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Abstract. In this paper there will be-investigated a question proposed by M. Darnel.[2)
concerning the multiplication of torsion classes generated by radical classes of lattice ordered
groups.
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1. PRELIMINARIES

For the basic terminology and notations on lattice ordered groups cf. Conrad
[1] and Fuchs [3]. We recall the following notions.

A torsion class (cf. Martinez [7]) is a collection of lattice ordered groups closed
with respect to convex /-subgroups, joins of convex /~subgroups, and homomorphic
images. A radicat class (cf. [4]) is a collection of lattice ordered groups closed
with respect to convex l-subgroups, joins of convex /-subgroups, and isomorphic
images. - -

Let ¢ be the class of all lattice ordered groups and let R be a radical class. For
every G € 4 we denote by R(G) the join of all convex l-subgroups of G that belong
to R. Then R(G) € R; moreover, R(G) is an l-ideal in G (cf. [4]). '

Let # be the collection of all radical classes. For R, S € # we define R. S to be,
the class of all lattice ordered groups H suchthat G/R(G) belongs to S. ThenR . S
is a radical class [4]; if both R and S are torsion classes, then R . S is a torsion
class as well [7]. '

We denote by 7 the collection of all torsion classes. Both # and J~ are partially -
‘ordered, by inclusion. Then £ is a lattice which is complete and Brouwerlan [4],
7 is a closed sublattlce of # [7]. .
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For each radical class R let R* be the meet of all torsion classes T such that
R g T. The torsion class R* is said to be generated by the radical class R. The
mapping R — R* is a closure operator on the lattice £. This closure operator was
thoroughly studied in [2]. From the results of [2] we quote the following one:

1.1. Proposition. ([2], Proposition 5.7.) For any two radical classes R and S
we have (R". S"* = R". " and (R. S)" < R". S". '

Next, the following open question is proposed in [2]:

It is not known if

o) : R".S" < (R.S),

It will be shown below that the relation (1) does not hold in general. Moreover,
it will be proved that the collectlon R, of all radlcal classes R having the property
that the relation

@ - : R*.R* < (R.R) -

fails to hold, is nonempty. A
Let X be a subcollection of ¥. We denote by X, the meet of all radical classes R;
. such that X € R;; then X, is said to be the radical class generated by X.
For each G € % let ¢(G) be the system of all convex 1-subgroups of G.

1.2. Proposition. (Cf. [5], Theorem 3.4.) Let 0 # X = ¥. Assume that X is
closed with respect to isomorphisms, {0} € X and that each lattice ordered group
belonging to X is linearly ordered. Let Ge %. Then the following conditions are
equivalent: )

() GeX,..

(ii) There are systems {A,},e, S ¢(G) and {Ay}jam S «(A) (X for each
§el, such that A; Ujes4yj is valid for each iel,and G = Y ;,4,.

1.3. Propositlon ([2], Proposition 5.5.) For any radlcal class R and lattzce
ordered group G, RYG) = {C € ¢(G): there exists H € R and an I-ideal Lof H such
that C ~ H|L}. : '

For each subclass X of ¥ we denote by Hom X the class of all homomorphic
lmages of elements of X. ,

" 1.4.Lemma. Let X be as in Prapos 1.2. Let Ybe the class of all lmearly ordered
groups A, having the property that there exist linearly ordered groupsA;; (j € J(i))
. belonging to c(A) ()X such that-A; = JjeyuyAi- Then (X,)* = (Hom Y),.

- Proof, This follows from Proposmon 1.2, Proposition 1.3 and from [6],
Lemma 3.2,
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2. THE RADICAL CLASS R(x)

The additive group of all reals (all rational numbers) with the natural linear
order will be denoted by R, (or by Rg, respectively).
- For each i € Ry let A; = R{ and let A° be the lexicographic product

A° = T4, (ieRY, |
(cf. [3]). Let 4 be the subgroup of A4° consisting of all elements of A° with finite -

support.

Let o be a cardinal, « = &,. Let I, be the first ordinal with card I, = « and
let J, be a linearly ordered set dual to I,. For each je J, let B; = R,. Put

and let B be the subgroup of B? consisting of all elements of B° with finite supporlf

Put
G =BoA,

where o denotés the operation of lexicographic product. Let X be the class of all
linearly ordered groups G’ such that either G' = {0} or G’ is isomorphic to G.
Put R = X,.

From the construction of the linearly ordered group G we obtain immediately:

© 2.1. Lemma. Let Y be as in Lemma 1.4. Then Y =X.-
Lemma 2.1 and Lemma 1.4 yield:

2.2. Lemma. R* = (Hom X),.

2.3. Lemma. Let {0} # G’ € 9. Then G’ belongs to Hom X if and only if some
of the following conditions is fulfilled: :

() G ~G.

(ii) There exists a dualideal J, of the lmearly ordered set R;, such that G ~BoA',
where A' = T'A; (i€ J,).

(iii) There exists a subset J, of J, such that either J, = @ or J, is an ideal of the
linearly ordered set J, such that G' ~ I'B; (j € J\\J,).

Proof. This is an obvious consequence of the structure of the linearly ordcred
group G.

Let Y’ be defined analogously as Y (in Lemma 1.4) with the dxstmctxon that
instead of X we take now the class Hom X into account. Then from.2.3 we infer:

2.4. Lemma. Y’ = HomX

Since each element of Hom X is a linearly ordered group, from 2.2, 2.4 and 1. 2. _
we obtain:
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2.5. Lemma. Let H € 9. Then the following conditions are equivalent:
(i) H belongs to R"., ‘
(i) H is a direct sum of linearly ordered groups belonging to Hom X.

2.6. Proposition.. Let H, be a linearly ordered group having a strong unit. Then
the following conditions are equivalent:

(i) H, is an I-subgroup of some element of R".

. (ii) H, belongs to Hom X.

Proof. This is a consequence of 2.5 and [6] Lemma 3.6.
" In view of 2.3 we have B € R*, whence

3 BoBeR! R

. The linearly ordered group G and the radical class R depend from the cardiﬁal o
when we want to emphasize this fact then we write G = G(«) and R = R(x).

3. THE RADICAL CLASS (R.R"

" We apply the same denotations as above. Put H, = Bo B. We want' to venfy
that H, does not belong to (R . R)".
" By way of contradiction, suppose that H, € (R . R)" Let 4; and 4;; be as in 1.2
with the distinction that we have now H, instead of G and R. R instead of X.
Without loss of generality we may suppose that 4, # {0} for each i €I. Since H,
is linearly ordered, the set I must be a one-element set, I = {i} and H, = A4,.
Next, H, cannot be represented as a join of proper convex I-subgroups of H,;
thus H, = A,; for some j € J(i). Hence H; € R. R. Therefore

@ ‘ H,/R(H,) € R.

Let Hj be a convex I-subgroup of H,; H 3 # {0}. Then H, cannot be represented
as a join of its proper convex I-subgroups, and clearly there is no convex subgroup
of G isomorphic to H,. Therefore R(H,) = {0} and hence in view of (4), H, belongs
to R. By analogdus argument as above (using 1.2) we would obtain that H, is
isomorphic to a convex I-subgroup of G, which is a contradiction. Thus we have

3.1. Lemma. H, does not belong to (R . R)".
~ In view of (3) and 3.1 we obtain:

32, Corollary. R* . R* fails to be a subclass of (R. R)".

3.3, Lemma. Let 4 and B be cardinals, Bo S a < ﬁ Then G(ﬂ) does not belong
_.to R(a).
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Proof. This is an easy consequence of [2], Lemma 5.4.
Let #, be as in Section 1. From 3.2 and 3.3 we infer:

3.4. Theorem. The mapping o — R(a) is an injective mapping of the class 'of all
infinite cardinals into the collection &, .
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