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1. INTRODUCTION

In this paper we consider a differential equation

) z = G(t, 2) [A(2) + g(t, 2)],

where G is a real-valued function and h, g are complex-valued functions, ¢ or z
being a real or complex variable, respectively. The function 4 is assumed to be
holomorphic in a simply connected region Q containing zero, and to satisfy the
condition h(z) = 0 <>z = 0. The right hand side of (1) will be supposed to be in _
a certain meaning ‘‘close” to h(z). Several authors investigated the asymptotic
behaviour of the solutions of the equation (1), or of the equation (or of the cor-
responding system of two real equations) which is convertible into the equation
of the form (1), on the condition that #'(0) # 0: [1—2], [4—8], [10—12]. However,
there are only few papers, such as [3], [10], which are devoted to the differential
equation convertible into the equation (1), where #'(0) =0, A"(0) # 0. The aim
of the present paper is to study the asymptotic nature of the solutions of (1) under
the condition A™(0) # 0, A(0) =0 for j=1,...,n — 1, where n 2 2 is an
integer. The technique of the proofs of the results is based on the Liapunov
function method with the “Liapunov-like” function W(z) defined in [9]. Although
W(z) does not satisfy all the conditions usually required for Liapunov functions,
it is very helpful for the investigation of the asymptotic character of the solutions
of (1). :
Throughout the paper we use the following notation:

— Set of all complex numbers

— Set-of all positive integers

— Interval [#,, ©)

— Conjugate of a complex number b
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Re b ' - Reél part of a complex number b

ci) — Class of all continuous real-valued functions defined on the
set I' , .

¢ — Class of all continuous complex-valued functions defined
on the set I' -

cir — Closure of aset I' =« C

Intr — Interior of a Jordan curve z = 2(¢), t € [«, ] whose points z

' formasetI' =€ C ’
k, W(2) — see [9, pp. 66—67]

Aps Al TH, T, ¢ — see [9, pp. 73—74].

. Let $*eT*|p and ¥~ €T ~[p be fixed. Then ¥* = {KA):0 <1 < A,},
& = {KR(A):i. <A < o}, where K(A) are the geometric images of Jordan
curves such that: 0 e K(4), the equality W(z) = 4 holds for z € K(4) — {0}, and
K(A,) — {0} = Int R(4,) for 0 < A; < 4, < A, or R(4,) — {0} = Int R(4,) for
A < Ay < 23 < 0. Define

KA, )= | Rw-{0} for0si, <4, <4,

A1<p<az
and

KGid)= U R@-{0} for A4, <A < .

A2<p<iy

2. MAIN RESULTS

Assume G e C(Ix (@ — {0})), g€ (I x (@ — {0}).

Theorem 1. Let 6 = 0, 3 £ A, . Suppose that *

(i) for any © Z tq, the initial value problem (1), z(t) = 0, possesses ‘the unique
solution z = 0,

(ii) there exists a function E(t) € C[to, o] such that

(3] sup B'E(.‘,‘) dé =% < oo,
toSsSt<ow s

A3) e <3

and '

@ , G(t, z) Re {kh"”(O) [1 + 4‘,(—1'(’—2;1]} g};(t)

holds for t 2 to, z € K(8, 9).
If a solution z(t) of (1) satisfies

#(t,) € CI KQ©, y)»

"



where t, 2 to and 0 <y e* < 9, then

2(t)e CLKO, B)  for t=t,,

where f = e* max [y, 6].
Proof. Put # = {t 2 ¢, : z(t) € K(5, 9)}. For t € # we have

® - W) =G(t,2) W(2) Re{ K™(0) [1 + g’(lt( ;) ]}

where z = z(t). Using (4) we get
(6) ' Wiz(t)) £ E(r) W(z(t))  for te M.

Suppose that there is a t* > ¢, such that z(t*) e K(B, 3) and z(f) € K(0, 9) for
te[t,, t*]. Choose y, so that f <y, e* < W(z(t¥)). Clearly 6 <y, < W(z(¢*)),
yy > 7. Define ¢, = sup {tre[¢,,t*]:z(t)e Cl K(y,)}. The inequality (6) is
equivalent to

L Wew)ew[-[EQE S0, te.d.

Integrating this inequality over [¢,, t*], we obtain

W (z(t*)) exp [-—tj E(s)ds] — W:(z(tz)) <0.
Using (2) and W(z(¢,)) = y,, we get

r.
W(z(t*)) < y; exp[ | E(s)ds] < v, € < W(z(t%)).
t2 .
This contradiction implies
z(t) e C1 K(0, p) for t 2 ¢,.

Theorem 2. Let 6,2 0, 3 < Ay, s;€1 for je N. Suppose that the hypothesis (i)
of Theorem 1 is fulfilled and there are functions Ej(t) € C[to, ) such that:
(1) for je N, the following conditions are satisfied: :

(7 j' E(s)ds= —o  whenever j 22
® sip  [EOdE=w <o,
$ySsSt<oo s

9) 6;e < 9
(ii) the inequality .
(10) G(t, z) Re {kh""(O) [1 + g,("(z ;) ]} < E(D

holds for t = s;, z€ K(6;, 9), je N.
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Denote
’ 5 = lnf [5j e,"].
i jeN
If a solution z(t) of (1) satisfies
) 2(1,) € K(0, 8 e=*) U {0},

where t; 2 sy, thento any e, 6 < e < Ay, thereisa T = T(e, t;) > 0, independent

of the solution z(t), such that
z(t) € K(0, €) U {0}

fJortzt, + T
Proof. Put #; = {t=s;:2(t)e K(5;,9)}. For te.#; we get (5), where
z = z(t). This relation together with (10) yields

(12) ' W(z(t) < E(t) W(z(t))  for te #,.

By Theorem 1 we have z(t) € K(0, 9) U {0} for r 2 ¢,. Lete, 6 <& < A, be given.
Without restriction we may suppose that ¢ < 9. Choose a fixed integer j=2

such that
51' e*’ <eé.

Put ¢ = max [3-1, t,]. Let T = T(e, t;) > |s; — 5, | be such a number that

t
‘£Ej(s)ds <1n{'§-

fortzt, + T Clearly t; + T > o.
We claim that z(t) € K(0,¢) U {0} for # > #; + T. If it is not the case, there

exists a t* = ¢, + T for which
(13) z(t*) ¢ K(0, &) U {0}.
Using Theorem 1 we 6btain
2t) e Kee™, 9) U [Kee ™) - {0}] = K(5;, 9)
for t € [a, t*]. The inequality (12) is equivalent to

L ) e[ (B0 S0, 1e,
Integration over [g, *] yields »
W(z(t*)) exp [—Ij E(s)ds] — W(z(0)) < 0.

Hence

W(e) S Wieto)exp [ [ E9ds] 8 9 = 2 <

which contradicts (13) and proves z(t) € K(¢) v {0} for ¢ 2 t, + T
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Theorem 3. Let the assumptions of Theorem 2 be fulfilled except (7) is replaced by

s+t

(14) JE()dé— -0 ast->o

uniformly for s € [s;, c0) whenever j 2 2. :
If a solution z(t) of (1) satisfies (11), where t; = s,, then to any e, <¢ < 4.,
there exists a T = T(g) > O independent of t, and of the solution z(t) such that
z(t) € K(0, &) U {0}
fort =t + T. :
Proof. Because of (14) for j = 2 there exists a T = T(e,j) > |s; — s,l +
+ 5; — to such that ¢ — ¢, 2 T implies

at+(t—ty—sj+to)

) Ef¢)d¢ <In— p

o

9 - %.

The statement follows now from the proof of Theorem 2, since

t X a+(t—ty=s;+to) t
JE©d¢ = § E()d¢ + f E(®HdE<
c o ot+t=ty~sy+to
&
<lnT9——x,+x,=ln78—

and j depends only on s.
Remark 1. Let 0 < 6, <9 =i,0;2t,and @; <0 for je N. Denote

6 = lim inf J;.

jow .
Assume that g,(t, z), g,(t,2)e C(Ix(Q — {0})) and define g(t,2) = g,(t,2) +
+ g,(¢, z). Suppose there are nonnegative functions Fy(t) e C[¢,, o) such that

t+1

(15) lim [ F(s)ds =0 for jeN
t=® ¢t
and the conditions ’

_ o .
G(t z) Re [kgl(t z) —— h(())] < F,(t),

G(t, 2) Re{ h""(O)[l + g‘h((' )z)]} <o,
hold for t 2 0, z€ K(5;,9), je N. '

Then to any ¢ > 0 there exists a sequence {s;}, 5; 2 o, such that the hypotheses
(©), (ii) of Theorem 2 are fulfilled for E,(f) = ©; + F/{t), where x; < ¢ and

hmmf[&,e 7] = 6.



Moreover,
s+t

[E(&)dé > —0  ast— oo
uniformly for s € [s;, o).

Remark 2. Notice that the condition (15) is satisfied if lim F;(t) = O for je N

t— 0

or [ Fj(s)ds < oo for je N, where a = 1.
o

Theorem 4. Let 0 <y < A,. Suppose that the hypothesis (i) of Theorem 1 is
Sulfilled. Assume

" (16) G(t, z) Re {kh("’(O) [1 + 5(-’-5)—]} <0

h(z)
for t 2 t,, ze K(y) — {0}.
If a solution z(t) of (1) satisfies

z(t,) € C1 K(0, y),

where t; 2 t,, then z(t) € K(0,y) U {0} for t > t,.
Proof. Put # = {t 2 ¢, : z(t) € K(0, 1,)}. For t.€ A we get (5), where z = z(?).
If there is a t, = ¢, such that z(t,) € K(y) — {0}, then (16) implies

an W(z(t,)) < O.

Suppose that there exists a t* >t, for which z(¢*) ¢ K(0, ) U {0}. Define
t; = inf {t* > 1, : z(t*) ¢ K(0, y) L {0}}. In view of (17) we have ¢, > ¢t,. Further-
more z(t;) € K(y) — {0}, and z(t) € K(0, y) holds for ¢ € (¢,, t;). On the other hand,
the condition (17) assures the existence of a t,€(t,, ;) such that W(z(t,)) > .
Thus our supposition is false and z(¢) € K(0, y) v {0} for ¢t > ¢,.

Theorem 5. Assume 6 2 0, 3 £ A, . Suppose that

(i) for any © = t,, the initial value problem (1), z(t) = 0, possesses the unique
solution z = 0;

(ii) there is an E(t) € C[t,, o) such that the conditions (2), (3) are fulfillea and

a —G(t, z) Re {kh""(O) [1 + &4,2) ]} < E(1)

h(z)
holds for t 2 t,, z € K(3, 9).
If a solution z(t) of (1) satisfies z(t,) € K(y), where t, = t, and 6 &* <y < 9,
then z(t) ¢ K0,y e~*) for all t = t, for which z(t) is defined. :
Proof. In view of (5) and (18) we get

(19) | W) 2 —E(r) WD)
for te M = {t 2 t, : 2(t) € K(6, 9)}. Suppose there is a t* = #; such that z(t*) €
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€ K6,y e™). Define o = sup {t€ [#,, *] : 2(t) ¢ R(y)}. Without loss of generality
it may be assumed that z(t) € K(6, 9) for t € (o, t*].

The inequality (19) is equivalent to

gd,— (W) exp[ f E(s)ds]} 2 0.
Integration over [0, t*] yields
W(z(t*)) exp [:j'E(s) ds] — W(z(e)) = 0.
Using (2) and W(z(s)) = y We obtain
W) 2 yexp -] BT 2y e > Walt))

This contradiction proves z(t) € K(0, y e ) for all ¢ 2 ¢, for which z(t) is defined.

Theorem 6. Let 6 > 0, 9; < A, 5; = to for j€ N. Assume that the hypothesis (i)
of Theorem 5 is fulfilled and suppose there are functions E(t) € C[t,, o) such that:

(i) for je N the following conditions are satisfied:

@) [Ej(s)ds = —0 whenever j 2 2,
to
t
®) sup [ Ej(¢)d¢ =x; < oo,
s5jSsSt<w s
(20) 5et < 9;
(ii) the inequality
@1) —6(t, 2) Re {kh® )| 1 + EE2 | < B o)
- h(z)
holds for t 2 s;, ze K(3, 9,), j € N.
Denote
9 = sup [9;e7*].
jeN -
If a solution z(t) of (1) satisfies
22) ' 2(1,) € K(8 e, 2,) L {0},

s

where t, > s, thentoanye,0 < e < 9, there existsa T = T(¢, 1) > O, independent
of z(t), such that

" 2(1) ¢ CLK(O, &) — {0}
Jor all t > t; + T for which z(t) is defined.
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- Proof. Because of (21) and (5) we obtain

(23) ' W(z(1) =2 —E/t) W(z(t) ‘

for te #; = {t 2 5;: 2(t) € K(5, 9;)}. From Theorem 5 it follows that
z(t) ¢ C1 K(0, ) — {0}

for all t = ¢, for which z(z) exists. Choose &, 0 < ¢ < 3. Withopt loss of generality
we may suppose that 6 < e. Let j = 2 be such a positive integer that

e <9;e

Put ¢ = max [s;, t;]. Choose T = T(e, t;) > |s; — s, | so that
p 2
¢j;Ej(s)ds < —ln—s—

fort=zt, + T. Clearly t;, + T > o.
We claim that z(r) ¢ Cl K(0, &) — {0} holds for all # = ¢, + T, for which z(¢) is
defined. Suppose for the sake of argument that there is a t* = ¢, + T such that

(24) i z(t*) e C1 K(0, &) — {0}.
Using Theorem 5, we get

2(t) € CLK(, & ') — R(5) < K(5, 9,)
for t € [0, t*]. The inequality (23) is equivalent to

d t
55 (W®)exp [ ! Ej(s)ds]}= 0.
Integrating over [a, *], we obtain

W(z(t*)) exp [ [ E/(s)ds] — W(z(0)) = 0.

. Therefore -

W(z(1*)) = W(z(o)) exp[ — jE (s)ds] = 6—2—— =2>e
Since it contradicts (24), the proof is complete.

-Theorem 7 Let the assumptions of Theorem 6 be fulfilled except (7) is replaced by

s+t

[Edé—» -0 ast—> o .

uniformly for s € [s;, ©) whenever j 2 2.
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If a solution z(t) of (1) satisfies (22), where t, = s,, then to any ¢, 0 < ¢ < 3,
there is a T = T(g) > 0, independent of t, and z(t), such that

z(t) ¢ C1 K(0, &) — {0}

for all t =z t, + T for which z(t) is defined.
Proof. The proof is essentially the same as that of Theorem 6. In view of the
proof of Theorem 3, T can be chosen independently of ¢,.

Remark 3. Let 0 £ 6 < 3; £ A4, 0; 2 t;, and @; < 0 for j€ N. Denote
' 9 =limsup ;. ‘
Jjo o
Assume that g,(4,2), £:(t,2)e CIx(Q — {0})) and define g(t,z) = g,(¢,2) +
+ g,(t, z). Suppose there are nonnegative functions F;(t) € C[t,, ) such that (15)
and the conditions
h"(0)

_G(t, Z) Re [kgl(t, Z) —W] =< Fj(t),

_ (n) gz(t: Z)
G(t, z) Re {kh (0)[1 + B ]} <e,
hold for t = ¢;, z€ K(5, 9,), je N.

Then to any ¢ > 0 there exists a sequence {s;}, s; Z g;, such that the hypotheses
(i), (ii) of Theorem 6 are fulfilled for E;(r) = ©; + F;(t), where x; < ¢ and

limsup [9;e7 ] = 9.

o

Moreover,
s+t

JE()dé> -0 ast—-o
uniformly for s € [s;, o). '

. Theorem 8. Let 0 <y < A,. Suppose that_the hypothesis (i) of Theorem 5 is

Sulfilled. . Assume
G(t, z) Re {kh""(O) [1 + gl(t?z ;’) ]} >0

for t 2 t5, ze K(y) — {0}.
If a solution z(t) of (1) satisfies

z(t;) ¢ K(0, ),

Where tl'; to, then' ) ‘ ,
z(t) ¢ C1 K(0, y) — {0} .

for all t > t, for which z(t) is defined. _
Proof. The proof is analogous to that of Theorem 4 ___

-
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Theorems 1—8 describe the behaviour of the solutions of (1) on certain
subsets of K(0, 1,) U {0}. Analogously we can derive corresponding results
(Theorems 1’ —8’) describing the asymptotic behaviour of the solutions of (1)
on subsets of K(oo, A1) U {0}. For clearness we formulate here the first of these
theorems.

Theorem 1'. Let 6 £ o, 3 = A_. Suppose that
(i) for any © Z ty, the initial value problem (1), z(t) = 0, possesses the unique

solution z = 0;
(ii) there exists a function E(t) € C[t,, ) such that the conditions (2) and .

. (25) e <6

are fulfilled, and (18) holds for t = t,, z € K(5, 9).
If a solution z(t) of (1) satisfies

z(t,) € Cl K(o0, y),
where t; = to and 3 <ye * < o0, then
z(t)e Cl K(o0, B)  for t = t,,

where B = e~ * min [y, §].
3. AN EXAMPLE

Suppose q(t, z).& CIx C) and consider an equation
(26) 2 = z2%q(t, 2),

where ¢(t, z) satisfies locally a Lipschitz condition with respect to z. Putting
G(t,2) =1, h(z) = b(z — a) 2%, g(t,2) = [q(t,2) + b(a — 2)] 2%, where a, be C,
a # 0 # b, we can write (26) in the form

¢)) 2z = G(t, 2) [M(z) + g(¢, 2)].

From [9, Example 2] we have h'(z) = b(3z — 2a) z, h"(z) = 2b(3z — a), n = 2,
W) =lal|z||z—-a| texp{Re[—az"']}, 44 = i_ =]|a|, k = a/2. For
t 2 ty, 2¢ {0, a}, we get

wwfirofi 2]

—Red% (- 22[q(t, ) + (a — 2) b] ]}
Re{Z( zab)[l * bz*(z — a) =
< -Re(-azb)+ lal® 1q(t,2) + (@ —2)b|
- |z —al :



Supposing that there is an H(t)e C(I) such that | q(t,2) + (a — z)b] <
L H(t)|z — a] for t 2 ty, z € C, we obtain

g(t, z)
h(z)

Applying Theorem 1 and Theorem 2, we get the following assertion: Let a, b € C,
H(t) e C(I) exist such that b # 0,

(27) lg(t,2) + (@ —2)b| S H(t) |z —a| for t = t,,z€C,

G(t, z) Re {kh‘"’(O) [1 + ]} < —Re(a®b) + |a|*H(®).

and the function

. _
(28) |a|® [ H(&)dé — Re(a®b)(t —s) s upper bounded on 1o S s St < 0.

Then every solution z(t) of (26) satisfying

(29) lz(t) | | 2(t;) — a| texp {Re[—az '(t)]} = @ < e7%,
where t, = t, and
(30) x= sup {| al? I H(¢)d¢ — Re (azb) (t —9)h

is defined for all t 2 t,, and
[z()| [2(¢c) —a| texp {Re[—az" ()]} Swe* (<)
holds for t = t,. If, in addition,

(31) lim[|a |2_‘[H(<f) d¢ — Re(a’h)t] = — oo,

then every solution z(t) of (26) satisfying (29), where t; 2 t, and x is defined by (30),
Sulfils the condition ]
lim z(¢t) = 0.

t=o0

Analogously, applying Theorems 5’ and 6’, we get the statement: If there exist
a,be C, H(t)e C(I) such that b # 0 and the conditions (27), (28) are fulﬁlled then
each solution z(t) of (26), for which

(32) | z(t) | | 2(ty) — a| ' exp {Re [—az“(tl)]} =w > 1,
Re [az(,)] <O, .
where t, 2 t, and x is defined by (30), sat;'.gﬁes the condition
[2() | | 2(e) — a|~ ' exp {Re [~az" (D]} £ @ €
or all t = t, for which Re [az(1)] < 0. 1f, in addition, the condition (31) is fulfilled,
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then to any solution z(t) of (26) satisfying (32), where t, = t,, and to anyg, e <e <
< o0 there is a T > 0 such that

| z(r) | lz(i)’ —a| texp{Re[—az" ()]} <&

Sor all t 2 t; + T for which Re [az(t)] < 0.

Notice that the conditions (28), (29) imply a # 0, Re (¢*b) = 0 and the con-
dition (31) implies Re (a%b) > 0. Similarly, the conditions (32), (28) imply a # 0,
Re (a%b) = 0. It can- be easily veriﬁed that the conditions (28) and (31) are fulfilled

if Re (a%b) > 0 and there holds j'H(s) ds < o or lim sup H(t) < | a|~2 Re(a?b).

=0
Application of the rest of Theorems 1—R and Theorems 1’'—8’ yields further
" results describing the asymptotic behaviour of the solutions of (26).
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