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Let
)] x"=q(t)x "

be a nonoscillatory differential equation on an interval [to, ). If q(t) £ 0, then

x'(t)
x(1)
the fact that

is a nonincreasing function for every solution x of (1). This follows from

'\’ " 2 r\2
(_x_)=x__£z.= _<_x_) <o,
X X X X
It is also well known that the inequality ¢(f) 2 0 implies that (1) is nonoscillatory
x'(t)
x(1)

In this paper there will be constructed a nonoscillatory differential equation (1)
for which the logarithmic derivative of x(¢) is unbounded from above for ¢ - o0. -

and

< 0 for the principal solution x(t) of (1) (see e. g. [1] p. 355).

Theorem. There exists a continuous function q(t),

2 liminf g(t) 2 0

t—+

such that the equation (1) is nonoscillatory and its principal solution x(t) has the
property

€)] lim sup ((t))

Proof. Let {f,(t)} be an arbitrary sequence of functions f, : R = R with the
following properties:

i) fi(t)e C'(R); -
i) £,(0) = 0fort$0andt2n+ 1;
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iii) f,.(—:;) =n,0< f()SnonR;

iv) £, 2 -1

n+1

If we denote &, = { f,(r) dt, then there is evidently
V]

@ %nz Sa,Sn?
since
n+-—1n——t§f,,(t)§n+1—-t forte[-:'—,n+l].
-:lr 1 n ,.+,1T n+l
. Fig. 1
Define
©) 41=2, gusr=n(gi+ ... +q1),
® C RO= [l
Then
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F(t)=a, fortzg, + 1 in view of ii),

F, (—1—) =gq, in view of iii),
qn



F i)z -1 for te R in view of iv).
If we define
Op = 0’ Op = Op—y +.aqm bn = 0':,
then there is
034-1 - 03 = (au-l-l + o.n)(a'n+l. - n) g zaqn+1 _2_ q:+l > qn + 1’
so that
b, + g, +1<b,sy, n=12,...

Let x(¢) be defined by means of the formula
x(t) = on—-l + Fn(t - bn)’ te [bn’ bn+1)'
Then .
X() S 0pey + 0gg=0,=1/b, S/t for b, St < by,

and
lim x(t) =0, = x(b,+,).

t=bpyy—
Thus, x(¢) is continuous, has a continuous derivative of the second order and x'(¢) =
= fat — b) 2 0 on [b,,b,,,), n = 1,2, ..., so that x(t) is nondecreasing. Since

'
2

- 00,

' 1y _
n dn n)"'f;]n(q”)_qm
1 1 1

< 0,- + —)=14+0,-¢.
q..) 1+ g e (q,.) !

x'(ky) dn
x(ky) = 140,y

x(bn+ 1) = 0',' _Z- aqn g

it is x(t) > oo for t - 0. Let k, =

x(ky) = 6,1 +'Fn<

Consequently

Since in view of (5)
n—-1

On- 1—Z°‘qk52‘1k—n‘fl,
we have
O > 9 1 - oo
1+an—l 1+ qn 1 + 1
n-—1 ', n-1
x”(t)

Thus the solution x(t) satisfies (3). If we denote q(¢) =
(iv) g() 2 -

Ok it is with respect to
() — 0 since x(t) = oo for ¢t — o0. Thxs implies (2). The inequality
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.

x(t) S \/t guaranties the divergence of the integral | x™2 for # - co which means
b,
that x(f) is a principal solution.

The proof is complete.
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