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ON THE ASYMPTOTIC STABILITY 
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Abstract. In this paper, the differential system of second-order with variable coefficients is studied, 
and some criteria of the asymptotic stability for solutions are given. 
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1. INTRODUCTION 

In the present paper we consider a system of differential equations 

-jjj- = aii(0*i +*i2(0 x2> 
(1.1) 

dx2 

~dГ = Д 2 l ( 0 * l + <*22(0 *2> 

where aik : R+ -» R(j,k = 1,2) are functions summable on every compact interval. 
It will be assumed throughout that 

(1.2) <H*i2(0 > ° i f teR+, 

where <je{-l, 1} and the function —H- is integrable on every compact interval. 
a12 

Let 

(1.3) a(t) = - j2 lW cxp[2f (an(x) - aaa(t))dr], 

(1.4) q>(t) - / | a12(t) I exp [j (a 2 2 «) - a..«)) d£| dt. 
o o 

Lemma 1. By means of the transformation 

0.5) x,(0 - exp [f du(x) dT] yi(s) (i = 1,2), 5 - q>{t), 
0 
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the system (1.1) will take the form 

^L^cy2, 
as 

(l.«) 
-^----c-K*)^ ' 

ds 
where 

(1.7) p(s) -= a(<f>-%(s)) ifO<.s<*o>So^\im 9(t) 
»- .00 

f and (p'1 is the inverse to (p. 
Proof. Let (x,, x2) be an arbitrary solution of t h e sntem (1.1). In view of (1.2) 

and (1.5) 

(1.8) x[(t) = au(t) x.(0 + oa12(t) cxp [J <>2ib) dT] y\(s), 

t 

xft) - a22(t)x2(t) + <xa12(0exp[J(2a22(*) - *u(T))dT]>>2(s). 
o 

By substituting (1.5) and (1.8) into (1.1) we obtain 0-6). The lemma is proved. 

Lemma 2. Let 
t 

(1.9) a(t) > 0 if / e R+, lim sup J *ii(t) dT < oo 
l->co 0 

and 
*2l(0 lim sup 

f-юo 

< 00 
flia(0 

and every solution of the differential equation 

(1.10) u" + p(s) u = 0, (0 ̂  5 < 50), 

w/iere 50 a/irfp ore defined by (1.7), satisfies the condition 

( U 1 > iis[-w+H-a 

rA«i /A* system (1.1) 25 asymptotically stable. 
Proof. Let (xi9 x2) be an arbitrary solution of the system (1.1) and let (y19y2) be 

the vector function given by (1.5). According to Lemma 1, (y>\»}>2) is a solution of the 
system (1.6). In view of (1.5) and (1.6), the function u(s) =-= yt(js) is a solution of (1.10) 
and 

t 

xt(t) - exp [J a. .(T) dT] u(s), 
(1-12) 

x 2(0 - a exp [J «722(T) dT] u'(s). 
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Therefore, 

(1.13) «?(0 + xl(t) = exp [2 J an(T)dt] \u\s) + I ^§-1 ^Q§-1 * 

^ei°"HH^I]h)+J*f-] 
for f e R+. From (1.9), (1.11) and (1.13), it holds that 

lim(xl(t) + x2
2(t)) = 0, 

f->oo 

i.e. system (1.1) is asymptotically stable. 

2. LEMMAS ON THE SOLUTION OF EQUATION (1.10) 
# 

Consider the equation (1.10), where s0 < oo and the function p : [0, s0) -» [0, oo) 
is integrable on [0, s0 — e] for any arbitrarily small e > 0. 

Lemma 3. Let equation (1.10) be nonoscillatory. Then the condition 
so 

(2.1) J(s0 - s)p(s)ds = co 
0 

is necessary and sufficient for every solution of equation (1.10) to tend to zero as 
s~* s0. 

Proof. We prove first the sufficiency. Let u be an arbitrary solution of (1.10). 
Since (1.10) is nonoscillatory and p is of constant sign, there exists a point st e [0, J 0) 
such that u(s) # 0 and u\s) ^ 0 if st ^ s < s0. Consequently, there exists a finite 
or infinite limit 

c0 = lim w(s). 
S-MO 

Our aim is to show that c0 = 0. We assume the contrary, c0 # 0. Then without of 
generality it will be assumed that 

(2.2) u(s)^8 if st g s < s09 

where 5 is a positive number. 
From (1.10) we have 

J (s0 - 0 o"(0 df + J (s0 - 0 i*0 «(0 d' = 0 (.st<.s< s0). 
»i »i 

This and (2.2) imply 

(2.3) (s0 - s) u'(s) + «(s) g c. - 5 J (s0 - 0 J>(0 dr 
* i 
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for s e [st, s0), where cx -= (s0 - sx) i/(st) + u(st). In view of (2.1), it follows from 
(2.3) that the inequality 

(s0 - s) u'(s) + u(s) < 0 

holds for some s2 e (sl9 s0). Therefore 

u'(s) 1 
< , for s2 < s < s0. w(s) ;s0 - s 

Integrating this inequality yields 

S0 — 5 2 

for s2 < s < so> which contradicts (2.2). This proves that c0 — 0. 
We now turn to the proof of necessity, i.e. we prove that if condition (2.1) is 

violated, then equation (1.10) has a solution, not tending to zero as s -> s0. 
We choose st e (0, s0) so that 

(2.4) ] ( 5 0 - s ) p ( s ) d s < l n | - . 
si Z 

Let u be a solution of (1.10) satisfying the initial conditions w(tfi)= 1, w'(-?i) = 0. 
Then 

(2.5) M(s) = 1 - / ( 5 - 0 p(0"(0df 
si 

and 

\u(s)\£l + t(s0-t)p(t)\u(t)\dt9 
*i 

for sx g s < s0. Hence according to Gronwall—Bellman's lemma, it holds that 

l"(s ) |£exp[j \ s o -0j>(0dt] 
51 

for st £ s < s0. This and (2.5) imply that 

u(s) £ 1 - / (s 0 - t)p(t) exp [ j (50 - T)p(x)dr] dt = 
*i *i 

a 

= 2-exp[J(s0-T)p(T)dT] 
*i 

for Si £ s < s0. From this in view of (2.4) we get 

U ( . ) ^ 2 - 1 - = | 

for st £ s < s0. The lemma is proved. 
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Lemma 4. Let the function p be absolutely continous on [0, s0 — «] for any e 
(0 < e < s0) and y 

(2.6) p(s) > 0, p'(s) = 0 

if0^s<s0. Moreover, let (1.10) be either oscillatory or nonoscillatory and 

(2.7) J V R O d l - o o . 

77ie/z every solution u of (1.10) that tends to zero as s -+ s09 satisfies condition (1.11). 
Proof. Introduce the function 

I P(s) 
In view of (1.10) 

' ^(5)=.-^-u'2(5) = 0 

P2(s) 

if 0 = 5 < s0. Consequently, o as a monotone function, has a limit 

Go = Hm Q(S). 
S-+SO 

Our aim is to prove that Q0 = 0. If (1.10) is oscillatory, then there exists the sequence 
sk ~* so a s ^ "* °° s u c h t h a t 

"'(**) = 0 (k = 1,2,...). 
Hence, 

*(**) = "V*) ( fc=l,2, . . . ) 
and 

0̂ = lim w2(s*) = 0. 
k-»oo 

Now assume that (1.10) is nonoscillatory and Q0 > 0. Since 

(2.8) lim u2(s) = 0, 
S"*SQ 

one can find a number s* such that 

« ' 2 ( S ) ^ Q0 

i.e. 

«'(s) < -M-JP& (**<*< So)-

By integrating this inequality, we get 

u(s)<u(s*)-J-!fЏp(t)dt. 
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Hence, in view of (2.7) we find that 

limw(s) == -oo, 
s-*so 

which contradicts (2.8). This proves that Q0 == 0. The lemma is proved. 

Lemma 5. Let conditions (2.1), (2.6) and (2.7) be fulfilled. Besides, in some left-hand 
neighbourhood of the point s0 the inequality 

(2.9) pis) £ 1 

2 4(s0 - s) 

holds. Then every solution of equation (1.10) satisfies (1.11). 
Proof. Since equation 

t/' + — - v = 0 
4(50 - s)2 

has a nonoscillatory solution v(s) = (s0 — s)~1/2, in view of Sturm's lemma and 
inequality (2.9) it is evident that (1.10) is nonoscillatory. By Lemmas 3 and 4, every 
solution of (1.10) tends to zero as s -> s0 and satisfies (l.U). The lemma is proved. 

Lemma 6. Let the function p be absolutely continous on [0, s0 — e] for any s 
(0 < a < s0) and 

(2.10) (s0 - s)2p(s) > 1 , -gj-(p(s)(so - *)2) ^ 0 

if0^s<so. Then for any solution u 0/(1.10), one can find a positive number rj 
such that 

(2.11) 2^-gL + u2(s) g rj(s0 - s) (0 ^ s < 50). 

Proof. Let u be an arbitrary solution of (1.10). We set 

u(s) = (s 0 -s) 1 / 2w(0, í = ln 5° 
s0 - s 

Then 

and 

where 
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«'(S) -» " - y (50 - S)"1'2 W(í) + (S0 - S)"1/2 W'(ť) 

w' +Þ(t)w = 0, 
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In view of (2.10)^(0 > 0,p'(0 ^ 0 if 0 ^ t < oo. Therefore the function 

w'2(0 + w'(0 

does not increase. Hence 
M 

+ w\t) < d\ w'2(0 , .„a,л _ sa 

where 
Pit) 

,- = ^ ° > + w - ( 0 ). 
P(0) 

Thus we have 

|w'(0l^5(s o -5)VKs), \w(t)\<6 

if 0 < t < oo. Therefore, 

I "(0 I ̂  S(s0 - s)1'2, 

I "'2<s> I -- . v / ' .% + * 2 V P W + *2(»o - " ) K-) 
H<S 0 — s; 

if 0 £ j < s0. This and (2.10) imply that (2.11) holds with r\ = 5<52. The lemma is 
proved. 

3. CRITERIA OF THE ASYMPTOTIC STABILITY 
FOR THE SYSTEM (1.1) 

Theorem 1. Let a12(t) ^0forteR+9 

a2l(t) 
t 

(3.1) lim Jaц(т)dт = — oo and limsup 
ř-»oo 0 t-+co 

< 00. 
*12(0 

The function a is absolutely continous on every compact interval and 

(3.2) 0(0 > 0 , a'(t)^0 

when teR+. Then the system (1.1) is asymptotically stable. 
Proof. AS shown above?, an arbitrary solution (xl9 x2) of the system (1.1) satisfies 

(1.13), where u is a solution of (1.10). In view of (3.2)9 p(s) > 09p'(s) ^ 0 if 0 g s < 
< s0. Therefore, the function 

satisfies the condition 
* > - ^ - + ^ 

<?'(*)=-4г7«'2(0-í0 
P (0 
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for 0 = s < s0 and hence, 

(3.3) <?(s) = <?(0) 

for 0 < s < s0. From (1.13), (3.1) and (3.3), it holds that 

lim x,(() = 0 (i = 1,2). 
f->oo 

The theorem is proved. 

Theorem 2. Let ai2(t) ^ 0 for teR+. Let be an absolutely continous function a 
on every compact interval and let the condition (3.2) be satisfied. Let, in addition 

a21(t) 
(3.4) 

and 

(3.5) b(t) = / a*Л0 

lim sup J a u(т) dт < oo, lim sup 
t-*oo 0 ř-*co Û12Í0 

< 00 

ßiгO) 
f | al2(x) | exp [/(a22(£) - a u «) ) d{] dt = i 

/or / 6 JR+ . JA /̂i (1.1) w asymptotically stable provided that 

(3.6) JVl«i2(0«2i(0IK0 d/ = oo. 
0 

Proof. In view of (3.2) and (3.5), equalities (1.3), (1.4) and (1.7) imply (2.6) and 
(2.9). On the other hand, (3.6) implies (2.1). 

According to (3.5) and (3.6), we can write 

J Ű2l(0 
Ö12Í0 

J.7p(s)ds = 
o 

t > 

exp [J(aiI(T) - O22(T)) dr] | aí2(t) | exp [J(a22(t) - 0í.(T)) dt]dt = 
o o 

= íVl a 2i(0ai 2 (0|d. ' = 2JVla2i(0ai2(0|fc(0dť = oo. 

Consequently, all the conditions of Lemmas 2 and 5 are satisfied. Therefore, (1.1) 
is asymptotically stable. This completes the proof of Theorem 2. 

Theorem 3. Let the conditions (3.2), (3.4), (3.5) be fulfilled and 
t 

(3.7) liminf Jan(T)dT> — oo. 
*->oo 0 

Then (3.6) is necessary and sufficient for the asymptotic stability 0/(1.1). 
Proof. The sufficiency follows from Theorem 2. We now prove the necessity. 
Let (1.1) be asymptotically stable. Then (1.13) and (3.7) imply that every solution 

of (1.10) tends to zero as s -+ sQ. By Lemma 3, (2.1) is satisfied which implies also 
(3.6). 
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Corollary 1. (A. G. Surkov [1]) Let ati(t) = 0, ai2(t) = -a2i(t) > 0, a22(t) ^ 
^ -2a1 2(f) for teR+. Then the condition 

(3-8) J ai2(t) (J a12(T) exp [J a22(£) dQ dx) dt = oo 
o t t 

is necessary and sufficient for the asymptotic stability of (l.l). 
Proof. We have 

t 

a(t) = exp [-2 J a22(T)dT], 
o • * 

00 T 

b(t) = J O 1 2(T) exp [J a22(i) d£] dT = 
f t 

= j°°a12(T) exp [-2 J a12(£) d£J dT = 1 • 
f f Z 

Hence, conditions (3.2), (3.4), (3.5) and (3.7) are satisfied. Therefore, in view of 
Theorem 2, condition (3.8) is necessary and sufficient. 

Theorem 4. Let a12(t) # 0 for teR+9 the function a is absolutely continous on 
every finite segment and a(t) > 0 for te R+. Assume also that 

(3.9) l im(exp[2ja 1 1 (T)dT](l+ - ^ 4 £ | ) x 

x J I al2(x) | exp [J (a22(0 - a n ( 0 ) d { ] d t ) = 0 
« o / 

J I al2(r) | exp [J (a22(£) - « n « ) ) d£| dT > 1 , . 
t f . --* 

fc'(0 = o 

hold for te R+. Then the system (1.1) & asymptotically stable. 
Proof. In view of (3.10) and (3.11), equalities (1.3), (1.4) and (1.7) imply (1.13). 

Therefore, according to Lemma 2, the system (1.1) is asymptotically stable. The 
theorem is proved. 
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