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OF A NON-LINEAR DELAY DIFFERENTIAL
EQUATION OF THE FOURTH ORDER
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The papers [3], [4] and [5] investigate the properties of solutions of third and
fourth order differential equations without argument delay. Certain results of these
papers were extended and generalized in [1] and [2]; the latter papers are concerned
with investigating the properties of solutions of the non-linear differential equation

M (e®)y") +pX)y" +qx)y +r(x)y + y(x):[,lQl(x) F(y(h(x))) = g(x)

with o(x) = 1.

The present paper contains results which are an extension and generalization of
certain results of these papers, especially [2] and [6].

We shall assume throughout that the functions g(x) > 0, ¢'(x) 2 0, ¢"(x) S 0,
p(x), g(x) = 0, r(x), g(x), Q;(x) and hy(x) (i =1, 2, ..., n) are from Cy(J) where J =
= {Xy, 00), n is a natural number.

Suppose further that

inf [x — hy(x)] = d >0, h{(x) > + as x— o,

xeJ

F(2) € Co(—00, 0), F(2)=0 fori=12,...,n
We can now define the initial problem: let &(x) be defined and continuous on the
initial set
E,, = UE.,, E. = dnofh(x),x)
i=1
and let ), k = 1, 2, 3 be arbitrary real numbers. We want to find a solution y(x)
of (1) defined on J satisfying the initial conditions:

93 y(xo) = D(x0) = Yo, y®(xo + 0) = ¥, k=1,2,3
y(x) = &(x) for x e E,,.
We have the following theorem:
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Theorem 1. Suppose that q(x) € Cy(J) and that for every xe J

20(x) = 1p(®)| 20, 2r(x) — |p(x)| —q'x) — g |20,
020, i=12..,n

If

then any solution y(x) satisfying (2) and such that
@ H(y(x0) + 5 ] 12915 S Ko S0,
where H(y(x)) = o(x) y(x) y"(x) — o(x) y'(x) y"(x) + %_—Q’Oc) y2(x) + %q(x) »:(x)

is oscillatory on J.

Proof. Let y(x) be a solution of (1) and (2) satisfying (4) which is not oscillatory.
This means that e.g. y(x) > 0 for all x > x, = x,.

Multiplying (1) by y(x) and integrating from x, to x = x,, we get after some
manipulations

® ) + § (o0 = 1001 [y 0 +
+ j [r(S) - —;— VOIR —;— q'(S)} yi(s)ds —
= 30Oy + T, 70 0O FOhoN S 3

< H(y(xo) + | 19)| 13(s)]ds

and thus
©®  HOE)+] [r(s) ~ 1P| =g 5| 86) l] Yi(s)ds <
< H(yxo) + 5 { 1 86) | ds S Ko < 0

For x = x,, from (6) we have

o d y"(x)J .14
@ & ]S T
and therefore, owing to (3), —yy—(%l — —o0 as X = oo so that there exists a number

X, = x, such that for every x = x, is ¥"(x) < 0 and therefore y'(x) decreases on

{x3, ). Therefore one of the following statements must hold:
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1. y'(x) = 0 for all x = x,.
2. There exists x; = x, such that y’(x) < 0 for all x 2> x;.
Evidently 2 contradicts the assumption that y(x) = 0 for x > x;.
Suppose therefore that y(x) > 0, y'(x) > 0, y"(x) < 0. Then, owing to (7)

Y@ Ie) S LT,
y(x2) T yx) T y(x3) Q(S)
and thus y"(x) » —o0 as x —» co which contradicts the assumption y'(x) = 0.
If we assume y(x) < 0, the proof is analogous.

Remark 1. Theorem 1 is a generalization of Theorem 3 of [2] and Theorem 3
of [6]. It is evident from the proof of Theorem 1 of [2] that it is not enough to
assume that Fy(z),i = 1, 2, ..., n are increasing functions. Some additional hypothesis
is needed, e.g. that foralli = 1,2, ...,n

(8)  Fy(z) decreases on (— o0, 0) and increases on (0, ) or forall i=1,2,...,n,
©) inf Fyz)=F;; >0 forevery 6 > 0.

s<|z]<w
In that case it is possible to generalize Theorem 1 of [2]. We obtain the following two
theorems:

Theorem 2. The hypotheses of this theorem are the same as those of Theorem 1
with (3) replaced by the condition

(10 _f ds = +00, ?Qi(s) ds =+

holds true at least for one i = 1,2, ...,n.

In addition, suppose that for xe J p(x) = 0, r(x) = O and that F|(z) satisfy the
condition (8). Then every solution y(x) of (1) and (2) satisfying (4) with Ky <0 is
oscillatory on J. '

Proof. Suppose that a solution y(x) of (1) satisfies (2) and (4) and thate.g. y(x) > 0
Y'(x)
y(x)
therefore one of the following statements must hold:

1. y"(x) > 0 for all x > x,.

2. There exists x, = x; such that for every x = x, holds y"(x) < 0.

Suppose that 1. holds. Then y'(x) is nondecreasing and therefore one of the follow-
ing statements must hold:

o) y(x) SOforall x = x,.

B) There exists x, = x; such that for all x = x, y'(x) > 0.
For the case a) we can prove from (6) that

o(x) () y"(x) = Y'(x) y"(x)) S Ko < 0

for every x = x; = xy. From (7) we see that is nonincreasing on {x;, ) and
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and therefore
0 < KO
e(x) y(x) = y(xy)e(x)
so that y"(x) » —oo0 as x — oo which is a contradiction. Therefore y(x) > 0, y'(x) >
> 0, y"(x) = 0 for each x = x,. Considering the hypotheses, we derive from (1)

y'(x) £

(@) ") + ¥5) L FOG) 0 S 8)  for x 2 5,

where %, = x, is large enough, and thus g(x) y"(x) = o0 as x - —o00, again a con-
tradiction.

Suppose now that statement 2° holds. Then necessarily y(x) >0, y'(x) = 0,
»"(x) < 0. Owing to (7), we have therefore

Y _ym Y
) = 3 = )

and therefore y'(x) - — o0 as x = o0, a contradiction.
The proof is analogous if we assume that y(x) < 0.
Analogously we can prove

Theorem 3. The hypotheses are the same as those of Theorem 2 with (8) replaced
by (9). Then every solution y(x) of (1) satisfying (4) with K, < 0 is oscillatory on J.

Theorem 4. The hypotheses are the same as those of Theorem 1 with (3) replaced by
(ll) ,{,EG)- =£|;r(s)ds = +o0.
Suppose in addition that p(x) = 0 and r(x) = 0 on J. Then any solution y(x) of (1)
satisfying (2) and (4) with K, < 0 is oscillatory on J.
Proof. Suppose that y(x) satisfies (1), (2) and (4) and is not oscillatory. It is
evident from the proofs of previous theorems that it is sufficient to investigate the
case

yx) >0, (x>0 y'(x=z0.
From (1) we get for x > x,
(@) y"(x))" + y(x;) r(x) < g(x)

and from this we derive a contradiction analogously as in the proof of Theorem 2,
The following theorem is evident

Theorem 5. Suppose that the hypotheses of Theorem 1 hold except for (3) which is
replaced by

a2 {25 = 100 - a018 = +o
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and that p(x) 2 0, r(x) — q'(x) 2 0 for all xe J. Then every solution y(x) of (1)
satisfying (2) and (4) with K, < 0 is oscillatory on J.

Remark 2. This theorem is a generalization of Theorem 2 in [2].
Evidently for any real number a > 0, b and any real x

b2
ax’? + bx > ——.
4a

Under the assumptions of Theorem 1 we get from (5)

1 x 2
HO0) < Hitxo) + o | s Ii((ss))l ~ 70
provided
2r(x) — | p(x)| — q'(x) >0, xelJ.

If instead of assuming the convergence of the integral _( | g(s) | ds which is evident

X0
from (4) we assume the convergence of the integral

© g(s)
x0 2r(s) — | p(s) | — q'(s)

where 2r(x) — | p(x) | — q'(x) > O for all x € J, we can easily formulate the follow-
ing theorems:

Theorem 6. Suppose that q € C,(J) and that for all xe J

20(x) = 1px)[ 20, 2r(x) = |p(x)| —q'(x) >0, Qix) 20,
i=12,..,n

If (3) holds, then any solution y(x) of (1) which satisfies (2) and such that

e g°(s) *
H =
) Vet 2 o= g 2

IIA
o

is oscillatory on J.

Theorem 7. Suppose that the hypotheses of Theorem 6 hold except for (3) which is
replaced by (10). Suppose further that p(x) > 0, r(x) > O and that F(z) satisfy (8)
or (9). If

(13 §les)]ds < oo,
xo
then any solution y(x) of (1) satisfying (2) and (4') with K3 < 0 is oscillatory on' J.

Theorem 8. Suppose that the hypotheses of Theorem 6 hold except for (3) which is
replaced by (11). Suppose further that p(x) 2 0, r(x) = 0. :
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If (13) holds, then every solution y(x) of (1) satisfying (2) and (4') with K* < 0 is
oscillatory on J.

Theorem 9. Suppose that the hypotheses of Theorem 6 hold except for (3) which is
replaced by (12) and that p(x) = 0, r(x) — q'(x) = 0 for all x € J. If (13) holds, then
any solution y(x) of (1) satisfying (2) and (4') with Ky < 0 is oscillatory on J.
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