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ARCH. MATH. 1, SCRIPTA FAC. SCI. NAT. UJEP BRUNBNSIS 
XVII: 43—52,1981 

ON on -SEMIGROUPS 

LADISLAV SKULA, Brno 
(Received March 9,1980) 

A divisor theory of a commutative semigroup G with identity element is a homo-
morphism h of G into a unique factorization semigroup -D which preserves the 
divisibility relation in both directions and for each b e -D there exist a positive integer 
n and gx, ...,gneG such that b is the greatest common divisor of the set 

This paper deals with the question when this integer n depends only on the semi­
group G and not on the element b. It is shown (Theorem 1.5) that then n depends 
on the divisor class group F of G, the image of prime divisors of G in F, and the 
subset of this image containing all divisor classes which are images of at least two 
different prime divisors of G. 

If this integer n depends only on the divisor class group of G, then we call this 
group an n-group whose basic properties are mentioned in Section 2. 

The problem, when a cyclic group is an /i-group, is fully solved in Section 3 by 
Theorem 3.6. 

0. BASIC CONCEPTS AND ASSERTIONS 

In this paper the semigroup is always commutative with identity element and 
multiplicative notation is employed. If gt, g2 are elements of a semigroup G, then 

gi I gi = £i I g% 
G 

denotes the existence of g e G such that gtg = g2. 
The groups are also commutative, and additive notation is employd. The zero 

element of a group F is denoted by 0 r = 0. A subset M of F is said to be a strong 
system of generators of the group F if for each y e F, y # 0 r there exist yi , . . . , yk e 
e M(k > 0) and positive integers nx,..., nk such that 

y = my, -f ... -f nkyk. 
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The semigroup D is called a UF-semigroup (a unique factorization semigroup) if 
the identity element is the only unit of D and each element b € D different from the 
identity element may be written uniquely (with the exception of the order of factors) 
in the form 

b = tt ... tk(k > 0), 

where t((l = / —: k) are the irreducibles of D. The set of all irreducibles of D will 
be denoted by ^J(D). For bt,..., bk e D(k > 0) the symbol 

(bl5...,bfc) 

denotes the greatest common divisor of the elements bt,..., b* in D. 
UF-semigroups are Gaussian semigroups with one unit and they are free abelian 

semigroups. The sets of generators are equal to those of irreducibles. 
The greatest common divisor of a subset M of the set of integers Z will be ab­

breviated to the g.c.d. of M. 
Let G be a semigroup, D a UF-semigroup and h a homomorphism of G into D. 

We say that h: G -+ D is a divisor theory if it holds: 

1° £i ISa^AfeOI/itea) for gl9g2eG, 
G $ 

2° for each b e D there exist a positive integer n and elements gl9 ...,gneG 
such that 

h = (h(gl),...,h(gm)). 

We recall that the homomorphism h is uniquely defined with the exception of the 
"G-isomorphism" (Clifford [1]), more exactly: 

ifht: G -+ D4, h2: G -» D2 are divisor theories, then there exists an isomorphism f 
o/Dj onto D2 such that fhx = h2 is valid. 

ҺI 

< 
î>2 

If h: G -* D is a divisor theory, we put b t ~ b2 for bx, b2 e D if there exist gi9g2^ 
e G such that h(gx) bt = h(g2) b2. The relation ~ is a congruence on the semi­
group D and the semigroup of the classes of ~ is a group called a divisor class group 
ofG and denoted by F. (For this group T we shall use additive notation.) The canonical 
mapping of D onto T is denoted by tp. 

The situation is demonstrated by the diagram: 

G.J.VD--VF. 
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If for a semigroup G there exists a divisor theory h: G -• -D, we call G a S-semi-
group. 

Then it holds 

0.1. Proposition (Skula [2], 3.3). Let h: G -+ t> be a divisor theory. Then for each 
p0 e P̂(-D) the set <p(W£) — {p0}) is a strong system of generators of the divisor class 
group T of G. 

A certain "converse" proposicion also holds: 

0.2. Proposition. (Skula [2], 3.6.) Let 3D be a UF-semigroup, T be a group which is 
defined by means of a congruence relation ~ ont) and (pbea canonical mapping of D 
onto T with the following property: for each p0€ty(T>) the set <p0P(D) - {Po}) i* 
a strong system of generators of the group T. 

Then there exists just one divisor theory h: G -* -D such that G is a subsemigroup 
oft), h is the identity ofG in D and for bt, b2 e D we have bx ~ b2 if and only if there 
exist gi,g2$G such that g ^ = g2b2. Then T is the divisor class group of G and 
G = 0 r . 

1. ^ - S E M I G R O U P S 

1.1. Definition. Let h: G -> D be a divisor theory, n a positive integer. The semi­
group G is said to be a bn-semigroup if for each b e T> there exist git ...,gneG such 
that 

r> = (h(gl),...,h(gn)). 

1.2. Remark. For n = 1 the notion of ^-semigroup = 51 — semigroup coincides 
with the notion of "a semigroup with a unique factorization" (or with more units) 
which is equivalent to the divisor class group of G being trivial. 

1.3. Definition. Let h: G -> t> be a divisor theory. Then we call the set 

{yer:3pl,p2e $(!>), pt ¥> P2, <p(Pt) - <p(P2) - ?} 

the doubled set of G. 

1.4. Definition. Let T be a group. For Z e f w e put L(X) = {xt^L -f ... + xk£k: 
x( non-negative integers, (t e X(k ^ 1)}. (For X = 0 we put L(X) = L(0) = {0r}.) 

In this notation the set X is a strong system of generators of T if and only if 
L(X) = r . 

Let M be a strong system of generators of the group T. An element oce Mis said 
to be a necessary element of (the strong system of generators) M if M — {a} is not 
a strong system of generators of the group F. 

Let n be a positive integer. We say that N g M is an n-suitable subset of M 
if for each co e r there exist Nl5 ...; iVtt£ M such that 

caeL(Nt) n ... n L(Nn) and j ^ n ... n NH c AT. 
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It is clear that any subset of M which contains an n-suitable subset of M is an 
n-suitable subset of M. 

1.5. Theorem. Let h: G -+ T) be a divisor theory, n an integer i> 2. Then G is 
a Sn-semigroup if and only if the doubled set of G is an n-suitable subset of <p(W£>)). 

Proof. I. Let G be a <5/i-semigroup and let coeF, co # 0. There exist b e t ) and 
gl9 ...9gneG such that 

<p(b) = - c o , 

t>~(h(gl)9...9h(gtt)). 

Let b j , . . . , b„ 6 D, h(gi) = d. dj(l <[ i <*; n). Then bt is not the identity element 
of t> and let 

*(0 

b i - n ^ 
1=1 

be the canonical form of bf. Put 
Ni = {<p(Pu):l £j£k(i)}. 

Then co = (p(bi)eL(Ni)9 thus (oeL(N1) n ... n L(Nn). 
Let y e N! n ... n Nw. Then for each I gi i £ n there exists an integer 1 g u(i) ~ 

2* £(/) such that 
7 = <K*>i«(.)). 

Since (b l s . . . , bw) = 1, there exists an integer 2 <* a <i n such that j)lu(1) = £«„(„)• 
Hence the element y belongs to the doubled set of G. 

II. Let the doubled set N of G be an n-suitable subset of (p(ty(T>)) and let b e D — 
- A(G), <p(b) = co / 0. Then there exist Nt,..., N„ £ <p(95(t>)) such that 

-coje L(Nj) n ... n Z,(N„) and Nt n ... n Nn g N. 

For each 1 «£ i <£ n there exist a positive integer &(i), pfi e *$(D) and positive 
integers atJ(l gij g k(/)) such that <p(p0) 6 N* and 

k(t) 

1=i 

Since N| n ... n NB is a subset of the doubled set N of G9 we can suppose 

n{p y : i*5j5Sfc(0}--» . 
i « l 

Put for each 1 <* i g n 
*(0 

»* - n *S3'. 
i = i 
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Then bf e D, (&i,..., b,,) = 1, <p(\>t) = -co, therefore cp(bb() = 0. Thus, there exist 
gly...,gneG with the property bbf = h(g{). Clearly, 

b«(A(*i),...»*(*J). 
The proof is complete. 

2. «-GROUP 

2.1. Definition. A group F is said to be an n-group, where n denotes a positive 
integer, if for each strong system of generators M of the group F the set of the neces­
sary elements of M is an ^-suitable subset of M. 

From 0.1, 0.2 and 1.5 we obtain 

2.2. Theorem. For an integer n = 2 a group T is an n-group if and only if every 
5-semigroup, whose divisor class group is isomorphic to F, is a bn-semigroup. 

For n = 1 we immediately get the following 

2.3. Proposition. A group T is a l-group if and only if for each strong system of 
generators MofT the set of necessary elements ofM is also a strong system of genera­
tors ofT. 

Obviously there holds 

2.4. Proposition. The trivial group is an n-group for each positive integer n. 

2.5. Proposition. Let n be a positive integer, F an n-group. Then for every subgroup H 
of T the factor group FjH is also an n-group. 

Proof. Let 501 be a strong system of generators of the factor group TjH a n d / 
be the canonical mapping of F onto T\H. For each Xe 501 let x(X) e X. Put 

M= {x(X):Xe<m}vH. 

Obviously, M is a strong system of generators of F. 
Let s e M — H be a necessary element of M. Then there exists coeF such that 

oj $L(M - {s}). Let Xi e 501(1 = i = k) such that /(co) eL(Xt,..., Xk). Thus there 
exist positive integers a{ and he Hsuch that 

co = avx(XY) + ... + akx(Xk) + A, 

which implies the existence of an integer i(l = i ^ k) such that x(Xt) = s. Hence 
f(s) = Xt and f(s) is a necessary element of Wfl. 

Let Xe r/H and JC e X. Then there exist Nt,..., Nn g M such that 

xeL(Nl)n...nL(Nn) 

and Nt n ... n N„ is a subset of the set of necessary elements of M. For 1 = i '<£ n 
put ^ - - / [ ^ - { f f } . Then Ni g 501 and X ^ / W e ^ N j ) n ... nL(Nn). For 
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S e f\ N| we have x(S) e f] N* — H, whence we obtain that x(S) is a necessary 
i = i i ~ i 

element of M, therefore S = f(x(S)) is a necessary element of the system 28. 
The Proposition is proved. 

3. CYCLIC n - G R O U P 

In this Section we give an equivalent condition in Theorem 3.6, when a cyclic 
group is an fj-group for positive integer n. The following Definition has a helpful 
function. 

3.1. Definition. Let k, n be positive integers. We denote by P(k) the system of 
all mapping n of a non-empty finite set A into the system 2P of all subsets of a non­
empty set P, cardP 51 k with the following property: for each peP there exist 
ae A, be A, a # b such that pe n(a) n n(b). 

The set A is denoted by d(p) and the set P by c(n). 
We say that neP(k) has the property <x(k,n) if there exist Ax, ...,An g d(p) 

n 

such that P) v4( = 0 and (J 7r(a) (a e A,) = efa) for each 1 <; i 51 n. (Here, under 

the union over empty set we understand again the empty set.) 
Further, we put kgn if each n e P(k) has the property a(k, n). 

3.2. Lemma. Let k, n be positive integers. If each injective mapping from P(k) has 
the property a(k, n), then kgn. 

Proof. Let n e P(k). Put 

B = {aed(n): 3 a' ed(n), a' # a, n(a) = n(a')}, 
R =\Jn(a)(aeB), 
C = {aed(n): n(a) n (c(n) - R) *- 0}, 
P' = {Jn(a)(aeC), 
A' = Cu{a}, 

where a is a symbol which does not belong to d(n). 
If C = 0, put Q = 0(1 <s i <! /*). I11 c a s e C ^ 0 the set P' is non-empty and 

card P' S k. For a e A' put 

for a =t= a, 
for a = a. 

я ( a ) = \P'nR 

Then is' e P(k), d(n') = .A', c(n') = P' and ^' is injective. Therefore there exist 
n 

C.,.. ., Cn s A' such that f] Ct = 0 and \J n'(a) (ae Ct) = P'(\ = i = n). 

There exist disjoint subsets U, V of B such that 
U 7c(«) (« e J7) = U jr(f) (i> e V) = R. 
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We can suppose n ^ 2 and put 

f 1/ u (C, - {a}) for 1 g i £ n - 1, 
A ' l K u ( C - { a } ) forf = n. 

n 

Then f] At = 0 and (J 7r(a) (a 6 >4f) = c(7r) for each 1 ^ / <; /i. Thus kqn. 

3.3. Lemma. Let k, n be positive integers. If each n e P(k) with the properties 

(1) a,b,ce d(n), a # b # c # a => 7r(a) n 7r(6) n TT(C) = 0, 
(2) a, & e d(7r) => n(a) n TT(6) # 0 

has rhe property cc(k, n), then kqn. 
Proof. I. For TT, TT' e P(k) put TT g n' if d(n) = d(7r'), C(TT) = c(n') and 7r(a) c 7r'(a) 

for each a e d(n). It is clear that if 7r has the property a(k, n), then 7r' has also the 
property <x(k,n). Therefore, if each neP(k) with the property (1) has the property 
cc(k, n), then kqn. 

II. Denote the set of all mappings from P(k) with the property (1) by P(k). For 
7r 6P(k) which does not satisfy (2) let a, bed(n) such that 7r(a) n n(b) = 0. Put 
d(7r') = d(n) - {b}, c(n') = C(TT) and 

v \ ín(a) u nQ>) f°r x = a, 
for xed(7r') ~ {a}. 

Then 7r' e P(k) and if 7r' has the property a(k, n), then 7r has also the property a(k, n). 
From this there follows Lemma. 

3.4. Lemma. Let m, n be positive integers greater than 1, m = p\l ... p? be the 
canonical form of the integer m. Then the cyclic group of order m is an n-group if and 
only if kqn. 

Proof. We can suppose that the cyclic group of order m is the additive group 
T = Z/wZ, where Z denotes the additive group of integers. Let / be the canonical 
homomorphism of Z onto T. Then for M s Z the set f(M) is a strong system of 
generators of r if and only if the g.c.d. of M u {m} is 1. Then an element a ef(M) 
is a necessary element of f(M) if and only if there exists a prime p such that p \ m, 
p t a, where ae M, f(a) = a, and for each be M, b -̂  a (mod m) the relation p \ b 
is satisfied. 

I. First, we suppose that kqn. Let M £ Z,f(M) be a strong system of generators 
of T, the integers from M be mutually incongruent mod m and let/(5) be the set of 
necessary elements of f(M), where S g M. 

Put A[ = M - 5 and let P denote the set of all primes p with the properties: 
p | w, there exists ae A such that p . a and p t s for each s £ 5. 

If P = 0, the g.c.d. of 5 u {/n} is equal to 1, hence f(S) is a strong system of 
generators of T. 
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Let P & 0. Then card P £ k. For a e A put 

Then neP(k), d(n) = A, c(n) = P. Therefore there exist sets Al9 ..., An £ A 
n 

such that p | >4, = 0 and [j n (a) (a e At) = P for each I £ i £ n. 
n 

Put Ni = /(^) u/(S) for 1 = i = w. Then Nf £ f(M) and f) Nf = f(S). 
i - l 

Since (J 7i(a) (a e Af) = P, the g.c.d. of At u S u {m} is equal to 1, thus N\ is 
a strong system of generators of F which implies that F is an n-group. 

II. Assume that F is an w-group. Let A e P(k) injective. 
We can suppose that c(n) = P = {pt, ...,p*}, where 1 ̂  h £ k. Then we can 

consider d(n) = .4 a subset of positive integers, where for a € A we have 

a~\[p(peP -n(a)). 

(In case P — 7i(«) = 0, under the mentioned product we understand the integer 1.) 
The integers from A are mutually incongruent mod m and the g.c.d. of (A — {a}) u 

u {m} is equal to 1 for each ae A. Thus/(A) is a strong system of generators of 
F whose set of necessary elements is empty. 

Hence there exist Nl9 ...,N„ £/(/*) such that /(1)6L(N()(1 £ i = n) and 
n n 

f] Ni = 0. Let At £ A,f(At) = Ni. Then f) A{ = 0 and the g.c.d. of A{ u {m} = 1, 
i-=! i=-l 

therefore for each P e P there exists a e Af such that p e n(a). Then we have 

(J*(a)(aeAi) = P 

for each 1 £ i £ n9 hence kgn according to 3.2. 
The Lemma is proved. 

3.5. Lemma. Let k, n be positive integers. Then 

, . n(n 4- 1) 
kgn ok < -^~—L. 

nfn 4-1^ 
Proof. I. Suppose k < --^--r—- and n e P(k) with the properties (1), (2) from 3.3. 

For pec(n) set f(p) = {a,6}, where a,ied(7t), a ^ b9 pen(a) n n(b). Then / is 
a surjection of c(n) onto the system of all two-elemented subsets of d(n). Therefore 

k^caTdc(n)^mim-l\ 
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where m = card d(n). Hence n ^ m. Put 

A = {<*(*) - {**> 
1 (d(я) - {am] 

for 1 <J i 51 m, 
} for m 51 i; <Ş n, 

where rf(n) =-= {at> ...,am}. Then 

pj -̂ i = 0 and (J 7E(a) (a 6 A,) = c(n) (1 <; i <J w). 

i = l 

From Lemma 3.3. we get kgw. 

II. Let n ^ 2, k ^ — - , P be a k-elemented set, A an (J? + l)-elemented set 
and © the system of all (n — l)-elemented subsets of A. Since card © <J k, there 
exists an injection p of S into P. For a e A put 

n(a) = {P(X) : Xe S, a $ X} u (P - />(©)). 

Then TC G P(k), d(?r) = A and c(n) = P. If £ £ A, card B ^ n - 1, then for Xe ©, 
X a £ we have p(X) £ (J 7i(a) (a e 5). 

n 

If A.,., ..., An g -4, card Af ^ AI(1 £ i ^ n), then f) Ai * 0-

Therefore k non g/i. 
The Lemma is proved. 

3.6. Theorem. An infinite cyclic group is not an n-group for any positive integer n. 
A non-trivial cyclic group is a l-group if and only if it has order 2. 
A cyclic group of order m, where m is an integer > 1, whose canonical form contains 

just k primes, is an n-group for an integer n > 1 if and only if 

K< j . 

Proof. Let y be a generator of a cyclic group T of order m, where m is an integer 
> 2. Then there exists an integer 1 < x < m such that (x, m) = 1 . The set M == 
= {y, xy} is a strong system of generators of r and the set of all necessary elements 
of M is empty. According to 2.3 the group T is not a l-group. 

On the other hand we obtain immediately from 2.3 that a cyclic group of order 2 
is a l-group. 

The other parts of the Theorem follow from 2.5, 3.4 and 3.5. 
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