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ON OSCILLATION OF SOLUTIONS OF LINEAR
'DEVIATING DIFFERENTIAL EQUATION

RUDOLF OLAH, Zilina
(Received January 25, 1982)

Abstract. A sufficient condition is given that au solutions of the equation y(¢) + p(¢) ¥(g(r)) = 0,
n = 1, are osciuatory if n is even or odd. It is assumed throughout this paper that p(¢), g(¢) are

continuous on [0, ), p(¢) > 0, g(¢) < ¢, lim g(t) = o, g(¢) is nondecreasing. The oscillatory
t— o0
behaviour of the equation involving retarded and advanced arguments is studied, too.

Key words. Deviating argument, linear equation of n-th order, oscillation of solutions, non-
oscillatory solution of degree /.

1. Introduction

The purpose of this paper is to study the oscillatory behaviour of solutions
of the linear differential equation with retarded argument

) ¥ + p) y(g®) =0, nzxl,

and the asymptotic behaviour of solutions of the linear differential equation with
advanced argument

¥)) YO + q@®) y(h(1)) =0, n =2,

where p(t), q(f), g(¢) and h(t) are continuous functlons on [0, co) such that p(f) > 0,
q() > 0, g(t) < t, h(®) > t and lim g(t) =

t—

The oscillatory behaviour of the equation involving both retarded and advanced
arguments

3) YO + p(0) ye®) + q@yh®) =0, nz1,

‘will also be studied.
A solution y(f) of the equation (1) (or (2), (3)) is called oscﬂlatory if it has
arbitrarliy large zeros, and it is called nonoscillatory otherwise.

Lemma 1. (Kiguradze). Let y(t) be a solution of the equation (1) (or (2), (3))
satisfying the condition
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y@) >0  for te[0, ),

and let y™(r) < 0 for t € [0, o).
Then there exist a t, € [0, ) and an integer 1€ {0, 1, ...,n — 1} such that | + n
is odd and :

)] YO >0  for te[t,,0) (i=0,..,1-1),
(=D YD) >0  for te[t,,0) (=1...,n=1),
& =) =A+D)1y0) fortelt,0) (=0 ...,1-1),
1Z21n—-1.
Analogous statement can be made if y(f) < 0 and y™(r) = 0 for 7€ [0, ).

An y(f) which satisfies (4) is said to be a (nonoscillatory) solutxon of degree /
(see Foster and Grimmer [17).

2. Retarded equation

We consider the equation (1) with retarded argument where p(f) and g(f) are
continuous on [0, ©), p(f) > 0, g(¥) < t, g(¢) is nondecreasing and lim g(r) = o

1= 0
Theorem 1. Suppose that for every 1€ {0, 1, ...,n — 1} such that n + 1 is odd
and for some d, € {0, 1, ...,n — I — 1} it holds

() }lm sup j [s — g """ [g(t) — g()]" [&()] p(s)ds >
>l —1—d — 1) d.

Then every solution of equation () is oscillatory.

Proof. Let y(¢) be a nonoscillatory solution of equation (1) such that y(g(?)) > 0
for t €[5, ), o = 0. Then with regard to Lemma 1 there exist ¢, € [, o) and
1e{0,1, ...,n — 1} such that » + / is odd and (4), (5) hold. For sufficiently large
1, € [t;, ) in view of (5) we have

0 ez B0 o), zh, 0sisa-d

From the equality

® ©0=3 eI

sgtgtz,fork=n-f'1weget

29(s) + _——(k( 'f,)k nr ] f (u— )77 z®(u) du,

(9) z(f)(t)="—§l( 1)( J (3 ) z(i)(s) +
' i=j ( -
+ (G ) j'(u t)n—l—j—l 2°D(u) du
m-I1-j-1 ; ’
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OSCILLATION OF LINEAR DEVIATING EQUATION

Choose z(f) = y’(¢). Then for j = dj, d,e{0,1,...,n — I — 1}, from (9) with
regard to (4) we have

10)  12%0)| 2

—4 =) '\j’) [u — e@I™""*71 | 27O (u) | du.
From (9) for u e [g(?), t], de{0,1,....,.n—1—1},j=0, we get

—_ di
an 2(aw)) 2 EOZEOT g,

From (10) in view of equation (1) we obtain

1 2*(e)| 2 —1d, =7 J, 4 — #OF 7 (e(w) | plw) du.

From the last inequality using (7) and (11) we have

Nn—-1l-d-0ld! 2z 9(5‘ )[u — 80" 47 [g(0) — 8] [gw) — 1, p(u) du.

So for ¢ sufficiently large we get a contradiction to (6). This completes the proof.
If for every le {0, 1, ...,n — 1} we take d, = 0, we get the next corollary.

Corollary 1. Suppose that for every /€ {0,1,...,n — 1} such that n + / is
odd the following holds

(12) lim sup j [s - g1 g pls)ds > I(n — 1 — D).
t= o0 o(t)

Then every solution of equation (1) is oscillatory.

Corollary 2. [5]. Let n be odd and let for some de {0, 1, ...,n — 1} hold

(13) lim sup j [s— g [g(t) - g()) p(s)ds > (n — d — 1)1 d.

t—w

Then every bounded solution of equation (1) is oscillatory.

Proof. If y(¢) is a bounded nonoscillatory solution of equation (1) then / = 0
and we can apply Theorem 1.

We introduce the notation:

G(t) =max {s —g(s): g(r) S s 1}.
Corollary 3. Let n be even and let

(19) GO < g for t 2T, Te [0, ),
hold and in addition
(15) lim sup j [s — g(t)]" g(s) p(syds > (n — 2)1.

Then every solution of equatlon (1) is oscillatory.
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Proof. In view of (14) the condition (15) implies (12) and we can apply
Corollary 4. Let n be odd, let (14) hold and in addition

(16) lim sup j' [s — g(O]" @ P(s) ds > (n — 1).

t— o0 g(t)

Then every solution of equation (1) is oscillatory.
Proof. In view of (14) the condition (16) implies (12) and we can apply
Corollary 1.

Example 1. Every solution of the retarded differential equation

VAOR y(t - —g—n) =0,
with regard to the condition (16) is oscillatory. One such solution is y(f) = sin ¢
But the corresponding ordinary differential equation has a nonoscillatory solution.

Example 2. Consider the differential equation with retarded argument

Int

(17 "'(t)+——y(%t)=0, t> 1.

The well-known sufficient condition which guarantees that every solution of
equation (17) is oscillatory or lim y)(f) = 0, i = 0, 1, 2,
t— o
Jle@®]**p()di = 0, &>0,
is not satisfied. The conditions (14), (16) are satisfied. So every solution of equa-
tion (17) is oscillatory.
Remark 1. Theorem 1 holds for the following differential inequality too

{y™() + p(r) y(g()} sgn ¥(g(r)) £ 0.

3. Advanced equation

In this section we are concerned with the differential equation (2) with advanced
argument where g(f) and A(¢) are continuous on [0, o), q(t) > 0, h(t) > ¢, h(P) is
nondecreasing.

“Theorem 2. Suppose that the following condition is satisfied

(18)] lim suph(f)(s —t)s""2g(s)ds > (n — D).

1=

Then equation (2) has no solution of degree l€ {2, ...,n — 1}.
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Proof. Let y(f) be a positive solution of equation (2) on [#o, o), t, = 0, the
degree of which is le {2,...,n — 1}, n 2 3. It is easy to see that equation (2)
for n = 2 has only (nonoscillatory) solutions of degree !/ = 1. With regard to
Lemma 1-from (8) forj =1, k =n, t > t,, we have

1

y(”(t) g_ m (:f (u - t)_n—'_l q(u) y(h(u)) du.

We integrate the above inequality from ¢, to ¢, t > #,,

_ n—=l o
<00 2 L0 1 q(w) y(hw) du

Repeating this procedure we get

to)u-—z ©

y(® 2 S0 T a(w) y(hw) du

We integrate the last inequality from ¢ to h(Y), t > ¢,

y(h(®) 2 —— 1 T j' q(u) y(h(u)) j (s — to)""2dsdu,
h(t)
h0) 2 Ty J = D — 16" ) y(h(u)) du.

Then
h(t)
(n=DIZ (= 1)~ 1oy qu) du,

and for ¢ sufficiently large we get a contradiction to (18). This proves the theorem.

Remark 2. The Theorem 2 holds for the following differential inequality too
PO + 9(1) y(h()} sgn y(h(1)) < 0.

4. Equation witn retarded and advanced arguments

We shall consider the differential equation (3) with retarded and advanced
arguments where p(?), q(¢), g(f) and h(z) are continuous on [0, ), p(f) > 0, q(r) >
> 0, g(f) and A(f) are nondecreasing, g(f) < ¢, lim g(t) = oo and h(f) > ¢.

t—wo
Theorem 3. Let n be even and let the following conditions hold

. h(t) .
(19 lim sup j(s s""2q(s)ds > (n — 1)},

t=* 0

(20)  limsup I [s — g®T *"*[g(t) — &)} g(s) p(s)ds > (n — d — )tdy,

t—> 0

Jor some d e {O, l, eyt — 2}
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Then every solution of equation (3) is oscillatory.
Proof. Let y(r) be a positive solution of equation (3). Let y(g(f)) > O for
te[ty, ), 1o = 0. Then from (3) we obtain

21 ¥ + q() y(h(D) < O,
(22) y™(1) + p(2) y(e() < 0.
In view of the condition (19) and Theorem 2, the inequality (21) has no solution
of degree /€ {2, ...,n — 1}. So y(f) has degree / = 1 and it is a solution of (22),

which is a contradiction to the condition (20). This proves the theorem.
In similar way we can prove the next theorem.

Theorem 4. Let n = 3 be odd. Let (19) and (13) hold. Then every solution of
equation (3) is oscillatory.

Remark 3. Let n = 1 and let hold

t
lim sup | p(s)ds > 1.
t— g(t)
Then every solution of equation (3) is oscillatory.
Proof. Let y(¢) be a positive solution of (3). Then y(?) is a solution of inequality
Y0 + p() ¥(g() <O,

which is a contradiction to the condition (13) for n = 1.

Theorem 5. Let n be even. Let (19) and the following condition holds

(23) lim sup g(¢) j " 2p(s)ds > (n — .

t— o

Then every solution of equation (3) is oscillatory.

Proof. Let y(f) be a positive solution of equation (3). Let y(g(f)) > 0 for t e
€ [0, ), o = 0. From (3) we get (21) and (22). The inequality (21) has no solu-
tion of degree /€ {2, ..., n — 1}. Then y(f) has the degree I = 1 and it is a solution
of (22). With regard to Lemma 1 and (22) from (8) forj =1,k =n, t > t,, we
have

YO 2 Gy | @ = 1075w y(ew) du

Integrating the last inequality from T to ¢, t > T = t,, we obtain

Y0 2 gyt = D) § G = T plu) (g(w)) du

For t > T such that g(t) > T we get

We®) = 1). oo le® - T] 5 (u = T)""* p(u) y(g()) du.
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Since y(t) is nondecreasing then we have
(n-1!2[gt) - T] I(u - zP(u)du,

which is a contradiction to (23) for sufficiently large ¢.

Example 3. Consider the equation

n 1 3 1 1 -
(24) y (t)+'§-}"(t~'§-7l)+—2—y(t+-2—ﬂ)—-0.
The conditions (19) and (13) are satisfied and so every solution of (24) is oscillatory

by Theorem 4. The corresponding ordinary differential equation has a non-
oscillatory solution.
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