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Abstract. The paper deals with some types of a compatibility of a topology and an order. The

aim is to state conditions on a partially ordered set (P, <) under which the system of all topo-
logies on P compatible in a certain sense is a lattice. ) '
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1. INTRODUCTION

If an ordering relation £ and a topology @ on a set P are given, various kinds
of connections can be considered. In this paper we deal with four types of com-
patibility (see 2.1), so called i-compatibility for i e {1, 2, 3, 4}, introduced in the
papers [1], [4], [5]. The system C,(P) of all i-compatible topologies on a partially
ordered set (P, £) can be ordered in a natural way. The aim of this paper is to
describe all partially ordered sets (P, <) for which C,(P) (i € 2, 3, 4}) are lattices
and solve the problem of the existence of the least element in Cy(P) for i € {2, 3, 4}.
For i = 1 these questions were investigated in the paper [3]. :

Let (P, £) be a partially ordered set. For x, y € P we shall write x < y in the
case that x < y and no z e P exists satisfying x < z < y. The denotation x | y
will mean that x, y are incomparable, while x }y will express that x, y are com-

parable, i.e. x < yor x = y. For x e P set
tx ={yeP|yzx}
\x={yeP|y s x}
tx={yeP|yzxory £ x},
N(x) = {}’G»PI}’II x}. |
ForXc P, X # ﬂietTX =xg Tx,LX=xléj(lx, IX'=,9( {x,conv X = TanX=_
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M. PLOSCICA

= {xeP|y £ x < z for some y, ze X}, while 14, |8, |0 and conv @ define as 8.
The system of all subsets of a set P will be denoted by exp P. By a topology on P
a system 0 < exp P containing @, P and closed under finite intersections and
arbitrary unions will be meant. The elements of @ will be called open subsets of P.
The interval topology # on a partially ordered set (P, <) is the topology gene-
rated by the system {P — tx|xeP} u {P — |x|xeP}.

2. COMPATIBILITY OF A TOPOLOGY WITH AN ORDERING

In what follows, by (P, <) (or briefly P) an arbitrary fixed partially ordered set
will be meant.

Let 0 be a topology on P. Consider the following conditions for a, b € P:
(C1) There exists A € @ such that ae 4, b ¢ conv A4;
(C2) There exist A, Be 0 such thatae A, be Band x % y for every xe 4, ye B.

2.1. Definition. The topology 0 is called.:

l-compatible, if O is T,-topology and (C1) holds for every a,be P, a # b,a }b;
2-compatible, if (C1) holds for every a,be P, a # b;

3-compatible, if 0 is T,-topology and (C2) holds for every a,be P, a < b;
4-compatible, if (C2) holds for every a,be P, a £ b.

2.2. Note. 1- and 3-compatibility were introduced in [4], 2-compatibility is a slight
modification of the convex compatibility dealt with in [1] and 4-compatibility
issues from [5]. It is easy to see that @ is 4-compatible if and only if the relation <
on P is closed with respect to 0 in the sense of the definition given in [2].

Denote by Ci(P) (i e {1, 2, 3, 4}) the system of all i-compatible topologies on P.
Clearly C,(P) is contained in" C,(P) and C,(P), and both C,(P) and C,(P) are
subsets of C,(P). It is easy to see that in general C,(P) and C,(P) are incomparable
sets. Notice that C,(P) (i € {1, 2, 3, 4}) are increasing subsets of the set T(P) of all
T,-topologies on P, i.e. 0, < 0,, 0, € C(P), 0, € T,(P) implies @, € C(P). This,
together with the fact that the set T,(P) is closed under intersections yields that
C(P) is a lattice if and only it @; n @, € C,(P) whenever 0,, 0, € C{P).

2.3. Definition (cf. [3]). Define @ mapping v : exp P — exp P as follows: W(X) =
=Xu{xeP|X —1M — |N is infinite for all finite M ctx — {x}, Nc
c |x — {x}}.

It is evident that v(8) = 9 and v(X) = X for every X < P. It can be verified that
WX U Y) = v(X) v v(Y) for all X, Y < P (for the proof see [3]).

2.4. Definition. Let i€ {1,2,3,4}, xe P, X < P. We say that x is i-separated
from X, if for every O € C((P) there is A€ O such that xe A, An X = 0.
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Now we will show that for ie {1,2,3}, xe P, Xe P, x ¢ v(X) if and only if x
is i-separated from X. For i = 1 the statement follows immediately from 3.18
of [3]. To show this for i = 2, 3, it is sufficient to prove that if x is i-separated
from X, then x ¢ v(X) (the converse implication, also for i = 4, follows from that
for i = 1, since C,(P) = C(P)).

2.5. Lemma. Let X < P be infinite, x € P, X = N(x). Then x is not 2-separated
Jrom X.

Proof. Since X is infinite, it contains an infinite antichain or an infinite chain.
Let R c X be an infinite antichain. Put ® = {4eP|x¢ A or R — A is finite}.
Evidently 0 € C,(P) and x has no neighbourhood disjoint from X.

Let R = X be an infinite chain. Without loss of generality we can assume that
R = {ry,r;,...} is a descending chain. We put again 0 = {4 c P|x¢ 4 or
R — A is finite}. It holds that @ e T,(P) and x has no neighbourhood disjoint
from X. We show 2-compatibility of the topology 0. Leta,be P,a # b.If a # x,
then we put 4 = {a} € 0. Let a = x. If there is r, € R such that r, £ b, then we
put 4 ={a,r,ri4y,...}, else A ={a} VR In every case ae A4, Ae0 and
bé¢conv A.

2.6. Lemma. Let x€ P, X < P. If x is 2-separated from X, then x ¢ v(X).

Proof. Let x e v(X). If X n N(x) is infinite, then x is not 2-separated from X
by 2.5. Let X n N(x) be finite. Since x ¢ V(X N N(x)) and v(X) = v(X n{x) U
U V(X N |x) U (X N N(x)), it must be x e v(X N 1x) or x e v(X n |x). Without
loss of generality we can assume x € V(X N 1x) = v(X,). If x € X, then evidently x
is not 2-separated from X. Let x ¢ X. Then for all finite M < }x — {x}, Nc
c |x — {x} the setX; — {M — [N = X, — M is infinite. The system {X; —
—{M| M c tx — {x}, M is finite} obviously has the finite intersection property
and hence generates a filter # on P. We put 0 = {A < P|x¢ A or AeF}.
Evidently @ is a T,-topology and each neighbourhood of x has a non-empty
intersection with X. We show that 0 € C,(P). Let a,be P, a # b. If a # x, then
we put 4 = {a}. If a = x and b % a, we can take 4 = X, U {x}. If @ = x and
b>a,set A= (X;u{x}) —1b. In every case ae 4, A€ 0 and b¢conv 4. We
have obtained that @ € C,(P) and again x is not 2-separated from X.

2.7. Lemma. Let x€ P, X < P. If x is 3-separated from X, then x ¢ v(X).
Proof. First observe that if x € v(X) — X, then there exists 0 € C,(P) satisfying:
@) {y}eOfory # x, .
(ii) An X # O whenever A€ 0, x € A.
Namely if X n N(x) is infinite, we can take the topology constructed in 2.5, in the
opposite case the topology given in 2.6.
Now let xev(X) — X, @ be a topology as above. To prove that x is not
3-separated from X, it is sufficient to show that @ € C3(P). Let a,be P, a < b.
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If x ¢ {a, b}; we put 4 = {a}, B = {b}. If x = a (the case x = b is symmetrical),
then there is 4 € 0 such that ae 4, b ¢ conv A. Put B = {b}. Evidently u % v for
ue A, ve B. We have obtained 0 € C;(P).

- For 4-compatibility a different result is obtained:

2.8. Theorem. Let x € A, X < P. It holds: x is 4-separated from X if and only if
there exist finite sets M, < {x — {x}, M,  |x — {x}, M; = N(x) such that
X -1M - M, — |M; =0.

Proof. I. Let such M, M,, M, exist and let 0 € C,(P). For ye M, we get
A, € 0 such that xe 4,, A, n 1y = 0. Analogously, for ye M, and y e M, we
have an open neighbourhood 4, of x disjoint from [y and 1y, respectively. Let
A=n{A,|ye M, v M, U M;}. Then A4e0, xe A and A4 is disjoint from
M, v {M; U | M; 2 X. Hence x is 4-separated from X.

I Let X —~ tMy — M, — | M; # 0 for every finite M, = {x — {x}, M, <

€ |x — {x}, M5 = N(x). Then the system {X — tM, — |M, — | M, | M,, M,,
M, finite, M; < tx — {x}, M, = |x — {x}, My = N(x)} generates a filter # on P.
Put0 = {4A2P|x¢ Aor Ae F}.

0 is a T,-topology and each neighbourhood of x has a nonempty intersection
with X. We show O e C,(P). Let a,beP, a % b. If x ¢ {a, b}, then we can put
A = {a}, B = {b}. Let x = a (the case x = b is symmetrical). If a || b, then put

= (Xu{a}) —1b, B={b}, else (ie. if a<b) put 4 =(Xu {a}) — 1b,
B = {b}. Ineverycase ac A, be B, Ac0, BeOandut vforuec d,veB. '

3. THE LATTICES C(P)

Consider the topologies A, = N {0:0¢e C(P)}e T,(P) for ie{l,2,3,4}.
It is obvious, by Definition 2.4, that .4"; contains just those 4 < P, for which every
x e‘A is i-separated from P — A. In'view of the foregoing resultsitis #°;, = A", =

=AN3={Ac P:v(P —a) =P — A}. Consequently further we shall use the
denotation . instead of A", for i € {1, 2, 3}. Evidently C;(P) (i € {1, 2, 3}) contains
the least element if and only if A" € C(P).

In [3] the equivalence of the following conditions was proved:

(1) C,(P) is a lattice,

(ii) C,(P) contains the least element,

(iii) v(v(X)) = w(X) for every X < P,

(iv) v(v(1y) = v(}y) and v(v({»)) = v(]y) for every y e P. We shall prove
similar results for 2-, 3- and 4-compatibility.

3.1. Lemma. Let x,y€ P, x # y. If xe v(y) and x € v(}y), then C,(P) is not
a lattice.

Proof. By 2.6 the relation x € v(}y) implies the existence of a topology 0, € Cz(}’)
satisfying A n 1y # @ for each 4 € 0; that contains x.
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Analogously because of x € v(|y) there exists a topology 0, & C,(P) such that
An |y #0 whenever xe Ae0,. Let 0 =0, n0,. Then xe A€ O implies
An?ty #0 and An |y #9, hence y e conv A. We have proved that @ is not
2-compatible. Hence C,(P) is not a lattice.

3.2. Lemma. If v(1y) n v({y) = {y} for every y € P, then C,(P) = C(P).

Proof. Let O e C,(P), a,be P, a # b. Then a ¢ v(}b) or a ¢ v(|b). Suppose e.g.
that the first possibility holds. Then a is 1-separated from 15. Hence there exists
A€ 0 such that ae 4, A n 1b = §. We have proved that 0 € C,(P).

3.3. Theorem. The following conditions are equivalent:

(i) C,(P) is a lattice,

(ii) Co(P) = {0eT,(P): 02 &),

(iii) v(v(X)) = v(X) for every X = P and v(1y) n v({y) = {p} for every y€P.

Proof. If C,(P) is a lattice, then v(}y) n v(|y) = {y} for every y e P by 3.1.
Considering 3.2 and the result for 1-compatibility it follows the first part of (iii).
We have proved that (i) implies (iii). The first part of (iii) gives A4 € C,(P) and
using the second part of (iii) we have A" € C,(P) by 3.2. Hence (iii) implies (ii).
The validity of the implication (ii) = (i) is obvious.

3.4, Lemma, Let x,ye P, x # y, x }§y. If x e v(N(»)), then C;(P) is not a lattice.

Proof. If x e v(N(»)), then by 2.7 x is not 3-separated from N(y). Hence there
exists @, € C5(P) such that 4 n N(y) # @ whenever xe€ 4 € 0,. Since 0, is
a T,-topology and x¢ N(y), A n N(y) must be infinite whenever xe A€ 0,.
Let 0, = {4 < P|y¢ A or N(y) — A is finite}. We show that 0, € Cy(P). Clearly
0, is a T-topology. Let a,beP, a <b. If y¢{a, b}, put 4 = {a}, B = {b}.
If y = a (the case y = b is symmetrical), put 4 = {a} U N(a), B = {b}. In both
cases A, Be @, and ut vforue 4, veB. Let 0 = 0, n0,. If A,Be0, x€ A,
y € B, then A n N(y) is infinite and N(y) — B is finite. That is why 4 n B # 0.
This shows 0 ¢ C3(P) and C,(P) is not a lattice.

3.5. Theorem. The following conditions are equivalent:
(i) C3(P) is a lattice,

(ii) Co(P) = {0 e Ty(P): 0 2.4},

(iii) x ¢ v(N(p)) for every x,yeP, x £ y, x }v.

Proof. (i) implies (iii) by 3.4, the implication (ii) = (i) is evident. 8o it is
sufficient to show that (iii) implies (ii). Hence let us suppose that (iii) holds. Take
any g,beP,a < b.

LIf a <b, put 4= |b— {b}, B=1%a — {a}. Evidently ae 4, beB. For
X € A it holds x ¢ v(1d) (because of x < b) and x ¢ v(N(b)) by (iii), which follows
x¢v(}b U N(b)) = v(P — A). Hence 4 € 4 and analogously Be.#". Furthermore
x2 yforxed, yeB. '
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I.Ifa<s<bforsomeseP,putd=|s— {s}, B=1s — {s}. Againae A e
eN,beBeN and x L y for xe 4, ye B.
We have shown thatA” € C5(P), hence (ii) holds.

3.6. Lemma. Let S be the interval topology on P, O € C,(P). Then S < 0.

Proof. It is sufficient to show that P — {x e 0 for every x € P (the proof for
P — |x would be symmetrical). Let y e P — 1x, we will find a neighbourhood 4
of y in O such that 4 = P — 1x. Because of 0 € C,(P) and y % x, there exists
Ae0suchthat ye A and u % x for every ue€ A. Hence A < P — {x.

3.7. Lemma. Let # be the interval topology on P. If C,(P) is a lattice, then J €

€ C4(P).
Proof. Let C,(P) be a lattice. Leta,be P, a £ b. Set

S,={Ac P|la¢ Aor AeD(a)},
Iy={AcP|b¢ Aor Ae D(b)},

where 2(a) and 2(b) denotes the system of all neighbourhoods of @ and b in £,
respectively. 1t is easy to see that S, € C,(P), £, € C4(P). Since C,(P) is a lattice,
0=S,nI,€ Cy(P). Then there are 4,, B, € 0 such that ae A, be B, and
x 2 y whenever x € 4,, y € B,. Clearly 4, € 9(a), B, € 2(b) and there are 4 € S,
Be S suchthatae A < A;, be B< B,. Then x % y for x € A, y € B. The proof

is finished.

3.8. Theorem. The following conditions are equivalent:
i) C(P) is a lattice,

(ii) Cy(P) ={0eTy(P):0 =25},

(iii) for every x,ye P, x £ y there exist finite sets M; < {x — {x}, M, <
c |x - {x}, My = N(x), N, =ty — {3}, N, = |y — {3}, N3 = N(O) such that
z £ t whenever ze P — YM, — |M, — | My andte P — N, — |N, — | N;.

Proof. (i) implies (ii) by 3.6 and 3.7, the implication (ii) = (i) is evident. We

-are going to show that (ii) and (iii) are equivalent. Let (ii) hold. Take any x, y € P,
x £ y. Since S € C,(P), there are 4, Be # such that xe 4, ye B and u £ v for
every ue A, ve B. Since J < 0 for every 0 € C,(P), x is 4-separated from P — A.
Then 2.8 yields the existence of finite sets M, = tx — {x}, M, = |x — {x},
M, = N(x)satisfyingP — 4 — t1M; — |M, — | M; = 0,ie. P — tM, — | M, —

- 1M, c A. Analogously we can find finite sets Ny, N,, Ny with P — }N; —
~ N, — |NycB. Clearly z£1t for zeP — {M; — [M, — |M,, teP —
— N, — |N; — | N,. Hence (iii) holds.

Now let (iii) be satisfied. We are going to show that J € Cy(P). Let x,y€eP,
x$y Put A=P M, — M, — |M;, B=P — 41N, — [N, - |N;. It is
clear that xe 4, ye B, Ae S, BeFandu L vforue A, ve B.
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