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Abstract. Classification of disconjugate differential systems is established. It is shown that every
disconjugate differential system belongs exactly to one of the (n 4 1) mutually disjoint classes.
Necessary and sufficient condition for determination of this class are given.
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1. INTRODUCTION

Let B(x), C(x) be symmetric nXn matrices of continuous real — valued functions
and B(x) be nonnegative definite on some interval I. The aim of the present paper
is to study self-adjoint linear differential systems

an Y =B®z Z=Cxy

umder assumption that these systgms are disconjugate on an interval 1.

Section 2 involves preliminary statements concerning properties of solutions of
investigated differential systems. In Section 3 it is established classification of dis-
conjugate differential systems (1.1) with respect to dimension of the solution space
of (1.1) generated by the right and the left principal solution of these systems.
Section 4 deals with transformations of certain disconjugate differential systems and
in Section 5 the results of the preceding sections are used to study relations between
systems (1.1) and associated Riccati matrix differential equation.

The matrix notation is used. E and 0 denote the identity and the zero matrix of
any dimension. If we need to emphasize that E is the identity matrix of dimension k,
we shall denote this matrix E,. If 4 is a symmetric matrix (i.e. AT = A), inequalities
A>0(20, <0, <0) mean that the matrix A is positive (nonnegative, negative,
nonpositive) definite. Inequality 4 > B between two symmetric matrices of the same

231



0. DOSLY

dimension denotes that 4 — B > 0. Inequalities 4 > B, 4 < B and 4 < B have
similar meaning. If A4 is a symmetric matrix, /,(4) and /,(4) denote the least and the
greatest eigenvalue of A.

A pair on n-dimensional vectors (y(x), z(x)) is said to be a solution of (1.1) on an
interval I if y(x), z(x) € C*(J) and (1.1) is identically satisfied on 1.

2. PRELIMINARIES

Simultaneously with (1.1) we shall consider the matrix differential system
.1 Y=Bx)Z Z=CxY7Y,

where Y, Z are nXn matrices.

Let (Y(x), Z/(x)), i=1, 2, be solutions of (2.1). Then Y (x) Z,(x) — Z](x) Y(x)=
= K, where K is a constant n X n matrix. If this matrix is nonsingular, the solutions
Y1, Z,), (Y, Z;) are said to be linearly independent and every solution (¥, Z) of (2.1)
can be expressed in the form (¥, Z) = (¥,C, + Y,C,, Z,C, + Z,C,), where C,, C,
are constant nXn matrices. A solution (Y, Z) of (2.1) is said to be self-conjoined if
Y*(x) Z(x) — Z"(x) Y(x) = 0. Some authors use for solutions having this property
concept conjugate solution (Sternberg [9]) or isotropic solution (Coppel[4]) or
prepared solution (Hartman [6]). Our terminology due to Reid, e.g. [8].

Two points a, b € I are said to be conjugate relative to (1.1) or (2.1) if there exists
a solution (y(x), z(x)) of (1.1) such that y(a) = 0 = y(b) and y(x) is not identically
zero between a and b. System (1.1) or (2.1) is said to be identically normal on
whenever the only solution (y, z) of-(1.1) for which y(x) = 0 on a nondegenerate
subinterval of I is the trivial solution (y, z) = (0, 0). System (1.1) is said to be dis-
conjugate on an interval I whenever no two distinospoints of 7 are conjugate relative
to (1.1). A

Let system (1.1) be identically normal and disconjugate on an interval I = (a, b),
possibilities a = —o0, b = oo are not excluded. It is known, cf. [8, p. 325], that there
exist self-conjoined solutions (Y, Zz), (Y, Z.) of (2.1) such that Yi(x), Y, (x) are
nonsingular on 7 and for some (and hence every) self-conjoined solutions (Y, Z,),
(Y2, Z,) which are linearly independent on (Y, Zg) and (Y, Z,), respectively, we
have lim ¥7'(x) Yg(x) = 0, lim ¥; *(x) Y1(x) = 0. The solutions (Y, Zg), (Y1, Zy)

x+b— x—+a+
are said to be the right principal solution and the left principal solution of (2.1), respec-
tively. If (Y&, Zg) is another right principal solution of (2.1) then there exists
a constant nonsingular nXn matrix C such that (Y, Zg) = (YgrC, ZgC). The
left principal solutions have similar property. It is also known that (Y, Zg),
(YL, Z;) are right or a left principal solution if and only if
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DISCONJUGATE DIFFERENTIAL SYSTEMS

lim tl(f Yz '(s) B(s) YE'(s)ds) = 0,

x-b— ¢

lim I,(f YL '(s) B(s) Y] '(s)ds) = 0, (€l

x=+at+ x
Every self-conjoined solution (Yy, Z,) which is linearly independent on the right
principal solution is said to be the right nonprincipal solution and we have for this
solution

x

lim I(J Y{'(s) B(s) Y] '(s)ds) < 0, cel

x-*b— ¢

The left nonprincipal solution is defined analogously.
To investigate differential systems (1.1) it seems to be very useful tool the following
transformation of these systems.

Theorem A. Let H(x), K(x) € C'(I) be nxn matrices, H(x) being nonsingular, for
which

22 H'(x) K(x) — K"(x) H(x) = 0,
H'(x) — B(x) K(x) = 0.
Then the transformation
(2.3) Y=HX)U
Z=Kx)U+H" ')V '

transforms (2.1) into the system

(2.4) U =FXx)V, V'=G((x) U,
where
2.5) F(x) = H™'(x) B(x) H""(x)

G(x) = —H"(x) K'(x) + H"(x) C(x) H(x).

For more informations concerning this transformation see e.g. [5]. Directly can be
verified the following statements:
i) (U, V) is a right or a left principal (nonprincipal) solution of (2.4) if and only
if (¥, Z), given by (2.3), is a right or a left principal (nonprincipal) solution of (2.1).
if) System (2.1) is identically normal on 7 if and only if (2.4) is identically normal
on I

3. CLASSIFICATION OF DISCONJUGATE SYSTEMS

Consider a system of scalar differential equations
3.1 y=bx)z, 2z =c(x)v,
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where b(x), c(x) are real functions, b(x) = 0, which is disconjugate on I = (a b).
Two cases are possible:

i) the right and the left principal solution of (3.1) are linearly independent.

i) (yr, z1) = c¢. (Y&, 2g), where ¢ # 0.
According to the Boruvka’s classification, cf. [3], in the case i) (3.1) is said to be
general on I, in the case ii) — special. Disconjugate differential systems can be
classified in the following way.

Throughout all paper we shall suppose system (1.1) to be identically normal
on I.

Definition 1. Let system (1.1) be disconjugate on I and (Y, Zg), (Y, Z;) be its
a right and a left principal solution. This system is said to be k-general on 1,0 < k < n
being integer, if rank of the matrix

Ya(x) Yy(%)
(3.2) [Z§(x) zi<x)]

equals n + k for every x € I.

Remark 1. In the scalar case, i.e. n = 1, special system of scalar equations is said
in the “system” terminology to be 0-general, general system of equations is said
to be 1-general.

Theorem 1. System (1.1) is k-general on 1 if and only if rank of the constant matrix
(33 K = YR(x) Z,(») — Zx(x) Y(%)

equals k.

Proof. Let (1.1) be k-general on I, i.e. rank of (3.2) equals n + k. Using the fact
that (Y, Zg) and (Y, Z,) are self-conjoined it can be verified that (3.2) has the same
rank as the matrix

Yr(x) 0
(34) [oR YR(%) Zy(x) — Zz(x) Y Ax)]'

Replacing, if necessary, (Yg, Zg), (Y1, Zr) by (YxC;,ZgC,), (¥ .C,, Z,C,), respectiv-
ely, C,, C, being suitable constant nonsingular n X n matrices, we can suppose without
loss of generality that K = diag {1, ..., 1,0, ..., 0} in (3.3) (of course, the case
that K contains no number 1 or no number 0 is possible). As rank of (3.4) equals
n + k, every minor of (n + k + 1)-th order must equal zero and there exists at
least one nonzero minor of (n 4 k)-th order. It follows that K has exactly n — k
zeros, hence its rank equals k. As all arguments can be reversed, the proof is com-
plete.

Remark 2. Theorem 1 shows that the matrix (3.2) has constant rank on I, hence,
every disconjugate system is k-general on [ for some k, 0 £ k < n.
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DICONJUGATE DIFFERENTIAL SYSTEMS

Lemma 1. Let (1.1) be disconjugate on I. There exist nxXn matrices H(x), K(x) €
€ C'(I), H(x) being nonsingular, satisfying (2.2), such that transformation (2.3) trans-
Sforms (2.1) into

(3.5 U=FxV, V=0

Proof. Disconjugacy of (1.1) implies existence of self-conjoined solution (Y, Z
of (2.1) such that Y(x) is nonsingular on I. Letting H(x) = Y(x), K(x) = Z(x), we
have the statement of lemma.

Lemma 2. Let the matrix F(x) in (3.5) be of the form

_[Fi(x) F3(x)
3.6) Fex) = [Fi(x) FZ(x)]’

where Fi,F,,F; are kxk (n=kxk, (n—k)yx(n-—k) matrtces, respectively,
0 < k £ n, for which _fFl(x) dx, _[Fz(\f) dx exist and are finite (i.e. jfu(x) dx exists

finitely for every entry f;; of Fy or F,) and lim ll(j F3(s)ds) = o0, ce l. Then

x—=b—

j'F (s)ds 0
(3 U= |3 . Va= [‘5 3]
sz(s) ds E,;

L. X

and

b
E, [FXs)ds o o
> V= [o E,,_k]’

0 [Fy(s)ds
are the right principal and nonprincipal solutions of (3.5), respectively, for which
UT(x) Va(x) = VT(x) Up(x) = —
Proof. As (3.5) is identically normal on I (since (2.1) is identically normal and
b

transformation (2.3) preserves this property), the matrix [ Fy(s) ds is nonsingular
X

on I, cf. [8, p. 271], hence Ug(x) is nonsingular. Similarly U(x) is nonsingular near b.
Directly we can verify that solutions (Ug, VR)., (U, V) are self-conjoined and UV —

— VTUg = —E. It follows that these solutions are linearly independent.
b
- ——j'des(jF3ds) | JFyds ©
(]_IIIR = e : =
0 (j F;ds)™! [F,ds E,_,
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b b x b b x
fFids— [F3ds(f F3ds)™' [ F,ds — [ F;ds(f F3ds)™"
x x c x <

x

—(} Fyds)™! f F,ds (f Fyds)™!

ie. lim U™ 'Ug = 0. It completes the proof.

x—=b—
Theorem 2. Let the matrix F(x) in (3.5) be of the form (3.6), the matrices F, , F,, F,
have propemes given in Lemma 2 and lim Il(j F(s) ds) = co. Then (3.5) is k-general

x=at+ x
onl.
Proof. As lim 1,(] F(s)ds) = oo, (U, VL) = (E,0) is the left principal solution

x—+a+ x

of (3.5) and according to Lemma 2 the right principal solution (Ug, V') is given by
(3.7). Obviously UjVg — VIUg = Vg, hence by Theorem 1 system (3.5) is k-general
on I.

Corollary 1. If system (2.1) is n-general on I then there exist the right and the left
principal solutions (Yg, Zg), (Y1, Zy) of this system such that the matrix Y Y} is
symmetric and positive definite on I.

Proof. If (2.1) is n-general on I then there exist matrices H(x), K(x) e C'(I) such

that transformation (2.3) transforms (2.1) into (3.5), where lim/ (_\' F(s)ds) = o0

x—b—

and lim 1,,([ F(s)ds) < oo, ie. (Ug,Vg) =(E,0), (UL, V)= (f F(s)ds, E) are
x-a+
principal solutxons of .(3.5). It implies that (Y, Zg) = (H K), (YL, Z) =
X X
=(H|Fds,K|Fds+ H' ') are principal solutions of (2.1). Directly we can
a a -

verify that these solutions have all stated properties.

4. TRANSFORMATIONS OF n-GENERAL SYSTEMS

In our investigation of n-general systems the following statement will play important
role.

Theorem 3. Let (2.1) be n-general dn I. Then there exist nXn matrices H(x),
K(x) e C*(I), H(x) being nonsingular, such that transformation (2.3) transforms (2.1)
into the system

4.1 ' U=0x)V, V' =0x1U,

where Q(x) is a symmetric nonnegative definite nxXn matrix.
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Proof. Let (Yr, Zgr), (Y1, Z1) be the right and the left principal solutions for
which ¥Y3Z, — ZgY, = E and YRY] > 0. It holds

Z; Y. |[Yx V.| _[EO
-Zy YrllZe z,| |0 E|’

|yl zL -vi] _[EO
Zx Z || -2y Y| |0 E
and thus
4.2) : YeZi — Y, Z} = E.
Denote by D(x) the symmetric positive definite nX n matrix for which D? = 2Y Y}
and let T(x) be the solution of the differential system
(4.3)  T'=D7'(x) [2B(x) Zr(x) YI(x) + B(x) — D'(x) D(x)] D~'(%) T,
T(c)=E, cel

hence

As
(2BZiY} + B — D'D) + (2BZyY; + B — D'D)' =
= 2BZ;Y; + 2B — D'D — DD' + 2Y,ZzB =
= 2YRY] + 2B — 2(YRY}) + 2(YrZ] — E) B =
= 2(YRY] + YrYT) + 2B — 2(YRY})' — 2B = 0, where (4.2) has been used, the
matrix T(x) is othogonal on I (i.e. T"(x) = T~*(x)). Set '
(4.4) H(x) = D(x) T(x),
K(x) = (Zg(x) Y{(x) + E) H""'(x).
Then
HH™ = DTT'D = D* = 2YRY] .H' — BK =
= D'T + DT' — BQRZRY} + E)D™'T =
= D'T + DD~*(2BZgY} + B — D'D) D™'T —~ 2BZzY[D™'T — BD™'T =
= D'T + 2BZyYID™'T + BD™'T — D'T — 2BZRY;D™'T — BD™'T =0,
H'K — K™H = H"'(HH'KH" — HK'HH" ) H" ™' =
= H '[2YRYF(2ZY] + E) — QY Zg + E) 2YRY[ | H* ! =
= H ' [4Y R YTZ YT + 2YRY] — (2YRZ] — E)2YRYI] H" ™' =

= H '[4YR(YTZg — Z[Y3) Y] + 4YRY[JH" ' = 0.
Let O(x) = H™'(x) B(x) H*~*(x)- To finish the proof, according to (2.4), it suffices
to prove that H™!BHT~! — — H'K’ + H'CH. We have

H'CH — H'K' = H™[-HH'K'H" + HH"CHH"]H" ! =
= H™'[~ HH"QCY,Y] + 2ZsZ[B) + HH"(2ZgY{ + E) H*'H™ +
+ HH'CHH™) H™ ! =
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= H™'[—4YRY[ZZ[B + 2YRY (2ZRY] + E) H" " 'H™'(2¥,Z% + E)B]H™"! =
= H™'[—4YRY[ZyZ]B + (2YRZ] — E) 2YRY(HH") '(2Y 2L —E) BJH""! =
= H ™ '[—4YRY[ZgZ, + 2YRZ[ — E)*] BH™"! =
= H [ —4YRY]ZRZ] + 4YRZIYRrZ] — 4YRZ} + E]BH™ ! =
= H™'[—4Yx(Z}Yy — E) ZT + AYRZLYRZL — 4Y ZT + E]BHT ' =
= H 'BH™!,

which has to be proved. The proof is complete.

- Definition 2. Let (Y;, Z,), i = 1,2, be self-conjoined solutions of (2.1) for which
YiZ, — Z1Y, = E and Y,Y} > 0 on 1. Further, let D(x) be the symmetric positive
definite matrix for which D* = 2Y, Y}, T be the solution of T' = D™ *(2BZ,Y, + B —
— D'D)D™*T, T(c) = E. The matrix Q(x) = H™*(x) B(x) H* "!(x), where H = DT,
we shall call the hyperbolic phase matrix of (2.1) determined by the pair of self-
conjoined, linearly independent, solutions (Y1, Z,), (Y, Z,).

Remark 3. According to terminology used in the scalar case, cf. [1], it would be
more precise to define the hyperbolic phase matrix of (2.1) as the matrix | O(s) ds,
c

c € I. However, for matrix differential systems the former definition is more suitable
and this definition also agrees with usual matrix notation used e.g. by Reid [7] and
Barrett [2] in connection with the generalized Priifer transformation for systems (2.1).

5. ASSOCIATED RICCATI MATRIX EQUATION

Let (¥, Z) be a solution of (2.1). It is known that in all points where the matrix ¥ (x)
is nonsingular the matrix W = ZY ™! is a solution of the Riccati matrix differential
equation

5.1 W' = —WB(x) W + C(x)
and that (2.1) is disconjugate on I if there exists a symmetric solution of (5.1) which
is defined on the whole irterval 1. If (Y, Zy) is a right principal solution of (2.1)

then Wy = Zz¥z" is said to be the right distinguished solution of (5.1). The left
distinguished solution is defined analogously.

Definition 3. A4 hyperbolic phase matrix Q(x) of (2.1) is said to be canonical if
Wg = —E and W, = E are the right and the left distinguished solution of the Riccati
matrix equation

(5.2) W = —WOx) W + 0(x).
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Theorem 4. Every n-general disconjugate differential system (2.1) has at least one
canonical hyperbolic phase matrix. Two nxn matrices Q(x), Q,(x) are canonical
hyperbolic phase matrices of the same differential system (2.1) if and only if there exists
a constant orthogonal nx n matrix G, such that Q,(x) = G30,(x) G,.

Proof. Let Q(x) be the hyperbolic phase matrix of (2.1) determined by the pair
of solutions (Y, Zg), (Y, Z.) for which YXZ, — Zx¥, =E and YRY} > 0, i.e.
0(x) = H™'(x) B(x) H" "!(x), where H(x) is given by (4.4) and T(x) by (4.3).
As transformation (2.3) transforms principal solutions into principal solutions,
(Ur, V) = (H *Yg, =K Yg + H'Zy), (UL, V) = (H™ 'Y, K'Y, + H'Z, are
the right and the left principal solution of (4.1). Further, YxY7 = HURUTHT, hence

URUL = H™'YRYIH" ! = iz E. Every solution (U, V) of (4.1) can be expressed

in the form (U, V) = (XC, + XT"'C,, XC, — X"~1C,), where C,, C, are constant
nXn matrices and X(x) is the solution of X' = Q(x) X, X(¢c) =E, cel. Let Uy =
= XA+ X" B, U, = XC + XT7!D. As the solutions (Ug, Vy), (U, ¥,) are self-
conjoined and URV, — ViU, = E, we have
| A™B — BT4 =0,
(5.3) C™D — D'C =0,
A™D — B'"C = — iE.
2
Now, -;— E = UlUgr = (C'X" + DX Y (X4 + X" 'B) = C"X"X4 + D"4 +
+ DX "1X""'B 4 C"B. As the matrix X(x) is nonconstant (since (4.1) is identically
normal on I) and (5.3) holds, we have 4 =0, D = 0, B'C = %E, ie. (Ug, Vy) =
= (XT'B, —X""'B), (U, V,) = (XC, XC), where B, C are constant nonsingular
nxn matrices for which B'C = —;— E. Hence Wy = VRxUz' = —E and W, =
VLUZI == E- .
Now, let Q(x), Q,(x) be two hyperbolic phase matrices of (2.1) and let these

matrices be determined by the pairs of self-conjoined solutions (Y,, Z,), (¥,, Z,)
and (Y,, Z,), (Y,, Z,), respectively, for which

(5.4) Y{Z, - ZY,=E, i=12.

Further, let the matrices H;(x), K;(x) be given by means of solutions (Y;, Z)), (¥;, Z,)
in the same way as the matrices H(x), K(x) by (Yg, Zg), (Y1, Z.) in the proof of
Theorem 3. Then (U;, V) = (Hi_IYh _Kn:rYi + H,TZ,), (U3 V) = (H'—‘Y‘.’
—KTY, + HTZ), i = 1, 2, are solutions of the differential systems

(5.5), U=0(x)V, V' =0,xU,
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(5-3)2 U'=0:xV, V=00,

respectively. Similarly as above we can prove that (U;, Vi) = (XF~'4;, —X[714),
(U,, V) = (X;B;, X;B,), where X{ = Qyx) X;, Xi{(c) = E, c € I and 4;, B; are
constant nonsingular n X n matrices for which 47 B; = —;IE, i 1,2. Since VU ! =
= —E, V,U ! =E, and Wy = E, W, = E are the right and the left distinguished
solutions of (5.2) with @ = Q;, (U,, ¥,) are the right and (U;, V;) the left principal
solutions of (5.5);, respectively. It follows that both (Y,, Z,) and (Y, Z,) are the
right principal solutions of (2.1), i.e. (Y,, Z,) = (Y, M, Z, M), where M is a constant
nonsingular nxn matrix. Similarly (¥,, Z,) = (¥;N, Z,N), N being a constant
nonsingular n X n matrix. From (5.4) it follows N = M7~ '. Further, H,H} = Y, Y1 =
=Y ,MN'YT = Y,YT = H,HT, hence H,(x)= Hl(x) G(x), where G(x) is an
orthogonal nx n matrix. It holds K, = (2BZ,Y} + E)H; ' = (2BZ,MN" Y] + E).
.H{7'G = (2BZ, Y] + E)H1"'G = K,G. Itfollows H} = H;G + H,G' = BK,G +
-+ H,G'. From the other hand H; = BK, = BK,G, hence H,G’' = 0,i.e. G(x) =
is a constant orthogonal nxn matrix. Thus Q,(x) = H;(x) B(x) HY '(x) =
= GgH{1(x) B(x) HT"(x) Gy = GgQ,(x) G,. The proof is complete.

Theorem 5. System (2.1) is k-general on Iif and only if rank of the matrix Wg — W,
equals k, where Wg and W are the right and the left distinguished solution of the asso-
ciated Riccati matrix differential equation (5.1).

Proof. Let (2.1) be k-general on I and W, W, be the right and the left distinguished
solutions of (5.1). There exist matrices H(x), K(x) € C'(I), H(x) being non-
singular on I, such that transformation (2.3) transforms (2.1) into (3.5), where

x
lim /,(f F(s)ds, = co0. Let Wy, W, be the right and the left distinguished solutions

x—+b— c
of the Riccati matrix equation
W = —WF(x)W.
We have Wy — Wy, = Zg¥r' — Z,Y;! = (KUgx + H'" W) Ug'H™! — (KU, +
+ H" YW U'H™ = HTWRUR'H™ — H™" 'V, U‘ =H'"" YWy — WY)H™?,

thus rank (W — W) = rank (Wx — W,). As lim I,(j F(s) ds) = oo and (3.5) is
k-general on I, (Ug, V) = (E, 0) and x=b=

& O ] . [Ec0
U = V = ,
L [32 n k t 00
where &y, &, are kxXk and (n — k) x k matrices, respectively, &, being nonsingular
on I, for which§; = F,,&; = F, and F,, F, are given by (3.6). Now, Wp = V,Ug' =

=0 and hence rank (Wi — W,) = rank W, = rank V, Uy ' =rank ¥V, = k. As
all arguments can be reversed, the proof is complete.
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