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We consider the second order non-linear differential equation
() x" + ft, x, x') =0,

where f is a continuous real-valued function with domain [-T, T] x R%, T > 0.
Further, we shall assume that all solutions of initial value problems for (1) extend

to[-T, T]
Under the above assumptions we establish the following theorem

Theorem 1. Assume
(l) f(—'t’ —X, x’) = _f(ts X x,)
(i) [, x, x")

is locally Lipschitzian with respect to (x, x'), i.e. for each compact subset Q of R?,
there exists positive constants K and L (depending on Q) such that

(2 [ f(t, %, x) = flt, y,y) | EK|x —y| +L|x =y,
' -T<t<T

Then, there exists wqy, 0 < wy < T, such that for every, 0 < w < w, Equation (1)
has a unique solution x(t) satisfying the periodic boundary conditions
7/

o (D) D)
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Proof. First we consider Equation (1) with the following boundary condition
w
4) x(0) = x <—2~> = 0.

Let M >0, and N > 0 be given. Let Q = Max {|f(t, x, x)|: =T <t< T,
| x| € M, x| £ N} and let G(t, s) be the Green’s function

t-a—)—-S, 0§t§5§9—,
, 2 2 2
5) G(t,s) = —
@ sg)——t 0<s<t<-—ul
2 b —3 —3 =2’
and
2 s 0st1ss<2,
212 2
G(t,s) = —
w w
-5, Oésétéi.

Let B = {de C’[ R %] | ()| = M, | &'(t1)| £ N}, and define the operator S
on B by

(0]

(520 = [ 611,915, 009, 0 6) s

(6) Y
(SeH(1) = J G(t, 5) f(s, D(s), P'(s)) ds
0
Then
™ l(‘¢)(t)l<——Q<M |(o<b)(z)|g%’— <N.

Hence S maps B continuously into itself provided

®) o<M . inf { gMSQ}

Let K and L be the Lipschitz constants for f corresponding to the compact set
Q c R? ’

Q={(xx):|x| M |x|<N}L

If for e B, we let || ¢ || = Max {l o), | @’(t)l : te[o, %]} , one may easily
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show that S is a contraction with respect to || - || on B provided that w is chosen so

that
2
) %(K+L)<1, %(K+L)<1.

Hence, if @ satisfies both (8) and (9), then (1), (4) has a unique solution x(t) with

[x(t)| £ M, [ X'(1)] £ N.

Now, since —f(—t, —x, x') = f(t, x, x'), s0 by (1) if z(¢t) = —x(—t) then z(¢)
is also a solution of (2), and since by (4) z(0) = —x(0) = x(0), z'(¢) = x'(—1), and

Z'(0) = Z'(0), it follows from the uniqueness that x(t) = —x(—t) for — -(;i <t

=< % . Therefore

and

(963

Corollary 1. With the assumptions of Theorem 1 assume f(t, x, x') to be periodic
of period w, i.e.

which proves Theorem 1.

[t + o, x,x") = f(t, x, x')

Then Equation (1) possesses a unique periodic solution of period w.

Proof. Define x(¢) as before on the interval (——%’— , 0) by the equality x(—¢) =

= —x(t) and continuous over the whole interval (—oo0, +0o0) as a periodic function
with period w. Then by (i) and (4) it is easy to show that x(¢) is a periodic solution
of Equation (1); see for example M. A. Krasnosel’skij (cf. [4], pp. 313—314).

Let us now consider a few applications of Theorem 1.
(4,) We consider the equation

(10) x" + g(x) = p().
Let p(t) be continuous and g(x) locally Lipschitzian in x. Further, assume
—&(—=x) = g(x), —p(—1) = p(t)

for all x and z. Then there exists an w, > 0, such that if p(t) is periodic of period
@, U < o £ @,, Equation (10) has a unique periodic solution of period w.
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Example 1. We consider
(11) x' 4+ x* =sin 2t

Let f(t, x) = x* — sin? t,and M > 0 be given. Then Q = Max {| f(#,x)|:0 <t < =,
|x] < M} = M® + 1 and the Lipschitz constant L corresponding to the compact
set Q = {x:|x| £ M} is equal to 3M?2. Therefore from inequalities (8) and (9)
we obtain :

Lk M*+1)<M and 37 Mt

32 ( = 32 )
Now, the above inequalities are satisfied for many values of M, for example M = %
Therefore Equation (11) possesses a unique periodic solution x(¢) of period n such
that | x(r) | = M.
(A,) We consider Equation

(12) x" + f(x)x" + ax =p(t),ae R, n 2 0.
Let p(t) be continuous and f(x) locally Lipschitzian in x. Furthermore, assume

—f(=x) =f(x),  —p(=1) =p(?)
for all x and ¢. Then there exists an w, > 0, such that if p(¢) is w-periodic, 0 <w =<
< wq, Equation (12) has a unique periodic solution of period .
(A;) We consider the forced Liénard’s equation

(13) x" + f(x, x) x" + g(x, x") = p(¢).
Let p(¢) be continuous and f, g locally Lipschitzian in x and x’. Furthermore assume

=f(=x,x) =, x), —g(—x, x') = g(x, x), —p(—1) = p(t)
for all x and ¢. Then there exists an w, > 0, such that if p(¢) is periodic of period w,
0 < w £ wgy, Equation (13) has a unique periodic solution of period w.
Acknowledgement: The author wishes to thank the referee for his many valuable
suggestions. ’

REFERENCES

[1] Schmitt K.: 4 note on periodic solutions of second order ordinary differential equations, SIAM
J. Appl. Math. Vol. 21 (1971), pp. 491—494.

[2] Mehri B., Hamedani G. G.: On the existence of periodic solutions of nonlinear second
order differential equations, SIAM J. Appl. Math. Vol. 29, No. 1, July 1975, pp. 72—76.

[3] Kiguradze 1. T.: On periodic solutions of non-linear second order differential equations, Prague
conference on nonlinear Vibrations 1967 pp. 175—180.

[4] Krasnosel’'skij M. A.: PoloZitel’nyje resenija operatornych uravnenij, Moskva 1962.

B. Mehri

Tehran P. O. Box 3406
Iran

194



		webmaster@dml.cz
	2012-05-09T16:39:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




