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ASYMPTOTIC BEHAVIOUR OF EQUATIONS 
z = q(t9 z) - p(t) z2 A N D x = xcp(t9 xx"1) 

JOSEF KALAS, Brno 
(Received December 10, 1980) 

1. INTRODUCTION 

During the last few years, a good deal of research activity has been concentrated 
on the investigation of the asymptotic behaviour of the solutions of an equation 

(1) *=f(t,zl 

where/is a complex-valued function of a real variable t and a complex variable z. 
The global asymptotic properties of the Riccati equation 

(2) z = q(t)~p(t)z2 

are described in detail by M. Rab in papers [5], [6]. Papers [1], [2], [3], [4] contain 
a considerable amount of results related to the equation 

(3) z = G(u)[A(z) + g(r,z)], 

where G is a real-valued function and It, g are complex-valued functions, h being 
holomorphic in certain simply-connected region Q. By virtue of general results 
referring to the equation (3), in [1], [2], [3] there are derived several results dealing 
with the global asymptotic character of the equation 

(4) i = q(t, z) - p(t) z2. 

The technique of the proofs of the majority of these results is based on the Lia-
punov function method and the Wazewski topological principle. Considering the 
associated Riccati differential equation and using the above methods, M. Rab studies 
the asymptotic nature of the solutions of the linear second order differential equation 

(5) x + p(t) x + q(t) x = 0 

with complex-valued coefficients p, q in paper [7]. 
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The purpose of the present paper is to generalize the results concerning the 
asymptotic behaviour of the solutions of (4) and to extend some results of [7] to an 
equation 

(6) x = x<p(t9 xx~l), 

where cp(t, z) is a continuous complex-valued function defined for all real numbers t 
and all complex numbers z. In what follows we use the notation from [1] (see also 
[2], [3], [4]). In particular, C denotes the set of all complex numbers, TV the set 
of positive integers, /the interval [f0, oo), C(r) the class of all continuous real-valued 
functions defined on the set T, and C(T) the class of all continuous complex-valued 
functions defined on the set r . By Cl(I) we denote the class of all continuously 
differentiable complex-valued functions defined on /. 

For brevity, we shall omit sometimes the independent variable, writing e.g. a 
instead of a(t) etc. Throughout the paper we shall assume that q e C{Ix C), p e C(I). 

2. PRELIMINARY RESULTS 

Suppose that a(0, P(t) e C^I), g(t) e C(I) and that fi(t) * 0 for t e I. The follow­
ing lemma can be easily verified and therefore its proof is omitted. 

Lemma. Put 

(7) p-r' + t. 
q(t, z) = fo{t, (z + a) /T l ) + QZ2 + (fi - 2a) p~lz + (0 - a) a/?"1 - a. 

i) A function z{t) is a solution o/(4) defined on an interval J a I, if and only if, 

z{t) = mmx-i(t)-a(t), 
where x(t) is a solution of (6) on / . 

ii) A function x(t) is a solution of (6) defined on Jcz I, if and only if 

x(t) « 0 exp [J tz(s) + a(5)] fT
 l{s) ds], 

to 

where 0 is a constant different from zero, a> 6 / , and z(t) is a solution of (4) on J. 

In view of Lemma we shall obtain the results concerning the asymptotic behaviour 
of the solutions of (6) as the immediate consequences of the results referring to the 
solutions of the equation (4). If a, b e C, b # 0, \j/ e C(/) and ^r(r) > 0 for t £ t0f 

then (4) may be written in the form 

(8) i - W ) {-25[(* - af - A2] + q(t, z) ^ ( 0 - /K0 ^ U ) * + 
+ 26[(z - af - *2]}. 

Substituting zt = z - a - b or z2 = z - a + b, we get 
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(9,) i t = G,(l, z,) [fcjCz,) + ^(f, z,)] 

or 

(92) i 2 = G2(/, z2) {h2{z2) + g2(t, z2)l 

respectively, where 

G,0,z,) = G2(/,z2) = i/f(0, 

ft,(z,) = -25z,(z, + lb), h2(z2) = -25z2(z2 - 2b), 
gi(t> zO = qif, z, + a + b) ̂ -*(r) - />(*) *-»(!) (2l + a + 6)2 + 2 M * ! + 26), 
giit,z2) = 9(/,z2 + a - b)ilf-1(t)-p(t)il>-1(t)(z2 + a-b)z + 2bz2{z2 - 2b). 

Put 
Q, = {z 1 eC:Re[fc 1 ]> - | 6 | 2 } , 
Q2 = (z2 e C: Re [5z2] < | 6 | 2} . 

I. First we shall consider the equation (9t) on the set / x Qt. W(z), A0, #(A0) and 
Jt(A) from [1] (see also [2], [3], [4]) are of the following form: 

W(Zl) = 2\b\ | z , | | 2 l +2b\~l, A0 = 2 | 6 | , 
tf(A0) = G„ m) = {^eQ1:2\b\\zl\ = X\zi + 2b |}. 

For f ^ f0, zt e filf we get 

= i/r-'O) Re|[<f(t, Zl + a + b) + (a2 - b2)p(f) - 4p(f)(z! + a + b) z^+2b)\ ~ 

- 2>l,-\t)Re(bp(t)l 

Suppose there are Hu H2e C(/) such that 

\q(t,zl+a+b)+{a2 - b2)p(t) - 2ap(t) (z.+a + b) | £ | zt+b | H^ + Hjit) 

for r Si r0, Zj e Q,. It is clear that Hl, H2 must be nonnegative. 
1° Assume that 

(10) Re 0jp(O] > 0 for r ̂  r0, 

(11) ]Re[bp(0]d( = oo 

and 

0 2 ) ™F0 Re [MO] < 2 , M ' 
f5 g 2 I 61 is defined by 
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(13) w p \ W ) + 2HM_ S5\b\2 

'.Z Re[bp(0] 4\b\2 + d2 

then 0 £ 5 < 2 | 6 | = A0. Put <K0 = 1. We have 

*M + "W"]} =Cl Zl + b'Hl(0 + "2(0] uTTW 

= [| Zl + b i H t(0 + if2(0] , . „ , ",. , » U | 1 1 -
2 Re C*K0]. 

6 1 
+ 26| 

- 2 Re [6X0] = 
W2(z1) + 4]fe|2 

2^(z1)[Ui + 6|2 + |6 | 2 ] 
Denote 5B = [2 | b | + (2n - 1) 8] (2n)~l for n e Wand choose £,, > 1 so that 

nd\ U\b\Hl(t) + 2H2(t)-] ̂  &8n\b\2 

U ; So ^ [MO] = 4\b\2 + d2' 

It can be easily verified that there are constants n„,v„e (0, 1) such that 

2\b\\zt + b\ ^ , | b | 2 

^ ft.6,, ~ TT5 T7T7- ^ v»6, \zx + b\2 + \b\2 -• \Zl + b\2 + \b\2 

for zt e AT(5B, A0) = {zt e Qt : 5„ < 2 | 6 | \zt\ \zl + 2b\~i < X0}, neN. There­
fore 

44 i + w]} s 

S U»nI b j H,(0 + 2vB/f2(0] W}*?**lbS - 2 R e ^ W ] ^ 
4 | b | 2 ^ ( ^ i ) 

£ « l b | Ht(r) + 2Ha(0] W}*ttt}b}2-max <«» ' v»> - 2 Re P * ^ 
41 fc| W^i) 

for t ^ t0, zt e K(5n, A0), neN. Making use of (14) we get 

44i+w3H 
k(4|fc!2 + «5B

2)8|&|2W(Zl)
 V*"J J L i a ' J ^ 

^ 2 [max (/*„, v„) - 1] Re [6p(0]-

Now, we can apply Theorem 2.3 and Theorem 2.4 of [1], where 3 = Ao> Jo — *o> 
G(f,z)s 1, £„(*) = 2[max (ft,, v„) - 1] Re \bp(t)~\ (see also Theorem 3.5 and 
Theorem 3.6 of [4]), thus we obtain the following statement: 

If a solution zt(t) o/(9t) satisfies Re [Bz^tJ] > -\b\2, where tt ^ 'o, then to 
nye> 8 there is a T > 0 such that 2\b\\ 2,(01 < s | zx(t) + 2b\for t k d + T-

a 
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If in addition, 

J Re [bp{%)\ dr -* oo as t -» oo 
s 

uniformly for sel, then T is independent of tL and of zt{t). 
2° Suppose that (10), (11) hold and that 

(15) ? # i ( 0 d ' < oo, $H2(t)dt < oo. 
to t0 

Let sn g t0 be such that 
00 

J [I b | JJJO) + H2(0] d i < | ft | (2ne)_1, n e N. 

Put «/r(r) s 1 and 8„ = 2 | b | (ne)_1 for neN. Then 

^ - i - 0 b I # i (0 + ^2(0] - 2 Re [6^(0] 

for £ ^ $„, 2̂  6 AT((5„, A0), « G N. Using Theorem 2.3 and Theorem 2.4 of [1], where 
9 = X09 G(t, z) == 1, En(t) = 4[| b 115^(0 + #2(0]/<5« - 2 Re |>(0]> we get the 
assertion: 

If a solution zx(t) of(9t) satisfies 

| Zl{tx) | < exp L^j J [| 6 | if ,(0 + ffa(i)] d*j | z ^ ) + 2b |, 

lim zt{t) = 0. 

//*, in addition, 
s + t 

J Re [bp{x)"\ Ax -^ <x> as t -> oo 
s 

uniformly for sel, then to any e > 0 f/iere is a T > 0 independent oftx and ofzt(t) 
such that | zx(0 | < e/or f ^ ^ + T. 
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3° Suppose there is a x > 0 such that 

Re [6p(0] ^ » for * g *0 

and assume that 
t + i t + i 

lim | H1(s)ds = lim J H2(s)ds = 0. 

Put ^(0 = 1 and 8n = 2 | fc |/(a 4- 1) for n e iV. Denoting 

Sn(V*i) = «f('>*i + a + fc) + (a2 - 62)p(r) - 2ap(0(zi + a + b), 

gutifZi) = -2bp(t)zl -p(t)z\ + 252^2! + 2fe), 

we have 
£i('> *i) « guO, *i) + gnO, *i). 

For t ^ f0, zt € K(8n, A0), « e JV, we obtain 

Re|fci(0)[l + ~ ^ ^ - ] } = " 2 Re[bp(0] * -2x. 

Using Remark 2.1 of [1], where G(t, z) = 1,9 = A0, 0„ = -2x, Fn(t) = 4[| b \ Ht(t) + 
+ H2(ty]l8n, <r„ = t0, we observe that to any e > 0 there are sequences {sn}, {En(t)} 
such that sn^t0,Ene C(7) and the assumptions of Theorem 2.4 of [1] are fulfilled 
with xt < e, and 

lim inf [ V ] = 0. 

In view of Theorem 2.4 of [1] we have the assertion: 
To any 3*, 0 < 9* < A0, */*ere is an S ^ t0 such that for any e > 0 a«d flwy solu­

tion zt(t) 0/(90 satisfying 2\b\\ zfa) | < 9* | zx{tx) + 26 |, where tx £ S, rAere 
is a T > 0 independent of tx and of zx{t) such that \zx(t) \ < efor t §: tx + T. 

4° Assume that the conditions (10), (11) and (15) are fulfilled. Put 

2 | b | 2 

It holds that 

W{zi)W)ReL«,zt)^A~\ £ 4 | b ' 2 . [| z, + b |Hx(t) + H2(0] ^ 
L «i(.zi) J i Zi + 2b r 

~ L|z i+2b| 2 I zi + 2b | J | Z l + 2 b | 2 

£ 4[| * I »i(0 + #a(0] 
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for t £ t0, zieK(0,Ao). Applying Theorem 3.3 of [3], where B = A0, />(*) = 
= G(t9 z) = iKO, £(0 = 4[| 6 | Ht(t) + U2(f)], we obtain: 

If a solution zt(t) of(9t) satisfies Re [fejfr)] > H * I 2 / o r ' ^ *i» wAere tt J> r0, 

00 

jRe[fep(0]|z,(0ldt<QO 

lim zt(f) = 0. 
f-*00 

II. Consider the equation (92) on the set IxQ2. W(z), X0, K(X0) and J?(A) from [1] 
are of the following form: 

W(z2) = 2\b\ \z2\ \z2~2bY\ A0 = 2|fe|, 

K(X0) = Q2, R(X) = {z2eQ2:2\b\ \ z2 | = X \ z2 - 2b |}. 

Assume there are Hu H2e C{I) such that 

| g(f, z2 + a - b) -h (a2 - 62)/?(r) - 2ap(t) (z2 + a - b) \ £ I z2 - 6 | ^ ( 0 + 
+ #2(0 

for / ^ f0, z2 e 0 2 . Obviously, Hl and if2 must be nonnegative. 
5° Let (10), (11), (12) be fulfilled. Define 8 £ 2 | 6 | by (13). Put »K0 = 1 and 

choose x e (<5, A0). There is a ^ > 1 with the property 

Qt\b\Hi(t) + 2H2(t)-] %x\b\2 

tJo Re[bp(0] " 4\b\2 + x2 ' 

Analogously as in 1 °, it can be verified that there exist constants /i,v6 (0,1) such that 

- Re jfc2(0) £l + g ^ 2 ) ] | S 2[max (/*, v) - 1] Re [fcp(0] 

for t 2> f0, z2 e AT(x, A0) = {z2 e Q2 : x < 2 | 6 | | z2 | | z2 - 26 I"1 < A0}. By use 
of Theorem 2.2 and Theorem 2.5 of [1] (see also Theorem 2.2 and Theorem 2.4 
of [3]), we get the following assertion: 

If a solution z2(t) of(92) satisfies 2 ] b | | z2(tt) \ > 8 \ z2{tt) - 2b \, where tt ^ t0> 

then to any e, 0 < e < A0 there is a T > 0 such that 2\b\\ z2(t) | > e | z2(t) - 2b \ 
for all t^tt-\- Tfor which z2(t) is defined. Moreover, 2\b\ \ z2(t) | > 8 f z^t) - 261 
for all t ^ tx for which z2(t) is defined. 

6° Suppose that (10), (11), (12) hold. Putting 

ftt).Re[»l<P] 
2|&|2 

and proceeding similarly as in 5°, we obtain 
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- R e L o , ^ ) - « ^ l ^ 4[maxfe v) - 1] | b \2 + 4 | b \2 g 

^ 4max(^ ,v ) | i | 2 < 4 | b |2 = Re/*2(0) 
for t^t0,z2e K(x, A0). Applying Theorem 2.3 of [2], where G(t, z) = ${t\ we have: 

For any y, 8 < y < A0> and for any S > t0 there exists a solution z2(t) of(92) 
such that 2\b\ \ z2(t) \<y\ z2(t) - 2b | for all t ^ S. 

7° Assume that (10), (11) and (15) are fulfilled. Put \j/(t) = 1 and choose 5 e 
e (0, 2 | ft | e"1). Let S £ t0 be such that 

QO 

$l\b\H1(t) + H2{t)-]*t<SI4. 
s 

For * ^ S and z2 e #(5, A0) it holds that 

- Re |hi(0) [ l + ^ f ^ f ] } ^ y El H » i (0 + »2(0] - ^ [bp(0]» 

Using Theorem 2.2 of [1] with 9 = A0, £(0 = 4[| b | ^ ( 0 + JJ2(0]/* - 2 R e lbP(*)l 
G{ty z) = 1 we get: 

/ / a solution z2(t) o/(92) satisfies 2 | b \ \ z2(fx) | > be \ z2(tt) - 2b |, w/*m? /t ^ 5, 
rten 2 | b | | z2(0 | > b | z2(r) - 2fe | /or a//1 ^ rA /or w/t/c/i z2(t) is defined. 

8° Let (10), (11) and (15) hold. Putting 

2|fc| 
we obtain 

-W(z2) iA(0 Re [g2(r, ^ ) ^ ^ - l ^ 4[| b I H t(0 + H2(0] 

for * ^ f0, z2 e #(0, A0). From Theorem 3.3 of [3], where 9 = A0, # (0 = <?(', z) = 
= iP(t), E{t) = 4[| 6 I ^ ( 0 + H2(t)l it follows: 

/ / a solution z2(t) o/(92) satisfies Re [5z2(0] < I 6 I2 /or t ^ r t, wAere ft ^ r0, 

00 

|Re [bp (0 ] | z 2 (0 | d t<co 

and 
lim z2(0 = 0. 

3. MAIN RESULTS 

Considering that £(A) are circles with centres 2bX2(4\b\2 - X2)"1 or 
- 26A2(4 I b |2 - A2)""1 and radii 4 | 6 |2 A(4 | 6 |2 - A2)"1, and applying 1° and 5°, 
we obtain the following generalization of Theorem 3.1 of [1]: 
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Theorem 1. Suppose there are a, beC and Ht, H2 e C(I) such that 

(16) I q(t, z) + (a2 - b2)p(t) - 2ap(t) z\^\z~a\ Ht(t) + H2(t) 

for t ^ t0, zeC, 

(17) Re [> ( f ) ]>0 fort^t0, 

00 

(18) J Re [fc>p(0] d* = 00 
to 

and 

(19) 8 u p l * l | 1 W + ^ » < 2 | M . 

Let 8 B [0, 1) be defined by 

na\ |b|tf t(Q + 2tf2(Q_ 4 |b[5 
(20) fff Re [MO] 7 7 ^ -
Assume that a complete solution z(t) of (4) defined on [*r, <w), vfAere /t ^ l0, satisfies 

(21) I z ( 0 - a + (1 + c52) (1 - 52)"1 b I > 2 | b \ 8(1 - 52)"1. 

/f co = cxi, f/re« 

(22) lim sup I z(t) - a - (1 + <52)(1 - <52)-1 b | g 2 | £• | <5(1 - a2) -1. 
t-+ao 

Ifco<oo9 then Re [5(z(f) — «)] < Ofor te \ju co) and 

lim I z(f)l = 00. 

If, in addition, 
s + t 

J Re [bp(T)] dx -» 00 as f -* oo 

uniformly for sel and Re [fi(z(^) - a)] £ 0, then to any s > 2 | b\S(l - <52)-1 

there is a T > 0 independent of tt and of z(t) such that 

I z(t) - a - (1 + 82) (1 - 52)"1 b\<e 
for t^tt + T. 

Proof. Let e > 21 6 | 8(1 - <52)-1 be arbitrary. Put A = [(1 - <52) e + 2521 b |] x 
x [0 - <$2) e + 2161] _ *. Clearly 8 < A < 1. Using 1 °, we obtain: If Re [fi(z(f t) - a)] > 
> 0, then there is a T > 0 such that | z(t) - a - 6 | < J | z(t) - a + b | for f £ 
^ ti + T. Hence 

| z ( 0 - a - ( l + <52)(1 - « * ) - * * I ^ 
^ I z(t) - a - (1+ A2) (1 - 42)"1 b\ + \b\x 
x[(l + J2)( l - A2)'1 - (1 + 52)(1 - S2)"1] < 
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< | f t | [ ( l + J ) 2 0 -A2)'1 - 0 + <*2)0 - 5 2 ) _ 1 ] ^ e 

for / 2: /j + T. We shall prove that this assertion remains true if Re [fi(z(fi) — a)] = 
= 0. 

It suffices to show that 

(23) , A Re [%(*,) - a)] > 0. 

We have 

A Re [5(z(0 - aj] = Re {%«, z) - p(t) z2] } = 

= Re {h[q(t, z) + (a2 - b2)p(t) - 2ap(t)^} + 
+ Re {b[2ap(t) z - (a2 - 62)/>0) - /*/) z2]} £ 

^ - I b | [ r ( 0 # , ( 0 + H2(ty\ + \b\2HO - Re[b\z - a)2X0], 

where y(/) = | z(t) - a | and 9(t) = Re [bp{t)]. In view of (19) there exists a f e (0, 1) 
such that 

#,(/,) < 2 | Re [*/#,)], #2(>,) < (1 - 0 I * I Re {bpitj]. 

This together with 
Re [B(z(tl) - a)2pit,)] = -y2(tt) 9(tl) 

yields 

A Re lb(z(tl) - a)] > B(tl), 

where 

B(t) - -1 ft | [2^(0 + (1 - 0 | ft |] 3(0 + I ft |2 3(0 + 7
2(0 3(0 = 

= [ ~ 2 a f t | y ( 0 + ^ | 6 | 2 + y 2 (0 ]5 (0^ 
^ TO) -\b\f 3 ( 0 ^ 0 , 

from which (23) follows. 
Now, it is clear that Re \B(z{t) — a)~\ < 0 and 

lim | z(01 = oo, 

provided that co < oo. Assume co = oo. It is to show that (22) holds. It is sufficient 
to prove that there exists a t2 §: tt with the property Re [5(z(t2) — a)] *> 0. Suppose 
conversely that Re [b(z(t) — a)] < 0 for t *£. tx. By 5° we know that to any e, 
0 < e < 1, there is a T > 0 such that | z(f) - a + ft | > e | z(f) - a - ft | for 
t ^ *j + J. Consequently, there exists a 7^ > tt with the following property: 

— '" \<t)-a\ <_l±i!_ 
j z(t) - a - 61 | z(0 - a + ft | | ft | (1 + <5)2 ' 
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1 < 2(1 + 82) 
i z(t) -a-b\\ z{t) -a + b{ | b j2(l + 5)2 

for t ^ Ty. Further, denoting 

W \z(t)-a + b\' 
we get 

= e-i(t) \z-a + b\2Re[(z-a-5)z] - \ z - a - b \2 Rc[(z - a + 5)z] 
\z -a + b |4 

= *'> R e {(z-a-bHz-a + b) W' Z) + (fl2 " *'> * > ~ ^ Z ] + 

< 20(or^(o + \b\\«'-*)+(*[7b*)*)-*#)z\] < 
~ L |z - a - i | |z — a + 6| J™" 

<2 0 ( or-g ( O + i , l u-^iy)+H2(0 i 

~ 1 L !*l(l+<$)2 | * | 2 ( l + <5)2 J / ~ 

£ 20(f)1-5(0 + • ' * * ' 2 [| 6 | Ht(t) + 2H2(0]J S 

^ 20(0 3(0 [-1 + 45(1 4- <5)~2] S - (1 - <5)2(1 + <5)~2 3(0-

Integrating and letting t -* co, we infer that 

lim 0(0 = — oo, 

which is impossible. Therefore there exists at2^tt such that Re [#(z(f2) — a)j J> 0. 
The rest of the proof results from (23) and 1 °. 

Applying 6° and using Theorem 1, we can generalize Theorem 3.1 of [2]: 

Theorem 2. Let the asumptions of Theorem 1 be fulfilled. Then to any S > t0 

there is a solution z(t) of (4) such that 
I z(t) - a + (1 + 52) (1 - 82yx b\S2\b\5(l- d2)"1 

for t £ S. 

By virtue of Theorem 1 and Theorem 2 we obtain the following generalization of 
Theorem 3.2 of [2]: 

201 



Theorem 3. Suppose there are a, beC and Hx, H2e C(f) such that the conditions 
(16), (17), (18) and 

nn um „ ,„ 1 b | H tQ) + 2H2(t) 
(24) hmsup R e [ M 0 ] < 2 | 6 I 

are fulfilled. Define 8 e [0, 1) by 

| f c |g , (Q + 2H2(t) 4\b\8 

T/ien fAere is a? /easf one solution z0(t) of (4) wi'f/i f/ie property 

l i m s u p | z o ( 0 - a + (1 + <52)(1 - 52)-»ft | ^ 2 | 6 | 8(1 - S2)~l-

f-*ao 

Le/ S ^> t0 be such that 

_ \b\Hl(t) + 2H2(t) ^ , u i 
SUP p- —-= < 2 0 . 

, ^ Re [MO] 
TTzefl every solution z(t) of (4) satisfying Re [fiWi) — #)] ^ 0, w/*ere ^ ^ 5, w 
defined for all t §; f t aw J 

lim sup | z(0 - a - (1 + (52)(1 - ^ 2 ) _ 1 f c | g 2 | fr | <5(1 - 52)"1 . 
f-*ao 

7/*, in addition, 
s + t 

J Re l_bp(ry] dr -• oo as l-^oo 

uniformly for s e /, //ze/* /o #/7;> e > 2 | £ | <5(1 — 5 2 ) - 1 //jere zs a T > 0 independent 
oftx and of z(t) such that 

|z(r) - a - (1 + <52)(1 - 5 2 ) - 1 6 | < £ 
/or f > fr + 7\ 

Corollary 1. Lef oc(f)> j3(0> £?(0 be as in Section 2 and let p(t), q(t, z) be defined 
by (7). Suppose there are a,beC and Hl, H2 e C(I) such that the conditions (16), (17), 
(18) and (24) are fulfilled. Let 5 e [0,1) be defined as in Theorem 3. Then there is a solu­
tion x0(t) of (6) with the property 

lim sup | fi(t) x0(t)xo\t) - a(r) - a + (1 + 82)(l - S2)'1 b\£2\b\d(l- <52)-1. 
f-»oo 

If S ^ t0 is as in Theorem 3, then every solution x(t) of (6) satisfying 
Re[b~P(tl)x(tl)x-1(tl)'] ^ Re[5(a(^) + a)\ where tt ^ S, is defined for all t ^ t19 

and 

lim sup \ P(t) i(t)x-\t) - a(t) - a - (1 + 52)(1 - d2)~l b\ ^2|fc|<5(l - d 2 ) " 1 . 
f-*oo 

If in addition, 
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\ Re [b(/r *(T) + e(t))] dt -• oo as t - co, 
s 

uniformly for s e I, then to any e > 2\b\ 5(\ - 52)"1 **«•« fc a T > 0 independent 

ofti and of x(t) such that 

| p{t) x(t) x-\t) - a(0 - a - (1 + 82) (1 - <52)-1 *> I < e 

for f^ti + T. 

Making use of 2°, 4°, 7°, 8°, we can generalize Theorem 4.1 of [3]: 

Theorem 4. Suppose there exist a,beC and Hu H2 e C(I) such that the condi­

tions (16), (17), (18) and 

(25) ] H^t) dt < oo, ] H2(t) dt<co 
t0 to 

are fulfilled. Then each solution z(t) of (A), defined for t-*co, satisfies either 

(26) lim z(() = a + b, ] Re [ftp(0] I z(0 - a - ft | df < co 

or 

(27) lim z(l) = a - 6, ] Re [6p(0] I z(0 - a + & | dt< oo. 
r-*ao 

Lef S ^ t0 be such that 

]l\b\H1(t)^H2(t)']dt<\b\(2eyi. 
s 

Then any solution z(t) of (4) satisfying 

| z ( f l ) _ f l _ ( l + x 2 ) ( l - %2)_1ft| < 2 | 6 f x ( l - x 2 ) 

where tx ^ 5 awrf 

^ = exp|--^-][|b|i/1(0 + H2(0]^J, 

w defined for all t ^ tx and there holds 

lim z(0 = a + b. 
t-»ao 

If in addition, 
s + t 

j" Re [ M / 0 ] dx -• oo as * -> co, 
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uniformly for sel, then to any e > 0 there is a T > 0 independent of tt and of z(t) 
such that | z(t) - a - b\ < efor t ^ tt + T. 

Proof. We claim that there is a o ^ t0 such that 

(28) Re [5(z(0 - a)] > 0 for t^ a 

or 

(29) Re [fi(z(0 - a)] < 0 for / ^ a. 

Assuming that this claim is false, there exists a sequence {*„}, ?„-» oo as /? -> oo, 
with the property 

(30) Re [h(z(tn) - a)] = 0 for « e JV. 

By using 2°, 7°, it can be easily verified that there is an L > 0 such that 

| z(t) - a - 6 | ^ L, | z(f) - a + 6 | £ L 

or all sufficiently large tel. Denoting 

«'>-|'<0-.' + »'• W - « • [ « * ! 
we get 

l0(o,20(o[-9(o+m,z';^^^b|], 

+ K , ) - f l - Z ) - f l O i ] ^ ^ 
x {-9(0 + | b | [ L - ^ ^ O + L-2H2(t)]}, 

i.e., 

~ {exp [ - 2 } [| ft | L^LH^s) + H2(s)) - 3(5)] ds] 0(0} ^ 0. 

Integration and limiting process /-• oo yield 

lim 0(0 = 0, 
t-*a> 

which contradicts (30). Hence there is a a Si tQ such that (28) or (29) is satisfied for 
t £ a. By 4° and 8° there hold the conditions (26) and (27). The rest of the proof 
follows from 2°. 

Corollary 2. Let a(t), j8(f), <?(0 for as in Section 2 anrf let pit), q{t, z) be defined 
by (7). Suppose there are a, be CandHu H2e C(/)such that (16), (17), (18) and(25) 
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are fulfilled. Then each solution x(t) of (6) defined for t<* °° obeys one of the following 
two conditions: 

(31) lim ip{t)x(t)x"l{t) - a(0] = a + ft» 
* - * o o 

J Re [X/r'CO + e(O)] I /?(0*(Ox-1(0 - «(0 - « - & I d i < «>, 

(32) lim []8(0 x(0 x" \t) - a(f)] = « - *>» 
f-*00 

oo 

J Re [>(/r J(0 + Q(t))} \mmx-\t) - a(0 - a + b | df < oo. 

If S 2: t0 is as in Theorem 4, then any solution x(t) of (6) satisfying 

| MO x(tt) x'l(h) - a(tl) - a - (1 + x2) (1 - X2)'1 6 I < 2 | 6 | „(1 - ^ ) - i , 

H>/we ^ S: S and 

7 CI * I ^ i (0 + ^2(0J df|, 

is defined for all t 2: ft and f/jere Ao/fifa 

lim ^ ( 0 * ( 0 * _ 1 ( 0 ~ «(0] = a + fe-
r-»oo 

If in addition, 
s + t 

J Re [b{p~\%) + g(t))] dr -> oo as t -+ oo, 
s 

uniformly for sel, then to any e > 0 fAere fo a 7* > 0 independent oftt and of x(t) 
such that 

[P(t)x(t)x-^t) - a(0 - a - b | < e 
/or t£tx + T. 

Application of 3° yields the following generalization of Theorem 3.3 of [1]: 

Theorem 5. Assume there are a, b e C, x > 0 and Hi9 H2G C(l) such that the 
conditions (16), 

(33) Re 0/KO] ^ x for t^t0 

and 
t+L f + l 

(34) lim f H1(s)ds ~ lim J H2(s)ds = 0, 
t-*ao t t-+co t 

are fulfilled. Then to any 9, 0 < 3 < 1, there is an S j> *0 MCA that for any e > 0 
and for any solution z(t) of (4) satisfying 

\z(tt) - a - (1 + S2)(l - 32)-1 A | < 2(613(1 - 32)"1, 
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where ts ^ S, there isaT > 0 independent oftt and of z{t) such that \ z(t) — a — b\ < 
< efor t^tt + T. 

Corollary 3. Let a(0, Pit), Q(t) be as in Section 2 and let p(t), q(t, z) be defined 
by (7). Suppose there area,beC,x > 0 and HUH2€ C(I) such that (16), (33) and (34) 
are fulfilled. Then to any 9, 0 < 9 < 1, there is an S jg t0 such that for any e > 0 
and for any solution x(t) of (6) satisfying 

I P(h) x(tt) x- 'fo) - a(/i) - a - (1 + »2) (1 - S2)"1 6 | < 2 | 6 | 3(1 - S2)"1, 

wArn* f j ^ S, there isaT > 0 independent oftx and ofx{t) such that \ (i(t) x(t) x~ x(t) — 
- a(0 - a - b\ < efor t ^ tx + T. 
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