Archivum Mathematicum

Jan Plesnik; Stefan Znam

On equality of edge-connectivity and minimum degree of a graph

Archivum Mathematicum, Vol. 25 (1989), No. 1-2, 19--25

Persistent URL: http://dml.cz/dmlcz/107335

Terms of use:
© Masaryk University, 1989
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107335
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Vol. 25, No. 1—-2 (1989), 1926

ON EQUALITY OF EDGE-CONNECTIVITY
AND MINIMUM DEGREE OF A GRAPH

JAN PLESNIK and STEFAN ZNAM
(Received February 24, 1988)

 Dedicated to the memory of Milan Sekanina

Abstract. Sufficient conditions for the equality of edge-connectivity and minimum degree of
a graph or a bipartite graph are presented. Also previously known conditions are surveyed.
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Our terminology is based on [1]. Given a graph G, V(G) and E(G) denote its
vertex and edge sets, respectively; n := V(G) is its order; A(G) is its edge-connectivity
and §(G) is the minimum degree of G. The distance between two vertices x and y
is denoted d(x, y) and diam (G) is the diameter of G. The vertex neighbourhood of
a vertex x is denoted V(x). For brevity, A often stands for A(G) and & for &(G).

It is well known that A(G) £ 6(G) and one may ask for conditions on G ensuring
the equality A(G) and 6(G). In this paper we give first a survey of known sufficient
conditions and then provide some new ones.

§1. A SURVEY OF KNOWN RESULTS

In this section we will give a series of known conditions ensuring A = § in terms
of various parameters of a graph. Each of these conditions can be also referred
to as a result, in which case it is meant the assertion that the condition yields
A=34.

The first such condition is due to Chartrand [3]:

M 3(G) z [n/2].
This was refined by Lesniak [6]: : _
@ © deg() +deg()zn—1

for any pair of nonadjacent vertices x, y.
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J. PLESNIK, §. ZNAM

The following result of Plesnik [7] is based on the diameter and obviously
implies results (1) and (2):

6) diam (G) < 2.

Goldsmith and Entringer [5] observed: It is also sufficient that for each veriex x
of minimum degree, the vertices in the neighbourhood ¥V(x) have large degree
sums; more precisely:

, [n/2]* = [n/2] for all even n and
) Y. deg(w) = for odd n < 15,
: wev @) [n/2)* - 7 for odd n = 15.

This result implies (1) but is independent of (2) and (3). Indeed, the graph in
Fig. 1 fulfils (2) and (3) but not (4); on the other hand the graph from Fig. 2 fulfils
(4) but not (3) or (2). :

fjg 1

Bollobés [2] uses maximal graphs with 6 > 1 and derives several results. The
following is a typical one and perhaps the most important of them: The degree
sequence d; = d, = ... = d, = 6 of G with n = 2 fulfils

®) S @+ dy) = kn—1
i=1

for each k with 1 £ k < min {[n/2] — 1, 6}.

O =

fig.3 fig.4
Although the result (5) implies (1) if » is even, in general (5) is independent of
(1)—(4). This can be seen with aid of graphs in Figs. 3 and 4. The former fulfils
(1)—(4) but not (5) and the latter works conversely. .
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" EDGE-CONNECTIVITY AND DEGREE OF A GRAPH

. Esfahanian [4] has given lower bounds on the edge-connectivity and, as ’a'con-
sequence the following condition (4 is the maximum degree of G'and D:
= diam (G)):

d-DP ' +44-2) -1 .

(6) ‘nz@G-1 -

+ 1.

The following similar condition is due to Soneoka, Nakada, Imase and Peyrat
[8] and slightly improves (6):

4-1DP1+4-3

(7) n>(©0-1) )

+4 -1

As shown in [8] this bound is best possible (at least) for diameters D = 3 and 4.
On the other hand, the graph of Fig. 3 does not fulfil (7) but fulfils (1)—(4).

Soneoka et al. [8] have established also the following generalization of (3) with
g standing for the girth of G:

g—1 for g odd,
8 <
® D—{g—z for g even.

They show that this condition is best possible for an infinite number of values
of 6 when gis 4 or gis odd.

Figs. 2 and 4 provide examples of graphs fulfilling (4) and (5), respectlvely,
and not fulfilling (8). Also there are examples in [8] where (7) works but (8)
does not. _

We conclude the survey by a result of Volkmann [9]:

) G is bipartite and 6 = nl

Two disjoint copies of complete bipartite graph K(n/4, n/4) provide an example
demonstrating that this result is best possible. Moreover, it is not a corollary of (8),
because there is a bipartite graph with g = 4 and D > 2 fulfilling (9) (e.g. with
n=7,0 =2). A generalization of (9) for p-partite graphs is given in [10].

§2. A NEW DISTANCE CONDITION

Here we show that the condition (3) can be slightly relaxed in sense that some
distances can be greater than 2.

2.1. Theorem. If in a connected graph no four vertices u,, v,, u,, v, With
(10) duyg, uz), d(uy, v3), d(vy, uz), d(vy, v2) 2 3

exist, then A = 6.
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Proof. For a contradiction consider a graph G fulfilling the distance condition
with A < 8. Let E, be an edge cut of cardinality A and let 4 and 4 be the vertex
sets of the components arising after deleting E, from G. Further, let 4, < 4
and A, = A4 be the sets of vertices incident with edges of E, and put 4, := 4 — A,
and A4, := 4 — A, (see Fig. 5). Denote the cardinalities of A4,,'4,, A, and A4,
by a,, a,, @, and a,, respectively. Clearly 1 = a, and 1 = q,.

A

AO A1 Z| AO

flg S

The distance condition in our theorem implies that a;, > 2 and @, = 2 cannot
hold simultaneously (otherwise there are u,, v, € 4, and u,, v, € 4, fulfilling (10)).
Thus owing to the reason of symmetry we can assume that a, < 1. Each edge
‘going from a vertex x of 4 ends in A4, U A4, or belongs to E,. Since G has no
loops or multiple edges, we have

o ai(a1—1)+l§/1(a1-—l)+).=la1 if ao=0,
) <
L deg(n) = {(a, +10a, +ASda +a +4 if gy =1

On the other hand

016 g al(l + 1) = lal + al if ao = 0,
xg:Adeg(x)g{(al+1)6g(a1+1)().+1)=la,+a1 +A+1 if ap=1.

Being compared these inequalities give a contradiction in either case. B

Fig. 6 shows that Theorem 2.1 is in a sense a best possible result. We have
immediately: '

2.2. Corollary. If a connected graph G contains such a vertex vy that d(x,y) < 2
Jor all x, ye V(G) — {vo}, then A = 6.

§3. DISTANCE CONDITION FOR BIPARTITE GRAPHS

Now we will give an analog of Theorem 2.1 for bipartite graphs and show that
it yields the result (9).
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EDGE-CONNECTIVITY AND DEGREE OF A GRAPH

3.1. Theorem. Let G be a bipartite graph with bipartition [A, B). Then . = §
whenever at least one of the following two conditions holds:
(i) diam (G) < 4 and neither part contains four vertices u,, vy, u,, v, such that

(l l) d(ul ’ ul)a d(ul ’ 02)3 d(vl ’ u2)9 d(vl ’ v2) = 4'
(ii) There exists a part P with d(x,y) < 2 for all x,y € P.
Proof. Suppose for a contradiction that there is an edge cut E, with cardinality

4 < 8. Clearly 1 > 0. After deleting the edges of E, from G, we obtain two com-
ponents with vertex sets S and S := V(G) — S. In accordance with Fig. 7, 4,, 4,

.

Al A,

S

1
it
<
I

1

1

!

1

i

'

fig. 7

B., B, denote the sets of vertices incident with some edge of the cut E, and lying
inAnS, An S, BN Sand B n S, respectively. The remaining vertices form the
sets Ay, Ay, By and B, i.e. 4o = ANS — A, etc. Let the number of edges
between 4, and B, be A, and that between 4, and B, be A,. Thus A = 4; + 4,.
Finally, let the cardinalities of the sets 4,, Ay, ..., B; be denoted by the correspond-
ing small letters, i.e. g, @, .., b,. Clearly we have - '

ay S A, by S 4,8 24y, b £,

(i) First suppose that the condition (i) holds. We have to distinguish several
cases, but owing to the reason of symmetry we can confine to the following:
Case 1: ay = 2 and d@, = 2. Then we can find u,, v, € 4y and u,, v, € 4, fulfill-
ing (11). ‘ :

Thus without loss of generality in what follows we can suppose g, < 1.

Case 2: ay = by = 0. Then a, + b, > 0 and we can suppose that 4, # 0. For
any x € A; we havedeg (x) < 1, + b,;.Ontheotherhanddeg(x) 26 =2 1+ 1 =
= A+ 4, +1 = 4, + b; + 1, a contradiction.

Case 3: a; =0, by = 1. Then for every x € B, we have deg(x) < a, £ 1, <4,
what is impossible.

Case 4: ag = 1, by = 1. Then for xe A, we have deg(x) £ b, +1= 4; +1
and for y € B, analogously deg () < a; + 1 £ 4; + 1. Thus we can write 26 -
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<deg(x) +deg(») = A4 + 4 +2=1 42 £ 6 + 1, which yields 5<1
i.e. A =0, a contradiction.
Case 5: a, = 1 and by, = 1. Then because of Cases 3 and 4 we have b, = 2 and
= 2 (use the symmetry). For any xe B, we get deg(x) < a, + 1= 4, + 1
and forany ye 4, we havedeg (y) £ b, +1 < A, + 1. Hence 2(4, + 4, + 1) =
=2(A+ 1) =26 < deg (x) + deg (y) < 24, + 2, i.e. 1, = 0 and thus @, =
= b, = 0. But for ue 4,, ve B, we have d(u, v) = 5, which contradicts our
assumption (i). ‘

Case 6: ag*=1, by = 2, by = 2. This is excluded by Case | (usc the symmétry).
Having covered all possibilities the proof is completed if (i) is assumed to hold.
*(ii) Now let the condition (ii) hold. We can assume that P = 4, i.e. d(x,y) £ 2
for all x,ye A. This yields d(u,v) £ 4 for all u,ve B and d(x,u) < 3 for all
x€ A, ue B. Hence diam (G) < 4. However, d(x, y) = 4 for any xe€ 4o,y € 4,
(see Fig. 7). Therefore a, . d, = 0 and we can assume that g, = 0. Then the con-
siderations of above mentioned Cases 2 and 3 will work. |
Fig. 8 shows that the assumption diam (G) < 4 cannot be dropped; on the other
hand this condition is not sufficient if the rest of (i) does not hold (see Fig. 9).

fig 8

3.2. Corollary. Let G be a bipartite graph with diam (G) < 4. If in either part P
there exists such a vertex vy that d(x,y) £ 2 for all x,ye P — {v,}, then 4 = 4.
Proof. Immediately, since (i) is fulfilled. &

3.3. Corollary. If a bipartite graph G has diam (G) £ 3, then 4 = 6.

Proof. Now the condmon (ii) is fulfilled because the distances in the same part
are even. |l

Our theorem implies also the above mentioned result (9) of Volkmann [9]:

- 3.4. Corollary. If G is a bipartite graph with 6 = (n + 1)/4, then A = é.
Proof. We will prove that the condition (ii) of Theorem 3.1 holds. Indeed,
if it is not the case, then there exist vertices x, y € A with d(x, y) > 2 and so V(x) n
N V(y) = 0. Consequently, B has at least (n + 1)/4 + (n + 1)/4 = (n + 1)/2
vertices. Symmetrically, 4 has at least (n + 1)/2 vertices too, what is impossible. §
Examples from Figs. 10 and 11 show that there are no other relations between
the conditions (i) and (ii) of Theorem 3.1 and (9). The graphs have n = 11,6 = 2.

. 24



EDGE-CONNECTIVITY AND DEGREE OF A GRAPH

In Fig. 10 we have d(1,4) = d(1,5) = 4 and d(x,y) < 2 for all x,ye 4 — {1}.

Also d(6, 10) = d(6, 11) = 4 and d(x,y) < 2 for all x,ye B — {6}. Thus (i) is
fulfilled but neither (ii) nor (9) hold.

(11
(21
131
4]
I51

(61
7

(81
]

1 2 3 & 5 1 2 3 & 5
6 7 8 9 10 N 6 7 8 9 1o "
fig. 10 fig. 1
In Fig. 11 we see that d(x, y) £ 2 for all x, y € A. Further d(6, 11) = d(7, 10) =

4. Thus (ii) holds but (i) and (9) do not.
Moreover, both these graphs have g = 4 and thus not even (8) is fulfilled.

REFERENCES

M. Behzad, G. Chartrand and L. Lesniak-Foster, Graphs and Digraphs, Prindle, Weber
and Schmidt, Boston, 1979.

B. Bollobas, On graphs with equal edge connecthty and minimum degree, Discrete Math. 28
(1979), 321-323,

G. Chartrand, A graph-theoretical approach to a communications problem, SIAM J. Appl.
Math. 14 (1966), 778 —781.

A. H. Esfahanian, Lower bounds on the connectivities of a graph, J. Graph Theory 9 (1985),
503 —511.

D.L.Goldsmithand R. C. Entringer, 4 sufficient condition for equality of edge-connectivity
and minimum degree of a graph, J. Graph Theory 3 (1979), 251 —255.

L. Lesniak, Results on the edge-connectivity of graphs, Discrete Math. 8 (1974), 351 —354.
J. Plesnik, Critical graphs of given diameter, Acta Fac., R. N. Univ. Comen. Math. 30
(1975), 71—93.

T. Soneoka, H. Nakada, M. Imase and'C. Peyrat, Sufficient conditions for maximally
connected dense graphs, preprint.

L. Volkmann, Bemerkungen zum p-fachen Kantenzusammenhang von Graphen, An. Univ.
Bucuresti Mat., to appear.

[10] L. Volkmann, Edge-connectivity in partite graphs, J. Graph Theory, to appear.

Jdn Plesnik, Stefan Zndm,
Matematicko-fyzikdlna fakulta UK
842 15 Bratislava, Czechoslovakia

25



		webmaster@dml.cz
	2012-05-09T20:14:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




