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REMARKS ON THE NIJENHUIS TENSOR
AND ALMOST COMPLEX CONNECTIONS
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Abstract. Let M be a differentiable manifold and § a (1, 1)-tensor field on M. All natural
(1, 2)-tensor fields which are of the same type as the Nijenhuis tensor N; are found. It is proved
that an affine connection polynomially naturally induced from .S does not exist. All connections
naturally induced from a given symmetric affine connection and from the tensor field S such
that their torsion tensors are multiples of the Nijenhuis tensor are found. The conditions under
which these connections are almost complex connections are deduced.

Key words. Affine connections, natural differential operator, differential invariant, Nijenhuis
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1. INTRODUCTION

This paper has been motivated by the theorem of Kobayashi and Nomizu [2],
see also Yano [9]. .

Theorem of Kobayashi and Nomizu: Every almost complex manifold M with
an almost complex structure J admits an almost complex affine connection V
such that the torsion of V is 1/8N,, where Nj is the Nijenhuis tensor (or the torsion)
of the almost complex structure J.

Kobayashi and Nomizu have given an example of such connection which is
defined by

(LD CVxY = ViY — K(X, Y),

where V is an arbitrary symmetric affine connection on M and K is a (1,2)-tensor
field defined by

(1.2) AKX, Y) = (Vyy ) X + J(V) X + 2J(Vi)) Y

and X, Y are some vector fields on M.
In this paper we try to explain why an auxiliary symmetric connection V is
needed in the proof of the abové Theorem of Kobayashi and Nomizu. We try to
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J. JANYSKA

answer two questions: 1. Does there exist a connection on M naturally polynomially
induced from a (1,1)-tensor field only (without using an auxiliary connection)?
2. Is the connection of Kobayashi and Nomizu a unique affine connection naturally
induced from a given symmetric affine connection and the almost complex
structure J satisfying 8Tor V = N, and VJ = 0?

We shall use the methods of the general theory of natural bundles and natural
differential operators, Janyska [1], Nijenhuis [7], Terng [8]. For the convenience
of the actual coordinate calculations we shall use the methods of Krupka and
Janyska [5], Krupka and Mikol43ova [6].

All our considerations are .in the category C®.

The author would like to thank Professor O. Kowalski for his helpful discussions
and remarks.

2. NATURAL TENSORS OF THE NIJENHUIS TYPE

Let S be a (1,1)-tensor field on M, dim M = n, (not necessarily an almost
complex structure). The Nijenhuis tensor of S (or the torsion of S) is the (1,2)-tensor
field Ng defined by

@.1)  NgX, Y) =2{[SX, SY] + S’[X, Y] - S[X, SY] - S[S¥X, Y]},

where X, Y are arbitrary vector fields on M and [,] denotes the Lie bracket.-It is
obvious that Ny(X, Y) = —Ng(Y, X) and from (?.1) the coordinate expression
of Ng is given by

0 Sk(x)

@2) M()—z{ 2 as("’

osT(x)

ST(x) = =L 5(x) = Sp(x) === + Sp(x)

6S'"(x) }
where (x'), 1 £ i < n, are some local coordlnates on M and S; (x) is the coordinate
expression of t the tensor field S.

In the sense of the general geometrical theory of natural differential operators,
[1], [8], the Nijenhuis tensor is a natural differential operator of order one from
T M (the space of (1,1)-tensors on M) to TM ® A 2T*M. Under natural tensor
field of the Nijenhuis type we shall understand a natural differential operator
(of finite order) from T'DM to T(-2M which is polynomial of degree two. By
[5], [8] such an operator of finite order  is uniquely determined by an L}*'-equi-
variant mapping (differential invariant of L/*') from TP = Ji(R", P) to V, where

" P is the type fibre of the functor T1'1) jie, P = R" ® R"* with the tensor action
of the group L!; and ¥ is the type ﬁbre of the functor T2, je. ¥V = R"® ®2
R"* with the tensor action of L. The group L' is the r-th differential group

formed by all invertible r-jets from R” into R" with source and target in the
origin of R".
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REMARKS ON ALMOST COMPLEX CONNECTIONS

Let (S}), 1 £4,j £ n, be the canonical global coordinates on P, then on T,P
there are the induced coordinates (S*, S* S 1 i, j,mmy, .., m<

Jaoms e j my...mr

< n, defined by S}, ., m(j60) = Dp, m(c}) (0), s =0,1, ..., r, jgo € T;P. Let
(aJ,. ,a;l i» V=14, ji,...,jr £ n, be the canonical coordinates on L, ie.

a, (o) =Dj ;()(©0),s=1,..,rjaeL,a R"> R", «(0) = 0. Then the
coordinate expression of the action L} on P can be written as

(2.3) S = alSPhe,

where (b}, ..., b}, . J) denote the coordinates of the inverse element of jgx € L;,
ie. by, . ,s(loa) =dj, ;(jgx™"), s = 1;..., r. The action (2.3) of L, on P mduces
the action of L,*! on T.P which is given in the canonical coordinates by (2.3)
and by the formal differentiation of (2.3) up to the order . For instance, if r = 1,
the action of L2 on TP is given by (2.3) and

(2.9) S5, m = ay,br,S2b? + ay(Sh ,bib}, + Sibl,).

The action of L, on T2P is given by (2.3), (2.4) and the formal differentiation of
(2.4), etc.

Let
r+1 . a
(2.5) ¢= Zﬁ,, Sy
Jl Js

be a member of the Lie algebra I;*! of L,**. The fundamental vector field on TP
related to the action of L,*! on TP can be expressed by

r+1 . X
(2.6) E(T,P) = ), E{* (TP &j,...j0»

s=1

where Z/t*(T"P) are vector fields on T:P. In the induced coordinates

. o r (a8 2
) E-l'“sTrP — —-qm..m: ’
2.7 (T, P) Zl< P )e 08y my...m,

where s = 1,...,r + 1 and ee L.*! is the unity, i.e. ¢ = jj*'id}.
Let (vj), 1 £ i,j, kK < n, be the canonical global coordinates on V. The action
of L! on V is given in the coordinates by

(2.8) ol = alol bib;.

Then the corresponding fundamental vector field on ¥ induced by ¢ell is
expressed by

29 E() = Ei(v)E,
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- where
= avg, .
(2.10) Elwv) = (—5:—) e
J

= (6fvy, — ) — v‘,’ﬁf)-——
Ovg,
To calculate differential invariants we shall use the following

Lemma 1. Let U and W be two L-manifolds, f : U - W a mapping. The following
conditions are equivalent

(i) f is a differential invariant.

(ii) For each element & € I,

.11  8f =0,

where 0, denotes the Lie derivative with respect to £, and there exists an element
Ay € LI\ such that f(Agu) = Aof(u) for all ue U.

For the proof see [3], [5].

As a corollary of Lemma 1 we obtain that f: T,P — V is a differential invariant
of the group L/*! if and only if the vector fields Z/*"/(T’P) and =/ J(V), s =
=1, ...,r + 1, are f-related and there exists an element Ao e L1, det (di(4,)) <

< 0, such that f(4op) = Aof(p), p € T'P. Let us remark that =/* "( V)is the Zero
vector field if s = 2. .

Lemma 2. Polynomial differential invariants from T.P to V depend on variables
from TAP only.

Proof. If f: T,P — V is a differential invariant, then the vector fields Zi(T.P)
and E (V) are f-related. From (2.7)

s=0 aal

If v5, = f5.(S5, Sg,my» +-» Sg,m..m,) is the coordinate expression of f, then by
Lemma 1 f5, have to satisfy the following system of partial differential equations

r afac
(2.13) §=j (as ""_ "")e—”“*‘asg ": =
= 5" be ficai flléc

From the coordinate expression of the action of L;*! on T,,P we obtain for i = j
(no summation over i) the system

@.12) TPy = 3 (Bimms) g =
. . ~i\dn 6qum, -

C éfbc . '
2.14 E -*-—-——-S',,, m, = N .
( ) . 03 a :. . q,my...my flc

82
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REMARKS ON ALMOST COMPLEX CONNECTIONS

By [5] it follows that polynomial solutions of (2.14). have to be polynomials of
degrees a, in variables S% ., .., = 0,...,r, such that

(2.15) f:s .ag=1.
=0

(2.15) is satisfied for arbitrary a5, a;, = 1 and a; = 0, 1 < i < r. Thus polynomiai
differential invariants from 7,P to V depend on S7 (in any degree) and on S
(linearly) only which proves our Lemma 2.

Corollary 1. Every non-zero polynomial natural differential operator of finite
order from T"'VM to TP M is of order one.

Now we are able to prove the following

Proposition 1. If n = 2, there exists a 9-parameter family of natural tensor fields
of the Nijenhuis type. This family is a vector space over R generated by the tensor
fields Ng, S @ d(tr S), d(tr S) ® S, I @ CX(S ® d(tr S)), Ci(S ® d(tr S)) ® 1,
(I @d(trS))trsS, (dtrS) @ Ntr S, IQ d(tr §%), d(tr S?) ® I, where tr denotes the
trace of S, C; denotes the contraction with respect to the i-th superscript and j-th
subscript, d is the exterior derivative and I = (6;) is the absolute invariant tensor
field.

Proof. By Lemma 2 every tensor field of the Nljenhuls type is given by
a quadratic mapping from TP to V which can be expressed in the coordinates by

(2.16) Vi = AT2SIST .
where A;‘;’;,” are real coefficients. From L2-equivariancy of (2.16) we obtain that

A2 js an absolute invariant tensor, [5], i.e.

2.17) , Afir* = ¥ ¢00(»02020) 05t »
2 v

where ¢ runs all permutations of four indices (j, k, p,r) and c, € R. Further
E}Y3(TIP) and E/*Y*(V) have to be related with respect to (2.16), i.e.

alvv k
(BS" )e_ ApektSi Suv =0.

(2.18) st .

aal 1J2

Using (2.4) and (2.17) we obtain for 24 coefficients c, a system of linear homogene=-
ous equations which has 9 independent variables and (2.16) has the expression

(2.19) Vip = Ay (STStm — SES).m — SaSk; + SuSTH) +
+ AySiSm s + AsSiSm ; + ASiSISh , + AsOLSISh
+ AgdiS? \Sm + A,0SP Sm + Asa,s,',',s;:, +

, + A95¢smsp,p
where 4;,eR,i=1,...,9
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It is easy to see that (2.19) is the differential invariant which corresponds to the
family of natural tensor fields of the Nijenhuis type given by Proposition 1.

The Nijenhuis tensor Ny is the unique operator from the list of natural operators
of Proposition 1 the values of which are in TM @ A2T*M. Using the anti-
symmetrisation with respect to spbscripts we immediately obtain

Corollary 2. If n = 2, there exists a 5-parameter family of natural differential
operators of the Nijenhuis type from TVM to TM Q@ A2T*M. This family is
a linear combination (with real coefficients) of operators Ng, SA d(tr S), IA
A CLS @ d(tr S)), (I d(tr S)) tr S, IA d(tr S%), where A denotes the tensor product
combined with the antisymmetrisation with respect to subscripts.

Corollary 3. The Nijenhuis tensor N; is the unique non-trivial operator of the
Nijenhuis type which transforms a given almost complex structure J to a (1,2)-tensor
field.

Proof. If Jis an almost complex structure, then tr J = 0 and tr J?2 = —n.
Our Corollary 3 now immediately follows from Proposition 1 putting S = J.

3. CONNECTIONS NATURALLY INDUCED
FROM A (1,L)-TENSOR FIELD

Let CM — M be the fibred space of elements of affine connections on M, i.e. C
is a lifting functor of order 2 with the type fibre Q = R” @ ®2R"*, where the action
of the group L2 on Q is given, in the canonical coordinates (I'y), 1 £ i, j, k < n, by

(3.1 Tji = ay(T b3b} + b

Under an affine connection of order r naturally induced from a (1,1)-tensor
field we understand a natural differential operator of order r from TV to CM.
Every such operator is uniquely given by an L,*!-equivariant mapping from 7T,P
to Q. By Lemma 1 if f: T,P — Q is a differential invariant, then the corresponding
fundamental vector fields on T,P and Q are f-related. The fundamental vector
fields on T’P are given by (2.7) and from (3.1) '

p .

0 ol = (UF)eqey = @i - T
aj ' qr
a[' 4 0 1 P(si15d2 J1si2

(3.3) & xh(Q) < ) eore = -5 51(54 0] + o} 07) 5“,
0aj,;, bl bl

Using the same methods as in Lemma 2 we deduce that all polynomial L],* !-equi-
variant mappings from T.P to Q depend on variables from TP only and so all -
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polynomial natural affine connections naturally depending on a (1,1)-tensor field
and its finite order derivatives are of order one.

Lemma 3. There is no non-zero polynomial L2-equivariant mapping from TP to Q.
Proof. From Lemma 1, (2.7), (3.2) and (3.3) we obtain that every differential

invariant from T:P to Q has to satisfy the following system of partial differential
equations

34 (8785 — SPoi) =t Uic (6rS],, — SP,8) — SP 61— O b
083 oSy,
= 8fi. — fi.8 — fadl,

(3.5) (61’511512 + 5?512511 Sp(;n(;jz - SP‘S.’I‘S}J) g,gt;c =

= Si(6p6L + 6L,

where I'y; = f3.(S}, S; ;) is the coordinate expression of f: TP - Q.
By [5] a polynom1a1 solution of (3.4) has to be a sum of polynomials which are
linear in S7 , and of arbitrary degrees in S, i.e.

(36) fio= T AR SESh . S
m

where m=0, 1, ... and Agg;,',;;;_-},;;‘ are absolute invariant tensors. (3.6) has to satisfy

the system (3.5). Substituting (3.6) into (3.5) we obtain for every m a contradiction

which proves our Lemma 3. '

From Lemma 3 it immediately follows

Proposition 2. There is no non-zero polynomial affine connection of ﬁmte order
naturally induced from a (1,1)-tensor field.

Remark 1. From Proposition 2 it follows that a connection, depending naturally
on an almost complex structure only such that its torsion tensor is a multiple
of the Nijenhuis tensor, does not exist. This is the reason why Kobayashi and
Nomizu had to use an auxiliary symmetric connection.

4, ON NON-UNIQUENESS OF THE ALMOST COMPLEX
CONNECTION
Now let an affine connection V be naturally induced from a given symmetric
affine connection V and a (1,1)-tensor field S, i.e. V(V, S) is a natural differential

operator from CsM @ T('UM to CM, where CsM is the subbundle in CM formed
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byv elements of all symmetric affine connections on M and @ denotes the Whitney’s
sum. It is obvious that such a connection V can be expressed by

@ V¥ = V¥ — L(X, 1),

where X, Y are arbitrary vector fields on M and L is a (1,2)-tensor field naturally
induced from V and S, i.e. L is a natural differential operator from CsM ® T )M
to T2\,

We shall need the following

Lemma 4. Let W be a left L]-manifold and U a left L}-manifold. Let K., be the
kernel of the canonical group homomorphism n"! : L, — L}, n"(jio) = jia, and
n : W — WK, the canonical projection onto the orbit space. Each L -equivariant
mapping f : W — U is of the form

4.2) f=Fon,
where F : W|K., — U is a uniquely determined L}-equivariant mapping.
For the proof see [4], [5].

Proposition 3. All affine connections V on M naturally induced from a symmetric
affine connection V and a (1,1)-tensor field S such that

4.3 Tor V = AN,
A€ R, are of the form
(4.9) VxY = VY = {aS(VyS) X + (x + 22) S(VxS) ¥ +

+ B(VsxS) Y + (B + 24) (V5yS) X} — P(X, Y),

where a, B R and P is a natural differential operator from CsM @ TUDM to
T™M @ O T*M.

Proof. Every desired connection is of the form (4.1) and the assumption (4.3)
implies
@3) ANJ(X, ¥) = (Y, X) = L(X, ¥).

Hence we have to find natural differential operators L from CsM @ T(-1)M to
T2 M satisfying (4.5). Let L be an r-th order operator, then the corresponding
differential mvanant is an L.*2-equivariant mapping from T,Qsx T.*1P to V,
Qs = R* ® 02 R"* <= Q. The canomcal coordinates (I‘jk), j £k, on Qg and (S}

on P induce the coordinates (I, Tji,mys > Tikymy.mes Sis Shomys voos Shopiomrss)s
I1sm Emy<...<n on TiQsx T'“P Let us consider on T’Qs T'*1P, .
r 2 1, the system of functions

(4'6) rjkm,...m. = r(;.k.m;...m,)’ s=0,.. s Ty
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REMARKS ON ALMOST COMPLEX CONNECTIONS

(4'7) ;’kl;ml;...;m, s=0,...,r—1,
(4.8) Sj':ml;...;m.n s=0, v, P+ 1,

where (jk, my ... my) denotes the symmetrisatioﬁ of the indices, Rj'k, is the formal
curvature tensor of I'jy, i.e.

4.9 R = Fpy— Tpa+ Tl —Tulh,
and “;* denotes the formal covariant derivative with respectto I'j;, i.e. for instance
(4.10) Six=Siy+ IuSP— IS,

In general, the s-th formal covariant derivative is deduced formally in the same
way as the s-th covariant derivative of a tensor field with respect to a symmetric
affine connection. The systems of functions (4.6) —(4.8) contain a subsystem defining -
a global chart on T,Qsx T;*'P, [5]. Each such global chart on T,;,Qs x T,,*'P will
be called an adapted chart and the functions belonging to an adapted chart will
be called adapted coordinates. ‘

If r = 0, then (I, S}, S;.) form a new global chart on Qgx T, P which will
be also called an adapted chart. \

Using Lemma 4 we obtain that every L,*?-equivariant mapping f:
T:QsxT;*'P - V determines a unique L!-equivariant mapping F: (T,Qs X
x T'*1P)/K:*? - V such that f = Fon.

Calculating the L!-equivariant mapping F in some adapted coordinates we
deduce that F is a function of Riymy:.im» S =0,...,r =1, and S, .m»
s=0,..,r + 1, only, i.e. Fis the sum of

(4°11) . vj’k = F;k(R;kl) ey Rj‘kl;ml;...;m,.-n S:, sy S;;ml;...;mr+1)
r>1, and
4.12) vl = Fi(S5, S50

From the assumption (4.5) it follows that we are interested in this part of the
L!-equivariant mapping (4.12) which is linear in S} and Sj,;. By Lemma 1 such
a polynomial mapping has to satisfy the following system of partial differential
equations

(ast\ R (gsm,\ OFk
q ar =
(4.13) (aaj )e asg + ( aa; )e asz:r

= &{F}. — Fi.6] — Fy6].
By [5] the desired polynomial solution of (4.13) has the form
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4.19) Fiy = a,8}SISL , + a,6,S%S%,, + a38;SESE., +
+ a4, S58%,, + as8iSESL, + agbiSISL ; + a,8iSPSL, +
+ agiSISY ; + agdiSESL, + a,00; 8PS, +
+ ay185SESE , + a1,8iS2S% , + a13SSL, + a14SiS%, +
+ ay5SiSP., + ay6SiSP.; + a1,SS,., + a,5SESk,; +
+ ay9SPS).k + a50SESk ; + a515,S%, + a3, SiSE; +
+ 02355-,5:;;, + a24slfs;::p’

where a;€ R, i

1,...,24. From (4.5) we have F;; — Fj, = AN} and by (2.2)
(4.15) azz — azl = 21, Q4 — 023 = 21,

ah+1=ahs h=2g+1, g=0,,9
Let us put a,; = @, a,3 = f, then the differential invariant corresponding to L
is of the form
(4.16) Lj = aS,Shy + (¢ + 22) S8 ; + BSISk,, +

+ (B + 22) SIS}, , + P,

- where Pj, = P; includes the symmettic solutions of (4.13) and symmetric L}-equi-
variant mappings given by (4.11). It is easy to see that the differential invariant
(4.16) corresponds to the operator which can be expressed by
4.17) LX,Y) =aS(VypS) X + (¢ + 2) S(VxS) ¥ +
+ B(VsxS) Y + (B + 22) (VsyS) X + P(X, Y),

which proves our Proposition 3.

From now let S be an almost complex structure on M, i.e. S = J, J> = —~I.
The connection (4.4) coincides with the example of Kobayashi and Nomizu if and
only if A = 1/8, o = 1/4, B = 0 and P is the zero tensor field.

Proposition 4. Let M be an almost complex manifold with an almost complex
structure J. Then a natural connection V given by (4.4) is an almost complex connec-
tion if and only if

(4.18) Vx¥ = Vx¥ — K(X,Y) — P(X, Y),
where k(X , Y) is given by (1.2) and P(X, Y) satisfies
4.19) P(X,Y) = —JP(X,JY).

" Proof. Let Vx¥ = Vx¥ — L(X, Y), where L(X, ¥) is given by (4.17). From the
assumption VJ = 0 we obtain J(VxY) = Vx(JY) which implies

(4.20) (VxJ)Y = L(X,JY) — JL(X, Y).
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Substituting (4.17) into (4.20) and using 0 = VyJ? = (VxJ) J + J(VxJ) we obtain

(4.21) 0= (=1 + 20 + 43) (ViJ) ¥ + 2B(V,3J) JY +
+ (B + 24 — o) (V,yd) JX — (VyJ) X) + P(X, JY) — JP(X, Y),

which implies our Proposition 4.

Remark 2. The example of Kobayashi and Nomizu is not unique natural almost
complex connection satisfying Tor V = AN,. But other natural almost complex
connections satisfying this condition differ from the example of Kobayashi and
Nomizu only by a natural symmetric (with respect to subscripts) (1,2)-tensor field
which satisfies (4.19). Such non-trivial tensor fields exist. For instance

(4.22) P=10C32U®VJ)+ JOCLVJ,

where O denotes the tensor product combined with the symmetrisation with
respect to subscripts, is the example of natural operator which satisfies (4.19).
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