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UNIFORM NORMALITY OF TOPOLOGICAL
GROUPS AND /-GROUPS

BOHUMIL SMARDA, Brno
(Received February 2, 1981)

1. Introduction

The topological space of a topological group is a completely regular space. The
question about normality of that topological space was solved in the negative by
A. A. Markov. He has proved that every completely regular topological space is
a closed subspace of the topological space of a suitable topological group.

In this paper there are investigated some questions concerning a normality of
topological groups and topological /-groups, namely, some kind of separability
called uniform separability.

Now, we introduce some preliminary notes and definitions. A topological space
(G, 7) is a non empty set G with a topology 7 in the sense of Kuratowski (T';-space).
A closure of a set P = G is denoted by P. A topological group (G, X) has an additive
group operation and a topology ©(Z) defined by a complete system X of (open)
neighbourhoods of zero. A topological /-group (G, Z) (shortly t/-group) is a lattice-
ordered group (l-group), G being a topological group and topological lattice in
the topology 7(X) at the same time. N denotes the set of all positive integers.
Further, wedenote A + B={a + b:acA,beB},A—B={a—-b:acAd,beB},
AVB={avb:acA, beB},ANB={aAb:ae A, be B} for a sum, a differ-
ence, a supremum, an infimum of every subsets 4, B in a group or in a lattice,
respectively.

1.1. Definition. Let (G, ) be a topological space and P, Q = G. Then we say
that sets P, Q are separable (in the topology ) if there exist open sets 4, B in G
suchthat A2 P, B=20 and 4 n B = 0.

1.2. Definition. Let (G, X) be a topological group and P, Q < G. Then we say
that sets P, Q are uniformly separable (in the topology t(Z)) if there exists a neigh-
bourhood U € Z such that (P + U)n (Q + U) = 4.

1.3. Definition. A topological space (G, 1) is said to be normal if each pair of
disjoint closed subsets in G is separable. Let (G,Z) be a topological group.
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A topological space (G, 1(2)) is said to be uniformly normal if each pair of disjoint
closed subsets in G is uniformly separable.

Remark. Uniform normality on a topological group is stronger than normality
(see 3.7 Example).
Finally, we sum up the main results of this paper:

1. Let (G, X) be a topological group. Then the following assertions are equivalent :
1. The topological space (G, 1(2)) is uniformly normal.
2. The sum of any two closed subsets in G is a closed subset in G.
3. The difference of any two closed subsets in G is a closed subset in G.
2. A compact topological group is uniformly normal.
3. Let (G,2)beatlgroupand P,Q <= G. IfA|P —Q| #0,0or A|P — Q| does
not ex ist, then P, Q are uniformly separable sets.
4. The linearly ordered additive group of real numbers (or rational numbers) is
not uniformly normal in the interval topology.
S. Let (G, X) be a linearly ordered t/-group with the interval topology. If the topo-
logical space (G, t©(2)) is uniformly normal, then it holds:
1. G is totally non-archimedean, i.e., for every element g € G, g # O there exists
an element he G, h # 0 such that | g| > n| h|, for every ne N.
2. If M is a closed subset in G and V M (A M) exists, then the set M has the
greatest (smallest) element.
3. 1(2) = ©(Z,), where X, is the set of all non-zero convex subgroups in G.
4. (G, ©(2)) is a totally disconnected topological space.
5. There exists no strongly decreasing (strongly increasing) sequence in G
having an infimum (a supremum) in G.

2. Uniform separability in topological groups

2.1. Proposition. If (G, 2) is a topological groupand A <. G, A = A, g€ G,g¢ A,
then {g} and A are uniformly separable sets.

Proof. Consider the set P = A — {g}. Then P = P, 0 non € P and there exists
a neighbourhood U e X such that U~ P = @, because any topological group is
a. regular space. Now, if we take a neighbourhood Ve X with the property
-V +VcU, then (V + {g}) n{V + A} = 0. Namely, if there exist elements
vy,V,€V, aeA such that v, + g=v, + a, then —v, + v, =a — g and
(-V+V)n(4 - {g}) = Un P =9, a contradiction.

In the following part we investigate sums and differences of open or closed
subsets in topological groups.

2.2. Proposition. 1. If (G, X) is a topological group and A is a set of all open
subsets in t©(X), then it holds: Ay, Be A=A + Be A, —Ae€ A.
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2. If (G, ) is a tl-group, then it holds:
A, Be A=AV BeA AABe A

Proof. We prove only the implication: 4, Be A= AA Be A, in a tl-group
(G, 2): If xe A A B, then x = a A b for suitable elements a € 4, b € B, and a neigh-
bourhood U e X exists such that a + U< 4, b + U < B. From this x + U =
=@Ab)+Uc(@a+ UA(Mb+ U)< AA B follows, i.e., AA Be A.

2.3. Proposition. Let (G,X) be a tl-group (a topological group) and o€
e{+, —,V,A}(0c€{+, —=}) an operation and let A,Be G, ge G hold. Then
it holds:

l.AoB=A0B 2 AoB=A0B,3. Ao{g} = Ao {g}.

Proof. 1. If xe Ao B then x = ao b for suitable elements ae 4, b e B. If we
choose an arbitrary neighbourhood U € X then from continuity of the operation o
there follows the existence of a neighbourhood Ve Z such that (aob) + U =2
2(a+ V)o(b + V) It means that there exist elements v, v, € ¥ such that
a+v,eA, b+ v,eB and thus (@ + v)o(b +v,)edoB and (a +v)o
o(b + v,) =(aob) + u=x + u for a suitable element u € U. Finally, we have

x€ Ao B.

2240Bc AoBc AoB=AoB=>AoB=A4o0B.

3a. Wehave 4 + {g} = A + {g} by l.and thus 4 + {g} = (4 + {g} — {g}) +
+ {g} cd+{g—{g) +{g =4+ {g}. We can prove similarly that 4 —

-{gt=a-{g.

3b. First Mv0 =MVvVO0, for every set M = G (see [2], the proof of Prop. 4)
and from this 4 v {g} = [(A —{g}vo] + {g} =4 - {g}v{Oh) + {g} =

(4—{g} + {gh) vie} = 4 — {g} + {g} v {g} = 4V {g}, by 1. We can prove
sxmllarly that AA {g} = AA {g}

2.4. Proposition. If (G, 2) is a topological group then —4 = = A for every
A<cG. ‘

Proof. If xe — A4 then x = —y for a suitable ye 4, ie., () + U)n 4 # 9
for every neighbourhood Ue Z. It implies the existence of ue U and a e A4 such
that y + ¥ = a and from this x = —(@a —4) = u — a, —u + x = —a. It means
(—U+ x)n(—4) # 9. Now, we have an arbitrary Ve X and choose Ue X
such that —U < V thus (V + x) n (—A) # 0, i.e., xe —A. Thus —4 = —A.
The converse inclusion follows putting — 4 instead of 4 in the preceding proof.

2.5. Proposition. Let (G, X) be a topological group and let xe G, A, B =ye
hold. Then we have:

xed - B\(A—-B)«0ecd—- B, \(A—-B,), where B, =x+B.
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Proof. First, xnone 4 — B<>Onone A — B— x<0Ononed — (x + B) =
= A —~ B,.Now forevery U€ X a) to ¢) are equivalent:a) xe 4 — B,b) (U+x) n
N (4 - B) # 9, c) There exist elements ue U, a; € A and b, € Bsuch that u + x =
=a; — b; (or equivalently u =a, — (x + b,)), d) Un[4 - (x + B)] # 4,
e)0e 4 — B,.

2.6. Proposition. If (G, X) is a topological group then A — B = n {4 — B —
— U:UeZ} for every A, B< G.

Proof. If xe A — B then (x + U)n (4 — B) # 0 for every Ue X. It means
that elements ue U, a, € 4, b, € B exist such that x + u = a;, + b,, ie., x =
=a, +b, —ueA—-B—-U Finalyd -Bcn{d-B-U:UeZ}

If xen{A—-—B-U:UeZX} then x =a, — b, — u, for suitable a, € 4,
byeB, ue U thus x + u = a; + b, implies (x + U)n (4 — B) # 0 for every
Ue Y. It means that xe 4 — B holds.

2.7. Propesition. If (G, Z) is a topological group and A, B < G then A — B <
c A—- B= A — B holds.
Proof. The facts A — B=< A — B and A — B< A — B are clear. Consider

an arbitrary element x € 4 — B. Then for every U € X there exist neighbourhoods
V, Uy, U € Z such that U, — U, € U,, Uy — U, € ¥V, =V < U. Then
x+U)n(A—-B)+#89, ie, x +u=a, —b, for suitable ue U,, a,€ 4,
b, € B. Further U, € X exists such that U, < U, and —x + U, + x < U,. We
have (U, + a;)n A # 0, (U, + b)) n B # @ and therefore u,,u, e U,, ae A,
b e Bexistsuchthatu, + a, = a,u, + b, = b. Thisimpliesx + u = (—u; + a) —
—(-uy+b)y=>x=-u;+(@-b+uy, —u=>u +x=(0@—->b) +u, —u
We have u;, + x = x + u, for suitable element u; € U; because u, + xe U, +
+xcx+U.Nowx+uy=u; +x=@—->b)+u, —u,ie, x=(@a-—>5b) +
+u,—u—uye@a-b+U,-U -Uycs@a-b+U -U)~-U, e
c@a-b+U-U <cs@-b+U,—-Uyc(@a—-5>b +Vec(a->b—U.
Finally, x = (@ — b) — W, for a suitable element we U there holds x + w =
=a—band (x + U)yn (4 — B) # 0 for every Ue Z. The inclusion 4 — B <
€ A — Bis proved.

2.8. Proposition. If (G, Z) is a topological group and A, B < G, then it holds:
A-B=A-B<A+B=A4+ B

Proof. >: A +B=A—(-B)=A—-(-B)=A - (-B) =4 + B.
«<«:A—-B=A+(-B)=A+ (—B) = A — B;see 24

2.9. Theorem. Let (G, X) be a topological group and A, B = G. Then the following
assertions are equivalent:

1.4-B=A4-B.
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2. An B = @ = there exists V € X such that
WV+ADaW+ B)=0.

3AnB=06=0noned — B.

Proof.1 = 2: Wehave: An B=#=0noned -~ B=>0nonen{d — B —
~ U:UeZX} (see 2.6) = there exists Ue X such that 0 noned — B - U=
= AN (U + B) =0 for this U. Then there exists neighbourhood Ve Z such
that =V + ¥V < Uand (V + A) n (V + B) = 8. Namely, the existence of elements
v,v,€V,ae A,be Bsuchthatv, + a = v, + bimpliesa = —v, + v, + be A
N(=V + V + B)c 4 (U + B), acontradiction.

2=>1:1f xeA— B\(A — B) then xe 4 — B — U for every Ue Z (see 2.6).
Further, if we denote B, = x + Bthenit holdsOnone 4 — B,,ie, AnB, =9
(see 2.6). With regard to the assumption there exists a neighbourhood Ve X
exists such that (¥ + A)n (V + B,) = 0. If we choose Ue X such that U< V
and x + U — x < V then x = a — b — u for suitable ue U, aec 4 and be B.
Fromthisa=x+u+bex+ U+BscV+x+Bthus@#An(V +x+
+ B)c (V + A)n (V + B,), a contradiction.

2=>3:ANnB=06=>0noned - B=A- B

3=2:1fAnB=90and (V+ A)n(V + B) # 0 holds for every Ve X then
v, + a = v, + b for suitable elements ae 4, be B, v,,v,€V, ie,, a—b =
= —v, + v;€ — ¥ + V. It means that for every U e X and a suitable neighbour- -
hood Ve Z such that —V + ¥V'< U we have a — be U and Un (4 — B) # 8,
which contradicts 0 none 4 — B.

2.10. Corollary. If (G, X) is a topological group, then the following assertions are
equivalent :

1. The topological space (G, (X)) is uniformly normal.

2. The sum of two closed sets in G is a closed set in G.

3. The difference of two closed sets in G is a closed set in G.

Proof follows from 2.8 and 2.9.

2.11. Corollary. If (G, Z) is a uniformly normal topological group and H is a closed
normal subgroup in G, then the factor group (G/H, Xy) is uniformly normal.

Proof. If a topological factor group (G/H, Zy) is not uniformly normal, where
2y = {(U + H)/H : Ue X}, then there exist sets 4, B < G/H such that 4 = 4,
B =B, An B =0 and A, B are not uniformly separable sets in 7(Zy). It holds
04y € A — B according to Theorem 2.9 and it means that Uy n(4 — B) # @
for every Uy € X,. Further, there exists a neighbourhood U e X and closed sets
Ay, B, in (G, %) such that Uy = (U + H)/H, A = Ay/H, B = By/H. 1t follows
that for every U € X there exists an element u € U such that u + H € 4, — B,,
i.e., there exist elements @ € Ay, b € By such that u = a — be Ay, — B,. Finally
Oe Ay — By, Ay = Ay, Bo = By, Ay 0 By = 0 which, according to Theorem 2.9.,
means that sets 4,, B, ar¢ not uniformly separable in (G, X).
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2.12. Theorem. Every compact topological group is a uniformly normal space.

Proof. Let (G, X) be a compact topological group. Suppose that there exist
closed sets P, Q in G such that PN Q = 0 and 0 e P — Q. It means that U n
N (P — Q) # 9 for every Ue X and thus there exist elements ue U, pe P, g Q
such that ¥ = p — g. From this p = u + ¢, i.e., PN (U + Q) # 0. We consider
the system {P n (U + Q): Ue X} and we prove that it is a collection of closed
sets satisfying:the finite intersection condition. Namely, an arbitrary finite system
{Pn(U;+ Q):U;eZ, i=12,...,k} has the property 8 # Pn(V + Q) =
cn{Pn(U;+ Q) UeZ i=12,..,k}, where VeXZ, Ve n{U: i=
=1,2,....k}. It follows (PN (U+ Q): UeX}=Pnn{U+ Q: UeZ}.
Therefore xe Pand xe U + Q forevery Ue X. If Ve X suchthat =V + V< U
then xe V + Q, ie, (V+ x)n(V+ Q) # 6 which implies the existence of
elements x,, v, € V, ge Q such that v; + x = v, + g. We have x = —v; + v, +
+qe(=V+V)+ Q< U+ Q for every UeX. Now, we choose arbitrary
neighbourhoods Ue ¥ and Ve X such that —V < U. Then elements ve V, ge Q
exist such that x =v + ¢, ie.,, g= —v+ xe(-V+xX)nQ<c (U+ x)n Q.
It means x € Q, which contradicts P n Q = 0.

3. Some results on topological 1-groups

Now we attempt to include into investigating uniform separability of closed
sets in tl-groups also lattice operations and the lattice order.

3.1. Proposition. Let (G, X) be a tl-group and P,Q < G. If A|P — Q| # 0,
or A| P — Q| does not exist then P, Q are uniformly separable sets.

Proof. According to Theorem 2.9 it is sufficient to prove 0 none P — Q.
Wehave PN Q = G<>0none|P — 0 |.Now,ifA|P— Q| #O0thenA|P — O] =
=m>0.If A| P — Q| does not exist then g € G exists such that [p — q| = g,
foreverype P,qe 0,and g > O or g || 0. In the case g || 0 we consider the element
g, =gVvO0andthen |p—-¢q|=gVv0=g, >0 for every pe P, g (. In both
cases there exists a positive (non zero) lower bound m of | P — 0 |. If 0e P — Q
then by means of contradiction then U n (P — Q) # 9 for every U € Z. We choose
a neighbourhood Ve X such that V< U, Vv —V < U. Then v, = p — q for
suitable elements vy € V,p€ P,ge Qand fromthis|p — q| = (p — q) V(g — p) =
=poV —vge VV —V < U. If we choose Ue X such that m > |u| or m|| | u|,
for every u € U (see [4], 2.2) then we have a contradiction with | vy | = |p — g | 2
= mand vpe U.

3.2. Lemma. Let (G, X) be a tl-group and P, Q = G. Then it holds:
0eP—-Q=0e|P-Q|=>A|P-Q]|=0.
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If ©(2) is a locally convex topology then 0e|P — Q| =0e P — Q holds.

Proof. 1. If 0e P — Q then for every Ue X there exists Ve X and elements
veV, peP, gqeQ such that YV -V c U, V< U and v = p — ¢q. It implies
—v=¢g-pie,oV-—v=p-qV@-p=Ilp—qle(VV-V)n|P-Q|<c
cUnNn|P—-Q]|.FinallyOe|P - Q]. )

2. Now, suppose 0| P — Q| and assume (by the way of contradiction) that
Al P — Q] = 0 is not true. As above (see the proof of Prop. 3.1), there exists
a lower bound m of the set | P — Q| with m > 0. With regard to [4], 2.2 there
exists a neighbourhood Ue X such that |u| < m or |u]| || m, for every ue U.

The fact O e |_P - Q| implies the existence of elements p, €P, g, €Q, u; e U
such that u, = |p, —q,|. But [p; — g, | =u; <m or [py —q| =ugllm,
a contradiction. '

3. Now, if 7(Z) is a locally convex topology and 0 e | P — Q| then for every
U e X there exists a convex neighbourhood Ve X such that £V < U and V' n
Nn|P — Q| # 0. There existelementsve V,pe P,ge Qsuchthatv = |p — g | =
z2p~gqgand —v=—|p—-gq|l=(@—-p)A(P — q) < p — g Finally, —v <
<Sp—-gsvie,p—qeVcU UnP-Q) #0and0eP - Q.

3.3. Corollary. If (G, X) is a tl-group and P, Q are disjoint closed subsets in G
which are not uniformly separable, then it holds:

1.0eP - Q,2.0e|P—-Q|,3.A|P—-Q]| =0.

Proof. Follows from Theorem 2.9 and Lemma 3.2.

Now, let us investigate linearly ordered tl-groups with the interval topology in
connection with uniform separability. It is known (for example see [1]) that this
topological space is normal.

3.4. Theorem. Let (G, X) be a linearly ordered tl-group. Then sets P, Q in G are
uniformly separable if and only if theré exists an element m € G such that m > 0
and |p — q| = m, for every pe P, qe Q.

Proof. =: If there exists no element me G suchthat m > Oand |p — g| = m
foreverype P,qe Q,thenA {|p — q|: pe P, ge O} = 0. It means that for every
Ue X and every me G, m > Othere existelementspe P,ge Qsuchthat|p — ¢ | <
< m, i.e.,, (P — Q) (—m,m) # 0. Therefore there exists an element me G
such that m > 0 and U 2 (—m, m). We have (P — )N U # 0, i.e.,, 0e P — O,
a contradiction.

<: We have |P — Q| n(—m,m) = 0. It follows that 0 none P — J and
thus P, Q are uniformly separable (see Theorem 2.9). '

3.5. Definition. We say that an J-group G is dense if for every g, h € G such that
h > g there exists an element k£ € G such that & > k > g.

3.6. Lemma. A linearly ordered tl-group with the non-discrete interval topology
is dense.
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Proof. If elements x, y € G exist such that there exists no element z € G with
the property x > z > y, then the open intervals (y, x) and (0, m) are empty sets,
where m = x — y. Further (m, 2m) = @ and thus (0,2m) = {m}. It follows that
7(X) is the discrete topology, a contradiction.

3.7. Example. Let R be a linearly ordered additive group of real numbers with
the interval topologyand 4 = N, B = u{{n — 1 + I/n,n — I/n):ne N,n = 2},
where {a,b> = {ge€ R: a £ g < b}. Then A, B are disjoint closed subsets in R
which are not uniformly separable (see Theorem 3.4).

Remark. It can be proved similarly that a linearly ordered additive group Q
of rational numbers is not a uniformly normal space.

3.8. Theorem. If (G, X) is a linearly ordered tl-group with the non-discrete topology
and (G, X) is a uniformly normal space, then it holds:

1. G is tota'ly non-archimedean, i.e., for every element g € G, g # O there exists
an element he G, h # 0 such that | g| > n| h|, for every ne N.

2. If M is a closed subset of G and Vv M(A M) exists, then M has the greatest
(the smallest) element.

3. t(2) = 1(X,), where Z, is the set of all convex subgroups P of G such that
P # {0}.

4. (G, 1(2)) is a totally disconnected topological space.

S. There exists no strongly decreasing (increasing) sequence in G which has in G
an infimum (a supremum).

Proof. 1. If there exists an element g € G such that g > 0 and nh > g, for every
he G, h > 0and a suitable number 7n € N, then the convex subgroup {g) generated
by g in G is archimedean. Namely, (g> = {xe€ G: 0 £ | x| £ ng for some ne N}.
If ae {g)* is an archimedean element then 0 £ a < mg, for a suitable number
m e N. Further, for every h € {g)* there exists n € N such that nh > g, i.e., mnh >
> mg 2 a 2 0. It means that a is an archimedean element in {g) and {(g) is
a linearly ordered archimedean group. {g).is 1-isomorphic with a subgroup of R
and because {g) is dense we have that {(g) is 1-isomorphic with a dense subgroup

of R which contains the additive group Q of rational numbers. Further, (g) is
1-isomorphic with R. Finally, there exists a closed subgroup of G which is 1-iso-
morphic with R, and which with regard to Example 3.7, contains sets which are
not uniformly separable, a contradiction. G has no archimedean element and thus G
is totally non-archimedean.

2.If P is a closed subset in Gand V Pnone Pthen Pand Q = {ge G: g 2 VP}
are disjoint closed sets. With regard to Theorem 3.4 there exists an element me G
" such that m > 0 and VP — p > m, for every pe P, i.e., VP > m + p, for every
p € P, a contradiction. The second part for A P can be proved similarly.

3.If Ve Z,, then ¥V is a convex subgroup of G, ¥ # {0}, there exists an element
- veV, v # 0 such that (—v, v) = V. We have 1(2) =< 1(Z)).
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If UeZXZ then there exists ue U such that (—u, u) = U. If for every ge G,
0 # g € (—u, u) there exists n e N such that ng > u then we can prove similarly
as in the first part that the convex subgroup (u) in G is archimedean, a contradic-
tion. It means that there exists g € G such that g > 0, and a convex subgroup {g)
has a property {(g) = (—u, u), i.e., ©(Z,) < ©(2).

4. It follows immediately from 3.

5. Let {x,} be a descreasing sequence in G and let A {x,: n € N} exist. Then {y,},
where y, = x, — A {x,: ne N} for ne N, has the infimum 0. Let us denote 4 =
= U{(~Yan-3: —Yan-2>: n€N}, B = U {(~Yen1, =Yand: n€ N}, and prove
that A4, B are disjoint closed subsets in G which are not uniformly separable.

a) If ae A\ A, then there exists ne N such that —y,,_, < a < —y4p41-3 OF
—yy > a. Then A n [a + (—g, g)] = 6 and consequently a non € 4, a contradic-
tion. Thus 4 (and similarly B) is closed. '

b) A n B = B is clear. We shall prove that 4, B are not uniformly separable.
For every me G, m > 0 there exists an element se€ G such that 0 < 25 < m.
Furthermore, for some ne N we have y,, < s, whence for every ae {—y4,-3,
—Yan-2 > (= A) and every be {—y4p_1> —Vany (S B), we have 0 < b —a £
S ~Yan + Van-3 <5 + 5 = 25 < m. By Theorem 3.4 A and B are not uniformly
separable.
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