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SECOND ORDER STRONG DIVISIBILITY
SEQUENCES IN AN ALGEBRAIC NUMBER FIELD

A. SCHINZEL
(Received March 21, 1986)

Abstract. There are determined all second order linear recurrences u,, consisting of integers
of an algebraic number field and satisfying the condition {(u,, Um) = (Ue,m) for all positive
integers m, n. This answers a question of L. Skula.
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Let K be an algebraic number field, O its ring of integers, O* the group of units.
Let us consider a linear recurrence of the second order defined over O, i.e. a sequence
u, satisfying the conditions

) U s Up €Oy Upyg = Clpy, +du, (=12,..)

for suitable ¢,de 0, d # 0. The sequence u, is called a strong divisibility sequence
if the equality of ideals

(un’ um) »= (u(n,m))

holds for all pairs of positive integers m, n. P. Horak and L. Skula [1] have de-
termined all strong divisibility sequences u, for K = Q and L. Skula has asked [3]

for their determination in the general case. A nearly final answer to this problem

is given by the following theorem. In this theorem { denotes a primitive root of unity

of order k. ' '

Theorem. The sequence u, defined by the conditions (1) with u, # 0 is a strong
divisibility sequence if and only if at least one of the following five conditions holds

® W =o (c,d)=1;
. 2 .
Uy U u
(i) ¢c=0, deo*, Zreo,
ul :
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Uz

(iv) d=—c*c0*, 2eo0%
Uy
d=-c— % _cor (3 < 2[K : Q)),
) CAr S (B <k, (k) = 2[K: Q]
“n eF,,
w (=30 + )Y
! ey

where F, is_a finite set of strong divisibility sequences in the ring of integers of K((y)
periodic with period of length k. F, can be effectively computed for each K and k.

P. Horak and L. Skula have not assumed that d s 0. It is easy to see that all
strong divisibility sequences corresponding to d =0, u, # 0 are given by con-
ditions

u
ce0*, —2e0*
Uy

The proof of the theorem is based on three lemmata.

Lemma 1. Let a, B, 7, 8 be non-zero algebraic numbers. There exists an effectively
computable constant c, depending only on the height and the degree of «/B and /6
such that for every positive integer n either yo" — 6" = 0 or

lye" — 6p" | Z min {|y|, |0} (max {|al,|BI})'n~".

Proof. We assume without loss of generality that' || = | B| and apply Baker’s
estimate for | aj'a8? ... a%» — 1| in the form given to it in [2] (p. 66, Theorem A)
taking there : A

ay = —, a2=—B—, b1=1, b2=n-

We get either

or

which implies the lemma.

Lemma 2. Let L be an algebraic nﬁmber field, o, B, 7, 6 € L*, a, B algebraic integers.
Then either Ny o(ya" — 8f") is unbounded or «, B are units and Pla is a root of unity
ora =P,y =9.
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Proof. If for all sufficiently large n
yoa" — 6" =0
then clearly y = 8, « = f. Otherwise we have for arbitrarily large n:
YOl _ §@pn 2

for all isomorphic injections ¢ of L into C. Applying Lemma 1 we get

| },(v)a(a)n — 5(0)B(a)n | = min {| y(”) [, 5@ I} max {I o [, ﬂ(") |}nn—c
and on multiplication |
2) | Npjo(ya" — 0" | 2 C,Cyn~ L2

where

= [ min {|y1, 6},
 Cp =[] max {[ ], | B}.

If « is not a unit, we have

(€)

[T1eQ1z2
and the right hand side of (2) tends to co. If « is a unit we have
' (9) '
4 | n max {| L 1BP}= |]_[ max{ o) } >1,

unless, by a theorem of Kronecker, B/« is a root of 1. The formulae (2), (3) and (4)
imply that Ny ,o(ya" — ") is unbounded and the lemma is proved.

Lemma 3. If y, 6, n are non-zero elements of an algebraic number field L and S
is a finite set of prime ideals of L then the equation
ye — d¢' =1
¥ .
has only finitely many solutions in S-units ¢, ¢’ of L, which can be effectively determinéd.
Proof, see SprindZuk [1], Chapter A% lemma 6.2.

Proof of the theorem. Let x2 — cx — d = (x — &) (x — p), af # 0.Ifa=§.
we have from the general theory of lmear recurrences

= (yn — d)a", o, 7,0 €K.
From (u,, t,+,) = (u,) we get that (y,8) " I(y —0)a#0, hence a € O*. From
u, | Uy, we get
yn—06|2yn—-6
and since o
' m — 5| 2yn — 26
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we obtain
'}’n‘ b 6 | (s, NK/Q('WI - 6) l lecé.

If y # 0 then Ny o(yn — 5) is a non-constant polynomial in n, it is unbounded,
hence Ng;o6 = 0, 6 = 0, u, = yna",

-Lil =2%=c and (c,d)=(xa®)=1
1

thus (i) holds. If y = 0, then -:—2- = a and (ii) holds. Suppose now, that a # B.
1

Then, as is well known
u, = ya" — of"

for suitable y, 6 € K(a, B) such that y — 8 € K,y € K. Let us choose a positive integer D
so that yD, 6D are algebraic integers. Assume first that y6 = 0; without loss of
generality 6 = 0,

u, = ya".

' u
From (u,, u,+,) = (4;) we get that a € O*, hence _172— € O*. Moreover
1

(l‘_Z_)z_ c<i‘i) —d=0
Uy L2
hence (ii) holds.

Assume now that y6 # 0. From (u,, u,,,) = (14,) we get that (a, ) = 1 hence
(¢, d) = 1. From u, | u,, we get
ya® — 6p" | ya?" — 5%,
but
e — 88" | (y’a® — 676%") D,
hence
ya" — 5" | («®" B*") Dyé(y — 8) | Dyd(y — 9)
and either y = 6 or

() 0 < | Ngjo(ya" — 3B | < | NgjoDyo(y — 9) |-
In the former case we have’

Y _ yet = 9B

=a+p=c¢
uy ya — yp A

and (i) holds. In the latter case we apply lemma 2 with L = K(«, f) and infer from (5)
that a, f € O* and B/x = { for a suitable k. The case k = 1 is impossible, since
a # B. In the case k = 2 we get ¢ = 0 and since (¢, &) = 1 we get d € 0¥, case (iii).
Inthecase k=3 weget c=a+f=a(l +{3)= —al},d= —afp= -{3a* =
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= —c?. Since (¢,d) = 1 we get de O*. Since u, | us we get u, | cu; + duy; 4z | us;
uy | cu, + duy; uy | uy, hence —Z—z— € O*, the case (iv):
1
In the case k > 3 we infer from.c = o + f = a(l + §4), d = —ap = —{sa? that
2
-

A+ 6y

and since (a, f) = 1 that d e O*. Since {, satisfies an equation of degree 2 over K
its absolute degree ¢(k) is at most 2[K : Q]. It remains to show the last assertion

of (v). We notice first that & = —dd +4) and put
clx
Uy _ o« w_ ¥ =8
gn = — = —— — (S = ———
TS 21 v = o) ?,— 66

The séquence &, Is a strong divisibility sequence in the ring of integers of K({;) (note
that «, B, v, 8 € K({x))- It is periodic with period k and satisfies the recurrence relation

(6) Epy2 = (l + Ck) Ent1 — Cken'

From ¢, | ¢, we infer that ¢, | (1 4+ () &3, hence &, | (1 4+ ()&, = 1 + {;. From
t; | &6 we infer that &5 | (1 + (i) &5 — {i€4, hence

e |(1+8) e — Gea=(1 = G+ L) eas .
hence further o
Bl +4+Me A+ + 4G+ d).

Thus &, and g, are S-units, where S is the set of all prime divisors of (1 +{;).
. (1 + { + £3). On the other hand

g3 — &1+ 8) = —=¢;.

By Lemma 3 with L = K({;) there are only finitely many choices for ¢,, €5, hence by (6)
for the sequence &,, which proves that F; is finite.

Thus we have proved that every second order strong divisibility sequence satisfies
the alternative (i)—(v). The converse is true, since in case (i)

n n)
a — -
U, =, a_z , (p)=1,a%poru,=una""! ac0*
in case (ii)
u, \"- u
U, = u, (u—z) N —uz—E O*,
1/ 1

in case (iii)

u,=d* %y,  for n=r(mod2),r=1o0r2
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in case (iv)
U, = (—c)" "y,  forn =r(mod3),r=1or2or3

(note that in this case u,/u; is a unit).

in case (V)
—CCk 1-n
Hn (d(l T ck)) o>

is a unit.

@

Clg
aa + &)

where {e,} € F, and

2,

(L +&p?
the case (v) does not occur. In the proof of (i)— (iv) only the conditions (4,, #,+) =
= (u,) and u, | u,, have been used. Hence these two conditions imply for K = Q
that {u,} is a strong divisibility sequence.

Remark. In the case K= 0, d = e Q*is impossible for k > 3, hence
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