
By Corollary 4, if the coefficients guarantee nonoscillation of this equation, then

the first component of any solution of the system (8. 1) is either 1dent1cally equal
to zero or nonoscillatory.

9. Example. For the system of differential equations

‘ xi() =2~ ¢) e'xl(t) - 2x2(t) + x5(t) + 2t,
©n . x3(t) = (1= ) e'x,(9) + tx,(9) + 1,
Coxy(t) = @-9 e2'x,(t) + tx5(t) + 4t



and the solution
ED) = 1, &(0) = e, &(f) =

of the linear homogeneous system corresponding to this system, the first equation
of the system (2.7) is

9.2) Z(1) = (t + 2¢' — e¥) z,() + 4t — 212,

Solving this equation, we get

'2 ez:
z,(t) = c(t) exp (—-2— + 2¢' — ——2—) ,

where

t2 ezr
c'(t) = (41 — 2t*) exp (—7 -2+ -—2-—-> .
The function ¢’ has two zeros in the interval [—1, o). Hence the function c has
at most three zeros in this interval and all solutions of the equation (9.2) have the
same property. By Theorem 3, the first component of any solution of the system
(9.1) has at most four zeros in the interval [ -1, o).
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