Archivum Mathematicum

Josef Kalas
Asymptotic behaviour of the equation z = G(¢, z)[h(2) + g(t, 2)]
Archivum Mathematicum, Vol. 25 (1989), No. 4, 195--206

Persistent URL: http://dml.cz/dmlcz/107357

Terms of use:

© Masaryk University, 1989

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107357
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
(Vol. 25, No. 4 (1989), 195-—-206)

ASYMPTOTIC BEHAVIOUR OF THE EQUATION
2 = G(t, z) [h(z) + (1. 2)]
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In honour of the 60th birthday anniversary of Prof. M. Rdb

Abstract. Asymptotic properties of the solutions of an equation z = G(t, z) [A(z) + £(z, 2)]
with real-valued function G and complex-valued functions A, g are studied. The technique of the
proofs of results is based on the modified Liapunov function method. The results are applied
to the generalized Riccati equation z = q(t, z) — p(t) z2.
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1. INTRODUCTION

Consider the equation
z = h(2),

where 4 is a holomorphic function in a simply connected region 2 containing zero
_ which satisfies the conditions 4(z) = 0<>z =0, h90) =0 (j=1,...,n = 1),
hK™(0) s 0, where n > 2 is an integer. The paper is concerned with the asymptotic
behaviour of the solutions of the perturbed equation

(1.1) z = G(t, 2) [h(2) + g, 2)),

where G is a real-valued function and h, g are complex-valued functions, ¢ or z
being a real or complex variable, respectively, The general results for the equa-
tion (1.1) are formulated in Section 2. The last section is devoted to the applica-
tion of these results to the equation
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J. KALAS

(1.2) = q(t,2) — p(f) 2°.

This application gives the generalization of some results of M. R&b [6]. The
technique of the proofs is based on the Liapunov function method with “Liapunov-
like” function W(z) defined in [1].

‘The. case n = 1, which is qualitatively different from the case n = 2, was
investigated in several papers; for the list of these papers see [1] or [2]. The
asymptotic behaviour of the solutions of the Riccati equation

(1.3) - z = q(f) — p() 2,

which is a special case of (1.2) was studied by M. Rdb and Z. Tesafovd. Some

results dealing with the asymptotic properties of the solutions of (1.1) under the
assumption n = 2 were published in [2] or [3]. Unfortunately, the assumptions of
these results make necessary the existence of the trivial solution of (1.1).
Moreover, the inequalities of the type (2.3) were assumed to be satisfied at
some points arbitrarily close to the point z = 0. This fact is very restrictive and
the results are not applicable to the equations (1.2), (1.3). In the present paper

and in [4] we attempt to remove this limitation.

In contradistinction to the present paper the paper [4] deals with the sufficient
conditions assuring the existence of the solutions z(f) of (1.1) for # - o0 and
(1.4) liminf | z()| < 9,

t—> o
where 6 = 0 is a given nonnegative number. Then the conditions which guarantee

(1.5) limsup|z(t)| £ o

t- 0 .
for any solution z(#) of (1.1) satisfying (1.4) are obtained. Even though these results
generalize several results of [8], they do not allow to get the results of the type of
Theorem 3 and 4 of the present paper.

In the whole paper we use the following notation:

— set of all complex numbers

set of all positive integers

set of all real numbers

interval [#y, o0)

simply connected region in C such that 0 € 2 _

c(r) — class of all continuous real-valued functions defined on the
. set I’ .o

cr) . — class of all continuous complex-valued functions defined on

the set I'

n~>azq'
I



BEHAVIOUR OF : = G(t, 2) [K2) + g(t, 2)]

H(Q) — class of all complex-valued functions holomorphic in the
region 2

Int — interior of a Jordan curve with the geometric image I’

Clr — closure ofasetI’ = C

Bdr — boundary ofasetI' = C

k, W(z) — see [1, pp. 66—67]

A, AT, T 7,0 — see[l, pp. 73—74]
B(0, 6) — theset {zeC:|z| < 6}.

Let $*e T +/p and ¥~ € T "/ be fixed. Then L+ = {R(A):0 < A <A, },
&~ ={R(A): 1. < A < o}, where K(1) are the geometric images of Jordan
curves such that: 0 e K(J), the equality #(z) = A holds for ze K(1) — {0} and
K(i) — {0} c Int R(4,) for 0 <A, <Ay <4, or R(A;) — {0} = Int R(%) for
A_ < Ay < Ay < 0. Define

K@i, 4) = U K(w — {0} for 0 £ 4; <4; €4,
Ar<p<iy
and ,
K(Ay,2) = U K —{0} for i_ 4, <A

A2<u<ig

IA
8

2. MAIN RESULTS

Suppose G(t, ) [h(2) + g(t, 2)] € CUx Q), Ge C(Ix (2 — {0})), ge CUx(Q —
— {0])), he #(R). Assume that A(z) = 0<>z =10 and K0) =0(i=1,2,...,
n-—1), h§3} # 0, where n = 2 is an integer.

Theorem 1. Let 6 2 0, 9, > 0, 3 £ A,. Suppose there is a function E(f) e C(I)
su ch that

(2.) sup _th(E)df =% < 00,
toSsSt<w s

(2.2) 9, <8

and

@3 G(t, z) Re {khg'g, (1 + 5%‘(—51)} < E(f)

holds for t 2 t,, ze K(8,,9), | z| > 6.
If a solution z(1) of (1.1) satisfies

z(t,) € CLK(0, y),
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where t; 2 t,,0 < ye* < 3 and
 Z)$B0,5)-K0,9)
forallt = t, for wﬁich z(tj exists, then
z2(0)e C1K(O,B)  fort = t,,

where f = €* max [y, 9,].
Proof. Let # = {t 2 t, : | z(£) | > 6, 2(¢) € K(3,, 9)}. For t e A we have

W(;) = G(t, z) W(z) Re {khg'g, [1 + i}(,‘(—zj—)]}
where z = z(#). Using (2.3) we obtain
(2.4) ‘ W(z(1)) < E() W(z(1)

for te . Suppose there is a t* > t; such that z(z*) e K(B, 9). Without loss of
generality it may be assumed that z(¢) € K(0, 9) for z € [t,, t*]. There exists a 71
such that § < y,e* < W(z(t*)). Obviously 8; < y; < W(z(t¥)), y; > 7. Put t, =
= sup {te[t,, t*]: z(t) e C1 K(0, 7,)}. From (2.4) it follows that

_dqt_ {W(z(t)) exp [—j E(s)ds]} S0,  te[t,, 1*].

Integration over [t,, 1*] yields
t*

W(z(t*) exp [ - [ E(s) ds] — W(z(t2)) < O.

Using (2.1) and W(z(¢;)) = 74, We get
‘.

W(z(t*)) < vy exp [ | E(s) ds] < ye€* < W(z(t*)
12
and we have a contradiction. Therefore
2()e C1K(0,p)  for t = 1,.

Theorem 2. Let 9, >0, 8 < A, s;€l, 5, 2 0 for je N. Suppose there are
Junctions E(f) € C(I) such that

}oE,(s) ds=—00 (j=2,3..),

t
sup - [E§)dé=x;<0 (j=1,2,..),

3jSsSt<ow s

2.5 ‘ 9 <9  (j=1,2..),

198



BEHAVIOUR OF £ = G(1, 2) [k(2) + g(¢, 2)]

and,

(2.6) G(t, z) Re {kh?{,))[l + ;(;t( ;) < E[1)

holds for t = s;, ze K(9;,9), | z| > J;, j€ N. Denote
9* = inf [9,¥].
JeN
If a solution z(?) of (1.1) satisfies

z(t)) € K(0, e™*),
where t, = s,, and

2.7 2(7) ¢ B(0, 6;) — K(0, 9)
Jfor all t = t, for which z(t) exists and all j € N, then to any ¢, 3* < ¢ < A, , there
isa T > 0 such that

2(f) € K(0, &)
for t g t + T.

Proof. Put #; = {t 2 5;: | z() | > &, z(1) € K(9;, 9)}. For t € #; we obtain
(n) g(t’ Z) |
W(Z) G(t Z) W(Z) Re {kk(o)[ h(Z) ]} .
Using (2.6) we get : '
(2.8) W(z(f) < E(1) W(z(2)).
By Theorem 1 we have z(f) e K(3) for ¢ = ¢,. Lete, 3* < ¢ < A, be given. Without

loss of generality it may be supposed that ¢ < 8. Choose a fixed positive integer j
such that

9;e™ < e.

Put 6 = max [s;, #,]. Let T > | 5; — 5, | be such that

t
&
!Ej(s) ds‘< In X}

fort >t + T.Clearly t; + T > o.
We claim that z(f) € K(¢) for t = ¢, + T. If it is not the case, there exists a t* >
= t; + T for which

2.9 z(t*) ¢ K(e).
Using Theorem 1 we have
z(1) € K(ee™™, 9) U [K(ce™™) — {0}] = K(9;, %)

for te [0, t*]. In view of (2.7), | z(r) | > ;. The inequality (2.8) is equivalent to
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-aqi— {W(z(1)) exp [—! E(s)ds]} =0, tem,.

Integration over [o, t*] yields
t.

W(z(t*) exp [— | Ef(s) ds] — W(z(a)) < 0.

Therefore

2

which contradicts (2.9) and proves z(f) € K(¢) for t = t; + T.
Analogously we can prove the following two theorems corresponding to the
case 3 = A_:

W(z(t*)) < W(z(0)) exp [}.E i(s)ds] < 9%9- =2 <,

Theorem 1'. Let 6 2 0, 3 = A_. Suppose there is a function E(t) € C(I) such that

sup [ E(E)dE = x < oo,

toSsSt<o s

3¢* < 9, < ©
and

~G(t, z) Re {kh{:,’, [1 + —g,(:(T)z)]} < E@t)

holds for t =2 t,, ze K(94,9), | z| > 6.
If a solution z(t) of (1.1) satisfies

z(ty) € Cl K(o0, 7),
where t; = ty, 9 <ye™* < o and
z(?) ¢ B(0, 6) — K(o0, 3,) .
Jor all t 2 t, for which z(1) exists, then
z(f) e Cl K(o(;, B fortzt,
where f = e™* min [y, 9,].

Theorem 2'. Let $ 2 4_, 9; <0, 5;€1, 6, 20 for je N. Suppose there are
JSunctions E(1) € C[ty, ) such that

fE,(s) ds =~ (G=273,..),
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BEHAVIOUR OF : = G(t, 2) [k(2) + g(t, 2)]

sup [E(&)dé=x,<0 (j=1,2,..),

3)SsSt<wo s

e < 9, (G=12..)
and,

" g(t, 2)
—G(t, z) Re {khgo), [1 + ") ]} SE()
holds for t =z s;, z€ K(9;,9), | z| > 6;, je N. Denote

9* = sup [9,e7].
JeN

If a solution z(f) of (1.1) satisfies

z(t,) € K(o0, 3&),
where t, = s, and
2(?) ¢ B0, 6;) — K(, 9;)

Sor all t = t, for which z(f) exists and all j € N, then to any ¢, A < ¢ < $*, there is
a T > 0 such that

z(?¥) € K(o0, &)
fort =zt + T.

3. APPLICATION TO THE EQUATION 2 = ¢(t,z) — p(t) 22

Supposing that ge C(Ix C), pe C(I) and a€ C, a # 0, the equation

3.0 % = q(t,2) — p(f) 2
can be written in the form
(3.2 2 = G(t, 2) [W(2) + g(¢, 2)),

where h(z) = —az?, G(t,z) = 1 and g(1, z) = ¢(t, 2) + az* — p(¢) z*. In view of
[1, Example 1], where Q = C, b = —a, we get h'(z) = —2az, h"(z) = —2a,
n=2 W(z) =exp[ReQaz™ )], A, =Ai_ =1, k= —a. The sets_K(}.), where

0<Ai<A,=1orl=21_<2< oo, are circles with centres 1—:7 and radii

_—III;J)[I’K(O’ 1) = {ze C: Re(az) < 0}, K(0, 1) = {ze C: Re (az) > 0}.

ForaeC,a#0,4>0,B >0, 6(—:( ,%—]denote
Q4,5(a) = {ze C: —ARe [a%2*] — B|Im [a*2?]| > 0},
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ﬂ,(a):{z=pe“’:peR—{0},Arga+—7-2r——6<¢<Argﬁ+%+6}.

Obviously,
Q4,5@) = Q@) = {ze C: Re(a?2%) < 0}

for .any A, B > 0, and, to any A4, B > 0 there exists a d, € <0, %—) such that

Qs(a) = Q,4,5(a) for 6 € (0, d,].

First we shall prove the following lemma:

Lemma 1. Assume there are ae C and C = 0 such that

(3.3) Re[ap(N] >0 fortel,

(3.9 liminf Re[ap(t)] >0, limsup|Im [ap(t)]| < oo,
t—-* t— o0

3.5) Re[aq(t,2)] 2 —C|Im [a*Z%]|  fortel, ze Q. (a)

and

(3.6) q(t,0) # 0 fortel

Then every solution z(t) of (3.1) satisfying at t; = t, the condition Re [az(t,)] = 0

Sulfils Re [az(1)) = O for all t > t, for which z(t) exists.
Moreover, Re [az(f)] > O provided z(f) # 0.
Proof. Choose 4, B > 0 so that

Re[ap(D) 2 lal* 4,  |Imlap(d]| £ ]al*(B - O)

for t = t,. There exists 506(0,—:— with the property Q;(a) = Q4 g(a). For

t = t, such that z = z(r) € Q,,(a) we obtain

.aqt— Re [az()] = Re [az(1)] = Re [aq(t, z)] — Re [ap(t) z2*] =

= Re[aq(t, 2)] — | a|™? Re [ap(1) a*2%] =

= Re [aq(t, 2)] — | a|~? {Re [ap(?)] Re [a*2%] —

— Im [ap(?)] Im [@?2%]} = —C | Im [a®z*]| — A Re [a?2?] —

— (B - C)|Im[a®z%]| = —A Re [d’z?] — B|Im[d*z%]]| > 0.

If () = 0 we have
TidT Re[az(1)] = Re[aq(t,0)] > ©
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or

3.7

& Re[az(t)] = Re[aq(t,0)] =0
Because of (3.6) we conclude that

—ccil_t-lm [az(t)] = Im [aq(t,0)] + 0

in the case (3.7). In view of the fact that Re [az] = 0 implies z € Q,,(a) U {0}, we
if 2(7) # 0. -

get Re [az()] = 0 for all ¢t = ¢, for which z(¢) is defined. Clearly, Re [az(¥)] > 0

Remark. If the condition (3.6) of Lemma 2 is replaced by Re [aq(t, 0)] > 0
we get the assertion Re [az(¢)] > 0 for all ¢ > ¢, for which z(f) exists

The next lemma will be useful in our further considerations

Lemma 2. Let 6 > 0, a,, a, € C and let a,, a, be linearly independent. If a =
(a; + ay)/2,
3.8)

1l<as exp[é‘1 min ( m m Z23=m )]
m=1,2 m
and .
Re [a,z] > O (m=1,2), then

z ¢ B(0, 6) — K(0, a).

s

Relg;zi~0
{j=1,2)
Rela, =0

Proof. Since Re [a,z] > 0 (m = 1,2) implies Re [az] > 0, it is sufficient to
the line Re [a,z] = 0.

prove that 6 < min [| z, |, |z, [}, where z,, # 0 is the intersection of K(a) with
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Supposing
W(z,) = exp {Re [2az,;']} =« and  Rela,z,] =0,

there exists a t,, € R such that

, 2a
Zp = 10Ty and Re Py =Ina.
m'm
Hence
- Qs -
Tp=[Ina]™* Rc—-?;’-"'
m
and
z = i3 e 3-m - — i Im A3-m
"™ Ina ia, Ina a,
Therefore
I | — | am ' I a3—m
" |Ine] ap

In view of (3.8) we obtain 6 S min|[| z, |, | z, |].
Applying Theorem 2’ and using Lemma 1 and Lemma 2 we obtain

Theorem 3. Suppose there are a,, a, € C linearly independent such that the
Jfollowing inequalities are fulfilled for m = 1, 2:

3.9 Re [a,p()] >0  for tel,

(3.10) lim inf Re [@,p(1)] >0, limsup|Im[a,p(t)]| < oo,
3.11) Re[a,q(t,2)] =20 for tel, zeC,

3.12) Re [a,q(t,0)] >0  for tel

Assume there exists D(f) e C(I) such that

|g(t,2)| S D) fort=t,,zeC
and

(3.13) lim D(t) = 0.

=
Then any solution 2(t) of (3.1) satisfying Re [a,z2(1,)] > 0 (m = 1, 2), where t; = 1,
satisfies the condition
lim z(t) = 0.
. t=*c0
Moreover, Re [a,z(1)] > 0(m = 1,2) fort 2 1,.
Proof. Puta = (a, + @,)/2. Choose 8 = A_ =1, 5, = t,,
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max D(t)

6,=2 [la|—<L— |  §,=j? i=23,..),

! e Rep)” YT U=
tel

9, = exp (& min [| @, | | Im (a3_pa™") 1}, %, =0, E() = 2| a| & *D(t) -
—~ 2 Re [ap(#)]. For j = 2 let s; = t, be such that Eff) <0 for ¢ = s;. Then

—G(t, z) Re {kh"(O) [1 + g’(:( ;)]} = 2 Re [az7%q(1,2)] — 2 Re [ap(D] S EfD
fort = s;,z€ K(9;, 9, | z| > 6;. Further it holds that § < §;and §* =sup 9, =
! JjeN
= 0. In view of Lemma 1 and following Remark we have Re [a,z(f)] > 0 (m =

1, 2) for all ¢+ = ¢, for which z(r) exists. By use of Lemma 2 we infer that
z(1) ¢ B(0, 6;) — K(0, 9))

for all ¢ > ¢, for which z(7) exists and all j € N. Applying Theorem 2’ we find out
thattoanye, 1 <¢ < thereisa T > 0 such that z(f) e K(c0, e) fort 2 t; + T,
which implies

lim z(t) = 0.

t— o
The replacement of the condition (3.13) by
(3.19) pf D(t)dt < 0
to

leads to the following theorem:

Theorem 4. Let the assumptions of Theorem 3 be fulfilled with the exception that
(3.13) is replaced by (3.14). Then the conclusion of Theorem 3 remains true.
Proof. Seta = (a, + a,)/2, 8 = A_ = 1,5, =14,

[
6,=0 /2|a|j'D(t)dt,
to

;= .,“:i”z[' aul IIm(a3_max)(1i (G =2,3,..),

‘9] = exp {61-1 min [I ay| |Im (03..,,,0;1)]} =12, s

/2|a| }OD(t)dt‘

min [|a,| |Im(a;-wanD]|"

m=1,2

where

(315 o =2max "2 W(z(t,)),

For j = 2 let 5; 2 ¢, be such that

2|a| sup jD(C)dES&,

8S8S5t<w 8

205



J. KALAS

Eft) = 2] a1 57D — 2 Re {ap(9)],

x; = sup j E_](é) df

sySsst<® s
Then 8¢ < e < §,, 9 =¥ =€ <9;,(J=23,..),
9* = sup [9;¢7] = sup [9;¢7']1= sup e/ =00
and o

~G(t, ) Re {kh"(o) [1 + g,(l‘( j) ]} = 2 Re[az"*q(t, 2)] — 2 Re [ap(t)] < E,(1).

In view of (3.15) we have W(z(ty)) > ¢°”’, whence z(t,) € K(c0, 9¢**). Analogously

as in the proof of Theorem 3 we infer that Re [a,z(9)] > 0 and z(¢) ¢ B(0, §;) —
—K(, 9;) for all t = ¢, for which z(¢) exists. The application of Theorem 2’ yields

the desired result.

Remark. In a special case p(?) = 1, ¢q(t, z) = q(¢) the conditions (3.9)—(3.12)
are reduced to Rea, > 0, Re [a,9(9)] >0 (m = 1,2) and we can put D(t) =
= | q(¥) |. Thus we get some results of M. Rab [6].
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