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ASYMPTOTIC F O R M U L A S F O R S O L U T I O N S 
OF THE D I F F E R E N T I A L EQUATION 

WITH ADVANCED A R G U M E N T 
(*'(0/K0)' + q(t)f(x(g(t))) = 0* 

MILOS RAB 

(Received October 18, 1985) 

Abstract. Asymptotic formulas for solutions of the differential equation with advanced 
argument (x'(t)\r(t))' + q(t)f(x(g(t))) — 0 are derived in terms of so-called (1,p)-integral 
equivalence to the equation (y'(t)lr(t))' = 0. 

Key words. Differential equation with advanced argument, (y>, p)-integral equivalence, re­
stricted (y>, p)-integral equivalence. 

MS Classification: 34 K 15, 34 C 11. 

I N T R O D U C T I O N 

In the papers [1], [2] the integral equivalence of two systems 

(1) x' = A(t9 x)9 

(2) / =B(t9y) 

in the following sence was studied. Let p e R9 p _• 1 and let ^ be a nonnegative 
continuous function defined on <0, oo). We say that the systems (1), (2) are 
(\j/9 p)-integral equivalent if to every solution x of (1) defined for / -> oo there 
exists a solution y of (2) such that 

(3) ^\t)\x(t)-y(t)\e<?p 

and conversely, if to every solution y of (2) defined for t -* oo there exists a solu­
tion x of (1) with the property (3). By restricted (ij/9 p)-integral equivalence between 
(1) and (2) is meant that the relation (3) is satisfied for some subsets of solutions 
of (1) and (2) e.g. for bounded solutions. The same concepts appeared in (3) in 
connection with systems of functional differential equations x'(i) = f(r, xt)9 y'(t) = 

* Presented to the Confeгence EQUADIFF 6, Brno, August 26-30, 1985. 
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= /(>>yf) +£('>yr)> where the asymptotic behaviour of the difference x(t) — y(t) 
was studied. 

In this paper asymptotic properties of the differential equation with advanced 
argument 

(4) (*'(0l>(0)' + q(t) f(x(g(t))) = 0 

are derived in terms of (l.p)-integral equivalence to the equation 

(5) (y(0!>(0)' = o. 

Some of the usual assumptions concerning the absolute convergence of certain 
integrals are replaced by relative one. 

In the case r(t) = 1, g(t) = / the asymptotic formulas (10) and (11) have been 
proved by Naito in (4). 

MAIN RESULT 

Lemma 1. ([2], p. 394) Let b(t) ^ 0 be a continuous function on <0, co) and such 
that 

00 

(6) J s1/pb(s)ds < co for some p ^ 1. 
o 

Then 

]b(s)dse&p.,p'=p. 
t 

Lemma 2. Let r(t), h(t) be continuous functions on <0, co), r(t) > 0. If 
t s 

lim J r(s) J h(u) du ds 
f->oo 0 0 

exists and is finite, then the equation (5) and 

(7) (x'(t)/r(t))' = h(t) 

are (1, p)-integral equivalent if and only if 
00 s 

(8) fr(s)f>'(K)d"dse.S?p 
t a 

for some a > 0. 
Proof. Any solution of (7) is of the form 

(9) x(t) = y(t)-Jr(s)jh(u)duds, 
t c 

t 

where y(t) = a + P J r(s) ds, a, /? e R, is a suitable solution of (5) and conversely 
o 

if y is any solution of (5) then (9) is a solution of (7). 
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ASYMPTOTIC PROPERTIES 

It is evident that x(t) - y(t) e S£p if and only if (8) holds. 

Remark. The condition (8) is satisfied if 

]s1,pr(s)\ J/ i(«)du|ds<oo. 
0 a 

Let R+ be a set of all positive numbers. Let / s R be an open interval, J0 = 
= <0, oo). 

Theorem. Suppose that: 

(i) r: J0 -> ^+? <1: Jo -* R are continuous, g: J0 -+ J0,f: I -+ R have continuous 
derivatives of the first order, g(t) ^ t on J0\ 

oo 

(ii) J r(s) ds = oo; 
o 

t 

(iii) J q(s)ds has a finite limit as t -> oo so that 
o 

00 

2(0 = J q(s) ds -> 0 as t -> oo; 

00 

(iv) J sl,pR(s) H(s) ds < oo /or some p, 1 g p g oo, 
o 

w/zere U(j) = Max (r(s), r(g(s))), H(s) = Max (| Q(s) |, | Q(s) g'(s) |, | Q(g(s)) |); 
00 00 

(v) J s1,pR(s) G(s) ds < oo where G(s) = J R(u) H2(u) du. 
0 3 

Then for any a e / there exists at least one solution x of the equation (4) with the 
olio wing propert ies 

oo oo 

(10) x(t) = a + 0(e(0), 8(t) = Max(jK(s)tf(s)ds, f K(s)G(s)ds); 

t t 

(11) *'(0/r(0 = 0(<5(0)> <5(0 = Max (7/(0, G(t)); 

(12) x(t)-*e&p. 
Conversely any bounded solution of (4) approaches to a finite limit as t -+ oo so 

that the relations (10), (11), (12) are satisfied. 
Proof. Let us note that conditions (iv) and (v) imply the convergence of the 

integrals 
oo oo 

fi?(s)ff(s)ds and J R(s) G(s) ds. 
0 0 

Let a e / and let e > 0 be such that <a — e, a + e> c /. Denote 

/?= M a x | / ( x ) | , y - Max | / ' ( x ) | . 
l*-«ls»« l*-«ls« 
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Put r\ = 2/fy and choose a l0 > 0 such that 
00 

(13) 2y$R(s)H(s)ds^ 1 

and 
00 00 

(14) p J R(s) H(s) ds + ri$ R(s) G(s) ds g e. 

The condition (13) implies 
(15) y(p + f1]R(s)H(s)ds)^ri. 

to 

Let J5" be the Frechet space of all continuously differentiable functions on <lo> °o) 
with the family of seminorms defined by 

\\x\\h= sup {|JC(OI + l*'(0/KOI}-
to£t£t0 + h 

We have the convergence xn -> x in the topology of <F if and only if xn(t) ~* x(i) 
and xn(t) -> xf(t) almost uniformly on </0, oo). Let I c , f bea system of func­
tions x such that 

i x(t) - a | g e, Max {| x'(/)/V(0 I, I *'(g(0))Ms(0) 1} -3 jMf(0 + *G(0-

Define the operator T on X by 

(Tx) (0 = a - fr(5)g(5)f(x(g(5)))d5 -
r 

- J r(s) ]Q(u) f'(x(g(u))) x'(g(u)) g'(u) du ds. 
t S 

Any fixed point of the operator Tis a solution of (4) with the properties (10), (11), 
(12). First, let us prove its existence. 

The space X is evidently a nonempty closed convex subset in 3F. If x e X then 
00 O0 

| (Tx) (t) - a | š p J r(s) I Q(s) \ds + yí r(s) J | Q(u) x'(g(u)) g'(«) | du ds á 
f t S 

oo oo oo 

^ p f R(s) #(s) ds + y J R(s) J R(u) H(u) lpH(u) + t]G(u)~] du ds 
t t S 

for / ^ t0. 
Since 

00 oo 

J K(5) f JR(w) H(w) [ČH(tO + rjG(u)'] du ds g 
ř s 

oo oo oo 

^ p J R(s) G(s) ds + t] J J?(s) J R(u) H(u) G(u) du ds ^ 
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ASYMPTOTIC PROPERTIES 

00 00 00 

g J R(s) G(S) ds + r\ I R(s) G(s) J R(u) H(u) du ds g 
( t s 

g f R(s) G(s) dslp + t, ]R(S) H(S) ds], 
r t 

we have with respect to (15) and (14) 

| (Tx)(t)-*\^p ]R(S)H(S)ds + y(P + ^ ]R(S)H(S)ds) 1 R(s)G^)ds £ 
• t t 

oo oo 

g ft J i?(s) H(s) ds + >/ J K(s) G(s) ds g e on < f0, oo). 
r r 

Moreover 

' | (Tx)'(t)/r(t) \^p\ Q(01 + y J I G(s)x\g(s))g'(s) | ds ^ 
r 

^ /? I Q(0 I + y JR(S) H(S) [pH(s) + iG(s)-] ds § 
r 

^ P16(01 + PyG(t) + yn JR(S) H(S) G(S) ds. 
t 

Using (15) we have 
| (Tx)f (t)/r(t) | £ pH(t) + nG(t). 

Moreover, since g(t) ^ t and G(t) is nonincreasing, we receive writing g(*) instead 
of / in (17) 

I (Tx)' (g(t))/r(g(t)) | £ £ | Q(g(t)) \+Py] R(s) H2(s) ds + 

+ y^ ]R(s)H(s)G(s)ds g pH(t) + pyG(g(t)) + 
0(0 

+ ynG(g(t)) ]R(s)H(s)ds <, pH(t) + G(t)y[p + n J R(s)H(s)ds\ 
g(t) t 

Taking (15) into account we have 

| (Txy (g(t))/r(g(t)) | ^ PH(t) + nG(t). 

Thus T is well defined and maps X into itself. 
Now, let xn -» x, xn -> x' almost uniformly on </0> °o). Then we have 

r~\t) | (7X)' (0 - (Tx)' (t) | ^ ff(i) |/(xB(g(/))) - / (*(*(0) I + 

+ J K(s) H(s) | f(xn(g(s)) xn(g(s))/r(g(s)) -
r 

- f\x(g(s))) x'(g(S))/r(g(s)) | | g'(*) | ds. 
Let us note that f(xn(g(t))) converges almost uniformly to f(g(t)) on <f0, oo) 
since / and g are continuous. The sequence 
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(If(J) R(s) I f(xn(g(s))) x'n(g(s)) - f'(x(g(s))) x'(g(s)) I X 

x |r" 1 (g( j ) )^( j ) | ) - . 1 

tends to zero almost uniformly on </0, oo) and is bounded above by the integrable 
function 2yH(s) R(s) [fiH(s) + J?G(s)]. Applying the Lebesgue dominated con­
vergence theorem, we find that (Txn)' (/) -* (Tx)' (/) almost uniformly on </0, oo). 
Moreover since (Txn)' (/) — (Tx)' (/) is bounded above by the integrable function 

2R(t) | fiH(t) + i,(7(0 | and | (Txn) (/) - (Tx) (0 I ^ J I (Txn)' (s) - (7*)' (s) I ds 
t 

on </0, oo) we conclude (TX) (/) to be convergent almost uniformly on </0, oo) 
to (Tx) (/). Thus T is continuous on X. 

It remains to prove that TX is precompact. The functions (Tx) (/), (Tx)' (/) 
are evidently local uniformly bounded for all xe X. Moreover for all x e X and 
for all /', /", /0 ^ /' ^ f we have 

| (Tx) (f) - (ix)(O | rg } r(s) \ Q(s) f(x(g(s))) \ ds + 

+ } r(s) J | Q(u) | | /'(x(g(u))) x'(g(u)) g'(u) \dudsi 
t' a 

f r 
P J R(s) H(s) ds + ni R(s) G(s) ds. 

f f 

Thus the functions (Tx) (/) are equicontinuous on every compact subinterval 
of </0,co). 

Because z = Tx is a solution of the equation (z'(t)/r(t))' = -q(t)f(x(g(t))) for 
any x6 X, the functions ((Tx)' (t)/r(t))' are uniformly bounded for all xe X on 
every compact subinterval of </0, oo). Thus the functions (Tx)'(t) are equi­
continuous on every compact subinterval of </0, oo) and TXis precompact accord­
ing to Ascoli theorem. 

Now applying Schauder—Tychonoff theorem to the operator T we receive at 
least one fixed point x of T which satisfies (10) and (11). To prove that x(t) - a e &p 

it is sufficient to prove that the integrals 
OO 00 

\R(s)H(s)ds, \R(s)G(s)ds 
t t 

belong &p. But this follows from (iv) and (v) and Lemma 1. 
Conversely let x be any bounded solution of (4). Define 

y(0 - x(t) + jr(s)Q(s)f(x(g(s)))ds + 
r 

+ ]r(s) ]Q(u) f'(x(g(u))) x'(g(u)) g'(u) du ds. 
t t 
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ASYMPTOTIC PROPERTIES 

Then y is a bounded solution of (5). Since any solution of (5) is of the form y(t) = 

= a -f ft J r(s) ds, it is y(t) = a in view of (ii). Thus x(t) tends to a for t -+ oo 

and has the properties (10), (11), (12). The proof is complete. 

Remark. If I = JR, Theorem implies (1, p)-integral equivalence of the equa­
tions (4) and (5) with respect to the set of bounded solutions. 

As an example consider the generalized Emden —Fowler equation • 

(18) (r*x'y + tx sin 11 x \y sign x = 0, / > 0, y > 0, \i = - 1 , X < 0. 

Applying preceding theorem to the casej(x) = | x \7 sign x, r(t) = J", q(t) = tx sin **, 
oo J 

| Q(t) | = | J sx sin .y ds \ = 2/\ we find that if \x + X + 1 < , then for any 
r P 

a e R9 a ^ 0 there exists at least one solution x of the equation (18) such that 
(19) x(t) = a 4- 0(*"+A+1), x'(t) = 0(f+ A), x(r) - a e JSfp 

and any bounded solution x of (18) approaches to finite limit as / -^ oo, so that 
the formulas (19) hold. 
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