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Consider a differential equation

@ Y =4q)y)

where g is a continuous function on an interval (a, b) and periodic with period =,
—0 £ a < b £ . If Floquet Theory gives for the equation (q) a real characteristic
exponent ¢ > 0, we can find two independent solutions of the differential equation (g)
in the form

u(t) = e py(1),
@ o) = € pa(t),

where p,, p, are real periodic functions with period # having continuous derivatives
up to and including the order 2, e.g. see [1]. In this paper we shall deal with the
mentioned case. We shall investigate the distribution of all zeros of solutions of an
oscillatory differential equation of the type (g), supposing we know the zeros of the
solutions u, v on the interval {#y, to + 7).

First of all we determine the asymptotic behaviour of the first phase a correspond-
ing to the pair of the independent solutions u, v.

Then from the form of the asymptotic behaviour of the phase we derive the final
results.

The first phase a corresponding to the pair u, v is defined as a continuous function
on the interval (a, b) that satisfies the relation

) tan «(t) = %((-:))—

everywhere, where v(t) # 0, see [1]
The above defined function always exists and it has the two following properties:

- W(u,v)

3 (1) = W) + o)

# 0,
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where W(u, v) .= const. % 0 denotes the Wronskian -of #, v, and
@ a € C(a, b).

Remark: Let u, v be two independent solutions of the equation (¢) in the form (1).
Let agg, Q45 - .5 Gy be the zeros of the solution » and bgg, b10, - > by be the zeros
of the solution v on the interval {,, ¢, + 7). Let k = 1.

From the periodicity of the functions p,, p, all zeros of the solution u are a;, =
= a;o + nn and all zeros of the solution v are b,, = b,y + nn, i =0,1,...,k,
n=..-101,...

On each of the intervals {t, + nn, t, + (n + D) =n), n = ..., —1,0, 1, ..., zeros
of the solutions », » must fulfil one of the following inequalities:
either

) Aon < bon < @10 < byo < o Goyn < by—1,n
or
6) : bos < Gop < bjo <10 <...bio1,n < T-1,n

Without loss of generality (by a suitable choise of #,) we suppose that the inequality
(5) holds.

Definition: Let
a*(t): = —sign W(u, v)n[—;— +i+ nk], te(ay, ai41,0),1=0,1, ..., k—1,

te(akn’ao,n+1)’
t= —sign W, v)n[i + nk], t=ay,i=0,1,...,k
forn=...-1,0,1,... and
a (6):= —sign W, v)a[i + nk], 1€ (Biormb)  i=1,2...k
te(bkmbOn)

: = —sign W(u, v)n[—;—+ i+ nk], t=b,,i=01,..,k,

I

forn=...——l,0,l...

Theorem 1: Let an oscillatory periodic differential equation (q) with real non-zero
characteristic exponents be given. Let u, v denote two independent solutions of (q) in the
form (1) with zeros a;,, b;,,i =0,1,....,k,n= ... —1,0, 1, ... The phase o corres-
ponding to the pair u, v has the following asymptotic behaviour:

o) 3112 [e(t + nm) — a*(t + nm)] = O,

lim [o(t + n®) — a~(t + nn)] =0,

A~ -
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Proof. Let ¢ denote the positive characteristic exponent of (g). For the phase «
we have

®) a(t) = arc tan ~g—g — sign W(u, v) n[i + nk),
forze (bi—l,n’ bin)’ i = 19 2, LERE] k, te (bk,n—l! bOn)
T (t) T

- < =
where 7 = < arc tan ——- (t) =5
Hence:
©)] a(a;) = —sign W(u, v) n[i + nk]

1

(10) a(b;,) = —sign W(u, v)m [ +i+ nk]
fori=0,1,...,k,n=...-1,0,1,...

Let W(u, v) < 0. Then

pi(t) P =
>0 for te(a 9bl'n)’ 1—0,1!-": k,
Pz(t) ( in
n=..,—1,0,1,..

210) <0  forte(bims Givs,n) i=01,... k—1

pa(t)
te (bkna aO,n+ 1)
n=... "‘1, O, 1, “oe
u(t) 20t pl(t)
. _arf =t

From (2) we have: tan ot) = "0) 22(0)
and )
t

. hm e20(t+nn) P =00

:1:1:) tan a(t + nm) = 22

for te(aio,b,-o): i= 0! 1’ ---,k

~ limtana(t + nx) = llm e O .

for te(bio, a,+1,o)’
and te€ (bros ap1)
For W(u, v) > 0 we have

lim tana(t + nm) = —co 10T 1€ b)), i=0,1,....k

lim tan a(t + nn) = o© for te(Biosiv1,0, i=0,1,..,k—1,

n—o E
and te (ka’ aOl)
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From the last four relations we obtain:

an lim [a(t + nx) — sign W(u, v)n(% +i+ nk)] =0
Lind ]
for te(a‘o,b'o), .=0, 1,...,k
for te(bi,ai41,0) i=01,...,k -1

for te(bros Ao.m+1)
The relations (9), (10), (11) can be simply expressed in the form:

lim [a(t + nn) — a*(t + nn)] = 0

L ]

The relation (7) for n - — oo is thus proved.
The proof for n - — oo is analogous.

Theorem 2: Let w be a non-trivial solution of the oscillatory periodic differential
equation (q), which is independent on the solution u and v. Let the assumptions of the

Theorem I be satisfied. Denote the zeros of w by ¢;,, n = ... —1,0, 1, ... such that
C‘ne(ain, a[+1,")f0r i= 0, 1, 2, ...,k - 1, and C,‘,,E(ak,,,ao,n+1)for nh=... —1, 0,
1,...

If c,€(ayb,) for some r=0,1,....k —1 and s=...-1,0,1,..., then

(ciw — ayp)—= 0, for n— o and (c;, — b;;)) = 0_ for n > — o0
Ifcrae (brs’ ar+],s) or ck—l,se(bk—l,v aO,s+1)’ then (C‘” - ai+1,n) - 0— for n— o
and (¢;, — b,) = 0, for n » —o0.

Proof. According to Sturm Comparison Theorem the zeros of the solution w
must be mutual separated with the zeros of the solution » and also with the zeros of
the solution w. The points c,, can therefore be either only in the intervals (a;,, b;,)
fori=0,1,...,k,n=...-1,0,1,... or only in the intervals (b;,, a;,,,), i =
=0,1,...,k =1, (byp, ag ps1), n = ... =1,0, 1, ...

On the interval (a, b)) Abel’s equation is fulfilled

a(@()) = a(t) + = sign a'(¢),

where ¢ is the dispersion of the given differential equation, see again [2] or [3].
Hence

«(pi(1)) = o(t) + kn sign a'(2),

where ¢, is the k-th iteration of the function ¢.
The last equation can be transformed into the form:

a(@u(1)) = a(t) — k= sign W(y, v).
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We shall consider the case c;, € (@4, bi). Suppose W(y, v) < 0. Then the first phase
a is increasing with respect to (3). We have

12) a(c;,) < a(b;) = (% +i+ rk) .

Letc,,+n — 4,4+ + 0, asn — co. Then there exists an e, such that ¢; ,+» — @i,r+a>
> ¢, for infinity many indices n € No. Hence we have
(@ p+n + €0) < A(Cip4n) for ne N,.
Since a; , 4, = a;,, + nn, and ¢; .40 = Oulcy,,), We get
w(a;, + nn + &) < APulcy,,) = alc;,) + nkx.
Apﬁlying Theorem 1 for ¢ := a;, + & and ne€ Ny, n — oo, the last relation gives

a(ai,r + g + nm) — a+(a1,, + & + nn) <

< ofc;,,) + nkn — (—;— +i+(r+ nk)) n, or

0= o) — (—;— +i+ rk)n or (—;— +i+ rk)n < afey, ),

that is a contradiction to (12). Hence for the case Theorem 2 is proved. Other cases
can be proved analogously.

Note. On the basis of Theorem 1 and 2 can observe that for the studied differential
equations there always exist two special solutions, # and v, zeros of which are distri-
buted with the same density, whereas zeros of other (linearly independent on « and v)
solutions cumulate near zeros of u and grow distant from zeros of v for ¢ — oo.
Zeros of u are of some kind of attractors and zeros of v are accessors of zeros of other
solutions for ¢ = oo. For ¢t - — oo the role of u and v is interchanged.
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