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ON EFFECTIVE CRITERIA OF SOLVABILITY
OF THE BOUNDARY VALUE PROBLEMS
FOR ORDINARY DIFFERENTIAL EQUATIONS
OF THE »n-th ORDER
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Dedicated to Academician O. Boruvka on the occasion of his 90th birthday

Abstract. By the method of I T. Kiguradze effective criteria of the existence and uniquéness
-of solution is obtained of certain boundary value problem for ordinary differential 'equation
of the n-th order. :
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In the paper the bdundary value problem is investigated
® u™(®) = f@t, ut), ..., u" (@),
(@) W) = @y ooy D) (= 1,y ),

" where the function f: {a, b) x R* — R satisfies the local Carathéodory conditions,
t;e{a, by and ¢;: C""*(a,b) > R (i = 1, ...,n) — are continuous functionals.
Here {a,b) — is a segment, R" 1s n-dlmenswnal vector real space with points

x = (x)-, normed by || x || = le,l, ={xeR":x = 0} C~a, by —

the space of functions contmuous together with their derivatives up to the order
n — 1 with the norm

4 llen-s=max { ¥ |u"2(@)|;a £ t b},
. i=1 .
_L?{a, b) — space of function integrable on <a, b> in p-th power with a norm
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b . ‘
] { flu@Pdn?  for1<p< +ow,
, e = a

lvrai max {| x()|;a £t < b} for p = + o0,
' ! ~1/20
(—q—o- - ) [—q—o— sin ﬂ] when 1 £g9<go< 4w,
g, g0) = |\ 4 o Lar 4o
1 when 1L <q and g = g4 or gy = + 0.

Under the solution (f, ¢) we understand a function with absolutely continuous
n — 1 derivative on {a, b) which satisfies the equation (f) for almost all ¢ € {a, b)
and satisfies the boundary condition (¢). The method applied is analogous to that
of I. T. Kiguradze in the paper [1] dedicated to the Cauchy — Nicoletti problem.
The problem (f; ¢) is for the case n = 2 investigated in [2].

Theorem 1. Let on <a, b x R* satisfy the inequality

(1) f(t, xgy .oor 3 sign [ — 1) %] < h(0) | %, | +j§";1 B %1 + e, 1%,
= ji=1

and in C*~'{a, b} the inequalities

n ' .
(2) ' | ‘p(u, u,’T-s u(n_;}))l éjzlrij ” u(j-l)lquo + G (' = 19 sevy n)’
where
a) hye L?{a, b) (j = 1, ..., n) are nonnegative functions, piz1, 71— + -?1- =1,
J J

G Sq(=1,...,n), hel¥abd, p =1, —L—+ iq = 1,4 < qo;

b) w:<a,b) xR, — R, is not decreasing on the second argument, (., Q)€
€ L{a, b) for all ¢ € (0, + ) and

- b .
()] ‘ hm L [ (t, ¢)dt = 0;
- e+ a

c) riys i€ Ry G,j= 1, ..., n),
5 =g}=:1{ﬂ(b' - a)‘/qojgg[(b‘-‘ a) (9, o) -t e+ [(b—a) g, g)T" ' dp} < L
when

) t
B = max {exp [ h(s)sign(s ~ t,)ds, a.<t< b}
. n
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and either

b t
(40 dy= (b — )" Blgy, 40) [ [ BE*() exp (= py | h(s) sign (s — 1,) ds) de]*/P*

(k=1,..,n)
or
1 1 t t ' )
- (4)) dy=(b—a)* @l [ hP)exp(py | h(s)sign (s — 1) ds) dr |"/* | Lqo.
" k=1,...,n).

Then the j)roblem (f; @) has at least one solution.
To prove theorem 1 the following lemma is suitable.

Lemma 1. Let the conditions a)—c) of theorem 1 be satisfied. Then there exists
a nonnegative constant c, such that

) Nullga-s = o
for any function u eC"~a, b, satisfying the differential inequalities
©6)  u™@sign[(t - t)u" O] < (@) 1u"(@) | + ':21 hi(6) 1wV~ (@) | +
] =
+ w(t,_ill T (1)) ifagtLb
1= ’
and the conditions
™M w0 | < _anlr,-,- 1™ e+ 6 (=1, ).
j= ' )
Proof. Let ue C*~ <a, b) be the fﬁnctién satisfying the presumption of lemma.

We shall prove the correctness of the estimate (5).
When integrating the inequalities (6) and putting || # [|c.-1 = ¢, we shall get

(8) @) | £ Bl u" D) | + (., @) liz:] +j:21 ',I hy(D) x

exp (~ | H5)sign (s — 1)d5)| w9700 | de | exp (§ K9 sign (s = 1) ds).

From here by means of the inequalities of Helder and Levin (see [1] lemma 47y
we shall find ‘ '

> 1 [ h0) x

Jj=1tn

4@ 00 £ BB = )L u""O(t) | + | (. @) ] +
x exp [p,([ (5 sign (s ~ 1) ds — [ h(s)sign s — 1) ds)]d [17. | ][~ @) | de |0
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and consequently,
©) 14 Vg0 < Bb — a)' [ ") | + (., 0) 1] +.Zl d; Y™ 0.
j=

Analogously, from the‘ inequality

(10) [ D@ | = 1u® D) | + | }lu“’(f) [dr| (i=1,..,n),
we have
(11 T D < (b — a)"®|u" D) | + i | } [u®(2) de | || a0 él

SO - u) | + - a)lgq) | e G=1,....n= 1)
Designating v
O E= N e, Ea = 14TO@ ] (=L n)

from the inequalities (10), (11) we shall get

(12 £n S (b — @)/ Lo, +éjldj<5,- +Bb — @) | (., 0) s -

and ,

a3 &spe- a)’zt [ — a) 1@, a9}~ &, + [(b — 0) (g, 2T~ &,
G=1,..,n—1).

R
~ Taking the conditions (7) into consideration we shall get )

A9 &S T IAb = 0 ry + d1g+ P = D6, + 10,0 1]

and

) n n—1 ‘
(15) EE RO R WA (CEOTC NI S A

n—1 ’ N .
+ B(b - a)”‘-“j‘éi[(b —a)l(g, 9 "y + [(b—a)Ug, g0 ' &
. (i=_1,...,n—1.)1_
Due to (14) and (15) '

19853, (56 - a)"'"'éi [(b—a) g, aY ™1 + [ — ) g, o] di} & +
PO = DR [6- @l gV e+ N0 la) =1, ).
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Putting o =max{&:k=1,...,n}, So=max{s:k=1,..,n}, from the: .

inequality (16) we find

Eo < cfr + Il o, @) [Id],
where

AN c=pb - (157", r=max{ it[(b -a)lg,q0)) P epi=1,...,n}.
. , ~

\

Consequently

(18) Hu" Y || S e [r + || @, Q)Ilu] o @="1,...,n).
From the other hand, accordmg to (8), (10) and (18) we have
(19) ‘ { ¢ é bl "‘F ci "yw('» Q) "L"‘.:

where ¢}, are sufﬁciently large nonnegative constants, not depending on u.
Let K. = c}] + c2 Then from (3) it fQJlows the -existence of the constant ny > K
such, that for all n =10

EY

@ e n)ﬂm—}i—‘

If || u ||c.. > r]o, then from (20) 1t follows that
Q';-' Ix+czg SN

Q<c1+c2K1 K<K e=e

The obtained contradiction proves the correctness of the estimate (5); ..., 12
Proof of theorem 1: Let ¢, be ‘the constant, chosen accordmg to lemma
We put - . RN : L SR

1 - for s < Cos, .

265) =82 — ’s/‘co for co S 5'S 200, '
0 for s 2 2¢,
T xis s ) = 20U x D SE 515 s 2, L -
‘Pi(u, u 3 *eey u(" 1)) = X(” u “Cﬂ“) (Pg(u u 9 e u("—l))ﬁ (i = 1;-°"’ n)' kR
and deﬁne ‘the operator 4 = A4, : C""*{a, b) - C""{a, b),

(A) () = ol ' . u0) If(r, (e, s u D b

'(A,;,u‘)'(;)=¢,_';(,;, ., a""“’)+ j(A,, ,;lu)(r)dr (i=1,-...,<n-.1).-‘

'n-l .

On the basxs of the propertles of the functxon f of the functlonals @y and due to;
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functions J and functionals %, the existence of the function
is evident, such that

N X1 s x) | S fo1) € L<a, B,

I ai(u’ ll', eeey u(n-l)) l é o e R+. (i = l, ceey n).

Jo and the constant r,

Therefore, due to theorem of Schauder there exists a fixed point of the operator 4,

i.e. there exists a solution of the problem (7, ). The solution of the problem satisfies
the inequalities . "

u™ sign [(z — £,) ¥~ V()] = (1, u, o, u"= V) sign [(¢ — 1,) u("‘”(t)] <
< fiu, ..., u‘"f") sign [(r - ,) u" ()] < k() | 1 O(1) | +

+ élh O | + w(:,j§1| A OY)
and ‘ . ‘
[ w98y | = }¢l(hr Wy s W) ) =l 4 || n-1) loiu, o'y ..., 0" V)| <
<o, o, ..., u"™V) i. é,él'” N9 o+ e, (i=1,...,n),

i.e. u(?) satisfies at the same time the presumptions of lemma. So, then the estimate
(5) holds and

W@ =1,  2lullen-)) = 1,

ie uisa solutibn' of the problem (, ¢).
Theorem 2. Let for almost all te a,b) and x,e R* (I = 1,2)
' [f(’, Xigs vees Xgn) = Sl X215 .5 X5,)] sign [(t=1¢) (x1n — Xzm)] <
@1 < —h() | %10 — X2 +J§ B xg) = 3351
“and in d?‘(a, b) |
@) 1@, 4 e, 4™) = 96,0 .., D) | .S_jilru 9D _ U=,

i=1,..,n,

where h, by, 1ty (i,j = 1, ..., n). satisfy the presumptions of theorem 1. Then the
problem (f, ) has not more than one solution.

Proof. If the existence of two solutions u, v of the problem (f, @) is admitted
and’if dgsignate’d z =" — p, then from the inequalities (21), (22) we obtain (5), (6),
where o= 0,c; =0(j=1,..., n). Then from the inequalities (8)—(11) it follows
- thatey =10, e, z(r) = 0. : )
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