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1. INTRODUCTION

Our main purpose in this paper is to study the oscillatory phenomenon as-
sociated with the equation

) ' Ly + F(t, y(g@®) = f(0),

where n = 2 and L, is a disconjugate differential operator defined by
1 d 1 d d 1 d y@

p() dt p,_y(t) dt " dt py() dt po(t)

It is assumed throughout that: '

() Ly(t) =

(i) p; : [a, ®©) = (0, ), 0 < i £ n, are continuous;
(3) (i) f; g :[a, 00) = R are continuous, and lim g(f) = w;

t—= o .
(iii) F:[a, ®©)x R - R is continuous, and there are continuous functions
@, ¥ : [a, ©) - R such that for each te [a, 0) F(t,y) 2 ¢(1) if y 20
and F(t,y) S (1) if y £ 0.

We introduce the notation:

o/ . _ (@)
D (y9 pO) (t) - Po(t) ’
1 d

ir... = - _pi—ic,,. . .
D(,V, Po> '-‘:pi)(t) p,(t) dt D (ya Po> ---api—l)(t)a 1 § i .S_ n

4)

Equation (1) can then be rewritten as

D(y; pos -.» pa) () + F(t, (8(1))) = f(0).

The domain 2(L,) of L, is defined to be the set of all functions y: [T,, o©) =+ R
such that D!;po, ---»P) (1), 0 S i < n, exist and are continuous on [T, o).
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In what follows by a ‘“‘solution” of equation (1) we mean a function y € 2(L,)
which is nontrivial in any neighborhood of co and satisfies (1) for all sufficiently
large t. We make the standing hypothesis that equation (1) does possess solutions
in this sense. A solution of (1) is called oscillatory if it has arbitiarily large zeros;
otherwise the solution is called nonoscillatory.

A great many oscillation criteria are known for unforced equations of the form

1w )(n—k) _
&) (——p,,(t) Yo + F(t, y(g(1))) = 0.

For this we refer the reader to Sevelo and Vareh [8], Onose [7], Singh [10], Ku-
sano and Onose [5] and Naito [6]. A recently published Russian book by Sevelo [9]
gives a detailed list of references on the subject. Extensions of these results to more
general unforced equations of the form L,y(¢) + F(t, y(g(¢))) = O seem to be in
progress; see, for example, Kitamura and Kusano [4].

Obtaining an oscillation criterion for the forced equation (1) (f(¢) # 0) is not
so simple. To the best of the authors’ knowledge, the first attempt in this
direction was made by Kusano and Onose [5] who studied the equation
Y1) + q(Oh(¥(g(1))) = f(1), and later by other authors including Singh [11}
The main technique rendered the forced equation into an almost unforced
equation by employing a function A(f) such that A™(t) = f(t) and A(f) » 0
as t—s o0 fori=0,1,....,n — 1.

In this work we shall present an elementary but new technique to obtain
oscillation criteria for equation (1). The result roughly asserts that if the forcing
term f(¢) oscillates with amplitude sufficiently large, then all solutions of (1) are
oscillatory regardless of the oscillation or nonoscillation of the associated unforced
equation. Related results can be found in Graef, Grammatikopoulos and Spikes [1],
and Graef and Kusano [2].

2. PRELIMINARIES

We introduce the notation for repeated integrals which will be extensively
utilized in the formulations and the proofs of our theorems.
Leth, : [a, 0) = R,1 £ i £ N, be continuous functions. We put for ¢, s € [a, )

Io = 1
(6) ‘ c .

I, s; hy, ..., h) = [ hy() L-y(r,s; hyy ..., h)dr, 1SiSN. -
The following identities are easily verified:
Q) I(t, s; hy,y .. b)) = (=1)I(s, t; by, ...y hy),

t
® I(t, sshy, ..y b)) = [ R L_y(t, 75 by, ..\ Bby_y)dr.
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Lemma 1. Suppose that h(t), | <i < N, are positive on [a, ). IfIy(t,a; hy, ..., hy)
is bounded on [a, ), then so are the functions I(t, a; hy, ..., h) for |l SiS N - 1.
Proof. Let b > a be fixed. Using (8), we have for ¢t = b

t
In(t, a, hl’ ceny hN) = th(r) IN—l(t’ r, hl! ceny hN—l)dr
» -
2 [hy() In-y(t, 73y, ooy hy_y)dr
b
g IN-l(t’ b; hl’ ey hN—l)IhN(r)drs

from which it follows that Iy_,(¢, b; hy, ..., hy_,) is bounded on [b, o). Hence
Iy_(t,@; hy, ..., hy_y) is bounded on [a, o). The boundedness of I (¢, a; Ay, ..., k)
for 1 £i £ N — 2 follows by induction.

Lemma 2. If ye D(L,), thenfor 0 < i <n — 1 andt,se[T,, o) we have
n—1
C)) DX(y; Pos s D) (1) = JZ'Dj(y; Pos > P) () ;- {8, S5 Piyy vy D)) +

t
+ Jln—(—l(t’ T Pis1y ooes pn-l) Pn(") Du(y; Doy «ees pn)(r) dr'

This lemma is a generalization of Taylor’s formula with remainder encountered
in calculus. The proof is straightforward. Note that the last integral in (9) may be
rewritten as

' I,,(!, S3D15 «++sPn-1 aann(y;po’ '-wpn))

ry n-1

= Ipl(rl) j Pz("z) f see Izpn—l(rn—l) qu(’n)D"(y;Po, eoe ’pn)(rn)drndrn—l ---d’zd"l .

[

3. MAIN RESULTS

Theorem 1. Suppose there is a function ¢ : [a, ) — (0, ) such that ¢'(f) S 0
on [a, ) and the following conditions are satisfied for all T 2 a:

(10) lim I,_(t, T; @P1» P25 - Pn—1) < O,
t-o
(1 l) hm inf I,,(t, T; @D1s P25 +++5s Pn—-1> pu(f - ¢)) = —00,
t-
(12) lim sup Iu(‘a T; @P15> P25 +++5 Pn-1> pu(f - 'ﬁ)) = .
t-+o0

Then all solutions of equation (1) are oscillatory.

Prodbf. Let y(¢f) be an eventually positive solution of (1). Let T be such that
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y(g(t) > 0 for t =2 T. From Lemma 2 (with i = 1 and s = T) it follows that
n-1 ’ ’

(13) D'(y; Po> P1)() = Zlcjlj—l(f, T; pas «eee.. D)) +
i=

+ In-—l(t’ T;PZ’ "',pn—laan"(y;pO’ '-"pn))

for t 2 T, where ¢; = D/(y; po, ..., p;) (T). In view of condition (3) — (iii) we
have

(14) P(t) D"(y; Pos -5 Pa) (1) = po(t) f(1) — polt) F(2, ¥(8()))
SPOU® - e@), t2T.
Combining (13) with (14), we obtain

n=1

(15) D'(y; po, 1) (t) < .Zlcjlj—n(ta T, p2, ..., pj) +
i=
+ In—l(t’ T; D2, "'apn—l’pn(f_ (P)), t g T.
We multiply (15) by o(¢) p,(¢) and integrate it over [T, ¢]. Notiné that

{6 pi(® D'(y; po, p1) (5) ds = ; 2(s) (D°(v; po) () ds

= o(t) D°(y; po) (1) — o(T) D°(y; po) (T) — [ D03 Po) (s) ds
Z o) D°(y; po) () — o(T) D°(y; po)(T), t 2T,

‘we see that
n—1

(16) o) D°(y; po) (1) £ ¥ ¢;I(t, T; P15 P2y -5 P)) +
Jj=0

+ In(t7 T; QP15P2> ""pn—lspn(f_ (P))

for t = T, where ¢, = o(T) D°(y; po) (T). Condition (10) guarantees that
Ii(t, T; 0py, P2, .., p), 0 £j < n — 2, are bounded on [T, o) (see Lemma 1).
Using this fact and (11), we conclude from (16) that

a7 - Limiof o) D°0p; po) (1) = liminf &Y _ _ o
1=+ o0 t— o Po(‘)

which contradicts the assumption that y(¢) is eventually positive.
Likewise, if y(f) is an eventually negative solution of (1), we are led to a con-
tradiction with the help of (12). This completes the proof.

Theorem 2. Suppose there is a function o :[a, ©) — (0,0) such that
@@®/p,0) 2 O on [a, o) and the following conditions are sqtisﬁed forall T 2 a:

(18) K lim In—l(ta T; a-zplx OP25 P35 --e» pn-l) < o0, )
t— o
(19) “mlnf In(t’ T; “—'zl’n“Pz, P3s ooy Pp—1>s pn(f'_ (P))= = 00, *
t=
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(20) . timinf I(t, T; 67 2py, 0Py, P3y vver Puets Plf — ¥)) =

t— o0

Then all solutions of equation (1) are oscillatory.
Proof. Let y(f) be a nonoscillatory solution such that ¥(g(t)) > 0 for ¢t 2 T.
By Lemma 2 (with i = 2 and s = T) and (14) we get
n=1
@n D*(y; Po, P1» P2) (1) S 2. ¢lj-a(t, T pay s P) +
=
+ In—z(ta T; Ps3, "-’pn-—l’pn(f—" (P))
for t 2 T, where ¢; = DX(y; p, ..., pj) (T). Multiplying (21) by o(z) p,(t) and

integrating over [T, t], we have
t n—1

2) ; o(s) p2(8) D*(y; pos P1» P2) () ds éj;cjl,--l(t, T; 0P2» P, ..., py) +
, + L y(t, T50p5, P3s ooy Pays Pa(f — P))
for t > T. Integrating the left hand side of (22) by parts, we have
@) [0 (00 po, ) s
= a(t) D'(y, po, p1) (1) = o(T) D'(y; po, p1)(T) — f ;8 (D%, po) ()’ ds
a'(s)

= o) D'(3: 7o, PO ® = = D o) (1) - c1+j( > (s))o s o)) ds,

7’0 ( D°(y; p )(v))' 2T,
= pi(0) \a(t) 0 v

where ¢, = o(T) D'(y; po, P1) (T) + o(T) D°(y; po) (T)/p:(T). From (22) and (23)
it follows that

9 = t nil L4t T; )+
p(t) U(t) (y Po)() j=tcj j—l(’ ,sz’pa,“_’»pj)

+ In l(t T Up2yp37 o3 Pn— 1:Pn(f—‘ ¢)) »
for ¢+ > T. Dividing (24) by a%(¢)/p,(t) and mtegratmg, we obtain

n-1

25 Dyi po) () £ 3. &1t T 0™ *pi 0P, P oo PY) +

L

o(1)
+ In(t’ T; anzpl’ Gp2,P3, “»aPn—th(f“ (P))

for 1 2 T, where ¢, = D°(y; Po) (T)/a(T). From (25), (18) and (19) we see that

1, _ o _ _ _
" lim inf D(y; po)(t) lim inf ———"— =@ pold o,

t—+ 00 ( ) t— oo
which contradicts the eventual positivity of y(f). A similar argument holds if y(r)
is an eventually negative solution of (1), and the proof is complete. '
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Remark 1. It is often assumed that the function F(t,y) satisfies yF(t,y) =2 0
for all y. In this case we can take ¢(f) = Y(r) = 0 in Theorems 1 and 2.

Remark 2. Suppose in particular that L,y(¢) = y(")(t) Then conditions (10),
(11) and (12) respectively reduce to

(26) lim jg(s) s""2ds < o,
@2n lim inf j'q(s) j' (s=r""2[f() - p(N]dr = — o,
(28) 1iIJD sup i[ a(s) i‘- (s =" [f(r) — ¥(M]dr = o,

and conditions (18), (19) and (20) respectively reduce to

- (29) lim ja 4(s) ja(r) r"3drds < o,
t2o T
(30) lim inf ja'z(s) j a(r) j(r —u)"[f(u) — p(u)]dudrds = — o,
and
31 lim sup _[ o™ %(s) _[ a(r) j' (r —u)y" *[f(u) — Y(u)] dudrds = o

Example 1. Consider the equation
(32) YD) + e*™y(t — n) = —63e*sin2t, =7

If we choose g(f) = e~ * (or 6(f) = e'), then the conditions (26) — (28) (or (29) —(31))
can easily be verified with ¢(f) = Y (f) = 0. Hence all solutions of equation (32)
are oscillatory by Theorem 1 (or Theorem 2) and Remark 2. In fact y(f) = 2" sin 2t
is one such solution. We note that all solutions of the unforced equation

, YOO + et —m) =0, .t2m,

are oscillatory.

Example 2. Consider the equation
" (33) Y)Y + te’ = t?sin (log 1), t21.
The associated unforced equation
‘ YY) + 1€ =0

has a nonoscillatory solution y(r) = —log ¢. It is easy to verify that the conditions
(10)—(12) of Theorem 1 are satisfied with o) = 1, @() = 0 and Y(r) = ¢, and
so all solutions of equation (33) are oscillatory.

We now obtain conditions which guarantee the oscillation of all bounded solu-
tions of equations of the form

14



(34) Ly(®) + q(t) h(y@®)) = £(0),.

where L,, f and g are as above and ¢ : [a, ) = R and A : R — R are continuous
functions. -

Theorem 3. All bounded solutions of equation (34) are oscillatory if there is
a function ¢ : [a, c0) — (0, ©) such that ¢'(t) < 0 on [a, o0) and, in addition to (10),
the following conditions are satisfied for all k > 0 and all T = a;

(35) lim inf I,(t, T; @py, P2s s Pa—1> Plf + k1 q]) = — 0,
t—+ o :

(36) lim sup I(t, T; @py, P2, ---» Pa-1, Pf — k1 q1)) = 0.
t—- o0

Theorem 4. Al bounded solutions of equation (34) are oscillatory if there is a func-
tion o : [a, ©) - (0, 00) such that (¢’(t)/p,(1))’ = 0 on[a, ) and, in addition to (18),
the following conditions are satisfied for all k > 0 and all T 2 a;

(7 liminf I(t, T; 6™ %py, 6p3, P3s -es Pa1, P(f + klq 1)) = — 00,

-+

(38) llm sup In(t: T; 0—2171, GP2s P3s +++5 Pn—1 ’pn(f - qu |)) = . )

t— o

Proof of Theorem 3. Let y(f) be a bounded nonoscillatory solution of (34). If y(¢)
is eventually positive, then there are positive constants M and T such that 0 <
< y(g®) < M fort 2 T Let K=max {{ h()p | : 0 £ y S M}. Then
q(®) h(y(g())) = —K | q(®) | for t = T. Proceeding now exactly as in the proof of .
Theorem 1, we obtain

n—1

(39) e(t) D°(y; po) (1) < 'Zocjlj(t’ T; 0Py» P2y - P)) +

+ In(t’ T; QPuPz, ---’pn—! ’Pn(f+ Kl q |))
for t = T, where ¢;, 0 £j < n — 1, are constants. Passing to the lower limit
as ¢t — oo in (39), we see that (17) holds, a contradiction. A parallel argument
applies if y(z) is eventually negative.
Theorem 4 can be proved similarly.

Remark 3. Under the hypotheses of Theorem 3 (or Theorem 4) all nonoscillatory
solutions of (34) are necessarily unbounded.

Remark 4. Conditions (35) and (36) hold if

(41 liminf I(t, T; @py, P25 -5 Pa-1s Paf) = — 0,
t—+o
(42) lim sup In(ta T; @Pys P25 -5 Pa-1> pnf) = oo,
t= 0
and
(43) lim In(t’ T; @P1> D25 ---» Da-1> pnlql)< 0.
t+o
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Example 3. Consider the equation
@44) () + e"sin(logt). exp [ye")] = tsin(log ) + 273, 2 1.

It is not hard to check that the conditions of Theorem 3 are safisfied with g(f) = ¢~3.
Therefore all bounded solutions of (44) are oscillatory. Equation (44) has an un-
bounded nonoscillatory solution y(¢) = log t.  Notice that condition (43) is not
satisfied for this choice of o(¢).

Remark 5. A disconjugate differential operator L, of the form (2) is said to be
in the first canonical form if

@5 - fp(Hdt=00 forl1<ig<n-1.

It has been shown by Trench [12] that every disconjugate operator can be put
in the first canonical form in an essentially unique way. Oscillation of equation (1)
with L, in the first canonical form has been studied by Graef and Kusano [2].

We say that an operator L, of the form (2) is in the second canonical form if

(46) [p(dt< forl1<ig<n-1.
. a

Very recently Granata [3] has proved that every disconjugate operator can be
represented in the second canonical form. If L, is in the second canonical form,
then it is easy to see that

hm In.—l(tv T; P1s P25 s pn—l) <

t=®

for all T 2 a, and we have the following results as corollaries to Theorems 1 and 3.

Theorem 5. Suppose (46) holds. If

@7 liminf I(t, T; pys oy Pa-1,> P(f — 9)) = — oo,
1=
(48) lim sup I,,(t, T; Pys s Pa—1> P(f — 'ﬁ)) = 00,
. t—

for all T 2 a, then all solutions of (1) are oscillatory.

Theorem 6. Suppose (46) holds. If

49) liminf I(t, T; py, ..., Pa=1, P(f + k| gl])) = —c0,
1t~ 0 .
(50) lim sup L(t, T; Py, ..» Pu-1,> P(f — klq])) = oo,
| dad ] .

for all k > 0 and T = a, then all bounded solutions of (34) are oscillatory.
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We re-examine the example 1. The second canonical form of the operator
4 4 -
d*/de* is
d‘_id 24 ,d ,d .
a*t P dt dr dr 0 dr 2

and so equation (32) is equivalent to
(51 (PEHEE3p0)))) + 2" *y(t — n) = —631° e sin 2t.

Conditions (47) and (48) are satisfied for (51), and it follows from Theorem 5 that
all solutions of (32) are oscillatory.

The actual computations leading a general operator L, to its first and/or second
canonical form are tedious.
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