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ON LINEAR METHODS OF SUMMATIONS
OF A FOURIER SERIES*

G. PRASAD and H. S. KASANA
(Received December 27, 1984)

Abstract. In this paper the authors have discussed the necessary and sufficient conditions for the
Fourier series of the function f(¢) to be summable (A) at a point ¢ = x.
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Introduction. Let A = (a,,4), #=0,1,2,...; k=0,1,...,n; a,,=1), be
a triangular matrix of real numbers. For a given infinite series Zu,, let the series
to sequence transformation o, be defined by

(1.1) On = ), Oy klix,
k=o

If 6, = s as n = o0, then series Zu, is said to be summable (4) to s.
The following notations will be frequently used:

(1) = d,(t) = —;—{f(x +1) I+ fx =10 -2/(x)};

sin(k + 1/2)¢ |
2sint/2 .

k .2
Mu(r) = _ sin (k+1)t2
K0 =2 D(» 2sin® 12

Dy(t) =

and
sin(n + k + 2)t/2sin(n — k)12

Ni(t) = N o(t) = M, (1) — My(t) = 2 sin? 12

Let Abea triahgular matrix satisfying
. n
tg’,, n+1 l
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Then Efimov [1] has shown that

v

(1.3) Y (k+ 1) 4%, | < 4,
k=o
. n—1
1.9 Y (n— k)lAza,,,,‘| < A,
k=v+1
(L) [oap sl = 4, k € N (natural numbers),
(1.6) k|da,;, | =4 for 1 £k <v,
1.7 - m—k+1)]|do,, | =4 for v<k <n,
and
(1.8) Y 1o, | < 4,
k=o

“where A%, ; = &, , — 206, y+1 + %y x+2, 4 is an absolute constant and v =
= [n/2], [x] represents integral part of x.
The following well known relations will also be used in the sequel:

1 4

(].9) m ka(t)dt = 5 kGN,
and
(1.10) 51Ny ()] d = O(n)

for m=v -1, v, v+ 1; and following relations hold uniformly with respect
tonandk =0,1,2,...,nas

1 .®

1.11 N,—-1(D)|dt = 0Q1),
(1.11) EFT s | Nrmema®1dt = 00
Ny(1)
(1.12) B —k sS4,
2n/(k+2) 1

(L.13) § 1 Nuaei®) = M1 = 0( ),

‘ 2n/(k+2)
(1.14) J  INpok=s(0) | dt = 0Q1),

2x/(k+3)

and .
(1.15) sin(2n — k + 1) t/2sin(k + 1)¢/2  sin(2n — k + 2)t/2sinkt/2 - 0(1).

Lo (k+ 1)t kt?

2. We now prove

64
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Theorem. For a triangular matrix (a, ;) with positive elements such that o, , — 1
as n = oo, if (1.2) is satisfied and ¢(t) = o(1/log t™*) as t — o, then

n—1

aﬂ
@.1) Y GETDlos kI =%

if and only if the Fourier series of f(t) is summable (A) to f(x) at t = x.
Proof. For given ¢ > 0, we choose § > o such that
2.2 | o(2) | log (1]1) < ¢, o<]|t] <.

Taking (1.1) into account and using Riemann — Lebesgue theorem and regularity
of (A), we have

= 1) = 2 3 dtys § 0 DO dt =

= (3t fo) Dt + 5 a0t Dyt +

0 o k=v+

k=
(2.3) Z j () D) dt} = I, + I, + o(1)  (say).

On applying Abel’s transformation and (1.3), (1.9), (1.6) and (2.2), we observe
that

v—1

&
J o) { T M(t) A%, + M (1) 4o, ,} dt | <

k=0

[y | =

s

v—-1

3
S 7 Jo®I{T M0 4] + M(0) | da [} di

:IN

k=o

(2.4) <82(k+1)|A2,,,‘|+e(v+1)|A°‘nk|<A6

and in view of (1.10), we get

SEECY Rl b I o { 3 Aoy (Ne-s() = Ny(0)} dt | =

k=v+1

= 2100 ey N0 - 3, Aaai0}arl s

2 3 n—
== fle®l | Z Ny (14 a,,,‘ldt+-—|A°‘nv+1lj|N,(t)go(t)|dtS
o —v+1
2 3 -
(2.5 =— fle®] | Z Ny(t) A%, o | dt + A6 = V) | A, y4s |-
4 k=v+1
Let '
N() = V(o) + W),
where
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Vi(t) = Ni(1) 02t 2n/(n -k +2)
w= 2nfn —k+2)<t<n

and
05tZ2nf(n -k +2)
W) = {N (1) 2nf(n —k+2) <t < m.

Applying (1.7) in (2.5) and further use of above notations leads to

2r/(n—k+2) n—

IIzlé—i-'— ] I<p(t)|| Z Vk(t)AakIdt+

: '] n—1
(2.6) + | le®l |k Y W) 4%, | dt + Ae.
=v+1

2r/(n—k+2)

Since
n—1 Vs Vi_
T A= T (n— k)4 ,k{n—"(i)kf———#,,_"k’t)l}”“

k=v+1 k=v+2
" Vi—4(1)
+ Aau v+1‘/v+l(t) - z Aan,k';;—;k—klﬁ— =

k=v+2

S 17 V..
kazv:n(n — k) A, k{ k(t)k n _,_‘ kl(_:_) 1} + Aoy 41 Vy4q(t) —
V,+1(1) . { Vie—s() 70) }
_ - _ ,

Ay k:,zs,a"' n—k+1 nk+2

on using (2.2), (1.4), (1.10) and (1.12) it follows that

Il(o(t)ll Z Vk(‘)Aznkldt< Z (n — k)| 4o, | %

k=v+2
2ﬂl(n-k+2) Vk(t) 3 Vk l(t) 2n/(n—k+1) Vk(t) l }
~ dt + t
x{ | O - B0 Jae” T o0l
2u/(n-v+l)
+ |_Aan,v+1 | I [e(®)] | Voss()dt + | oty 442 | %
2x/(n—v+1) V(t) n
X
x ! a———— de +k=§':+‘3la,,'k| x
wekD|y (1) Vk 2() 2n/nk+2) Vie-1(t)
— - 20 \ N7 <
"{ I ey e gy ""’(‘)'d’+z,,(,,.5,‘+3,"°(‘)' n—k+3| 0=
-k 2 s
< A - r n, k
—As[..;”' Tt | k+1 \J’,g,zﬂ (n—k+1)log(n—k+l)]
2.7 + Ae[(n —v=D|dey i1 | + | Cye2l] < 4e

Now, for the expression involving W, in (2.6) we proceed as (in view of (1.11)
and (1.4))
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n—1

s n—1 . '
Jlo] IFZHA’a,,kW;(t)Idt §k=2+1ldza,,k| JINGI |o(t)]dt £ Ae.

Using (2.7) and above in (2.6), we are able to show that | I, | < e. This fact coupled
with (2.4) and taking (2.6) into account, gives

| 0(x) — f(x) | < Ae + o(1).

To prove necessary part, it is enough to show that I, = o(1) as n — oo implies
the condition (2.1).
We observe that

n—v—l

3
j Z (an,n-k - an,n—k-i-l) Dn—k(‘) dt =

k=o0

-—V+

2
T
_ 2! ot sin(n + 1)tcos(k + 1/2)t
—';'oj ;n On,n—k — nn—k+l) 28int/2 de —
2 ¢ ! cos(n + 1) tsin(k + 1/2) ¢
'E'oj(p ; En,n-k — nn—k+1) ZSiIlt/Z dt =
2.8) - =P + Q (let).
Further, by using (1.7), (1.4) and (1.9), we treat with Q as
n—-v—2
l Q | I(P(t){ Z Mk(t)Az n n—k + Mn v-l(t) (d,, v+l T an,v+2)} d‘l =
2 L]
= ? I(P(t) {Aan v+1Mn —-y- l(t) —k Z M —k(t)A d,, k- 1} dt
4 v+2
@O S As{(n— V)| Aoty |+ X (1= k+ D) Ay 1} < de.

Again, in view of (2.8) and (2.9), it is enough to varify that (2.1) is implied by
n—=v-1

I Z (an,n-k - an,n—k+l) {Sin (n + l)tCOS (k + 1/2) t} I

A=o —— dt = o(1).

nez

© e u

2sin Et- log

On applying Abel’s transformation and noting the fact | sin x | 2 sin? x, we find
that the above relation implies .

* sin’(n + 1)t cos(n —v—1/2)t
n,v+1 . +
o logme?t™* 2sin¢/2
B=v—=2
(2.10) + Y oy ,sin(k + l)t} dt = o(1),
k=o

We know the well known results:
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n : .2
(2.11) | sin (n+.1)tcos(n zv_l 1/2)t dt = O(1)
° 2sint/2logne”t
and
@.12) i sm(k+1)tcgs_21(n+1)tdt=0(_1_>’ 1<k<n
0 log et n
Thus (2.11), (2.12) and (2.10) yield
t (n—v—2 .
.13y | { 5 an,,_,‘ﬂj—})f} dt = O(D).
_ o ( k=0 log me“t
Further,
x n/2(k+1) n :
sintk + Dt Digo () + {——————S“‘ (k+De dz} —R+L.
o logme“t e z2(+1) { logme“t

We treat R and L separately as

/2 sint /2 sint

R={ 2 —dt2 | > —dt >
o (k+ Dlogne(k +1)t7! 3 (k + 1) logne*(k + 1)¢t~!
2.18) > [2(k + 1) log {3e%(k + 1)}]-*,
and
[ cos(k + 1)t ]“ 1 M cos(k + 1)t
L = — —_— d =
(k + D) logne®t™ feza+1y Kk +1 z26+1) t(logne®t™*)?
2.15) B el A o{ 1 }
2(k+1) (k + D log*(k + 1)
n~v+2

[Y {(—DYk + D}y il is bounded. Therefore (2.13) implies (2.1) in view

k=0
of (2.14) and (2.15).
This completes the proof.
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