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MONOTONICITY THEOREMS CONCERNING 
DIFFERENTIAL EQUATIONS y" + f(t,y,y') = 0 

MIROSLAV BARTUSEK, Brno 

(Received April 26, 1976) 

1. Consider a differential equation 

(1) 
y" + f(',y,y') = o, 
where f(t, y, y') is continuous on D = {(t, y, v): 
t e [a, oo), - co(y, v < oo},f(t, y, v) y > 0 for y * 0. 

It is evident that the Cauchy initial problem for (1) has a continuous solution but 
we do not suppose its uniqueness. In all the work we shall omit the trivial solution 
>> = 0 from our considerations. 

A non-trivial solution y of (1) is called oscillatory if there exists a sequence of 
numbers {tk}™ such that a g tk < tk+l9 y(tk) = 0, y(t) # 0 on (tk, tk+1), k = 
= 1, 2, . . . , lim tk = oo holds. 

In the present paper we shall deal only with oscillatory solutions of (1), especially, 
we shall prove some monotonicity theorems concerning the amplitudes and the 
distribution of zeros of these solutions and their derivatives. 

The special cases of the differential equation (1) were studied in the above mentioned 
direction in [3], [4], [5], [6], [7]. 

Let y be an oscillatory solution of (1) and {tk}f the sequence of all its zeros. Then 
there exists exactly one sequence of numbers {xk}f, called the sequence of extremants 
of y, such that tk < xk < tk+1,y'(xk) = 0 holds. This a consequence of the following 
lemma (see [1], [2]): 

Lemma 1. Let y be an arbitrary non-trivial solution of (1) and tt < t2 its consecutive 
zeros (y(t) # 0f0r te(tt, t2)). Then t1 and t2 are the simple zeros of y, there exists 
exactly one number x such that t1 < x < t2, y'(x) = 0 holds. Further, 

f(t,y(t),y'(t))y'(t)>0, te(tl9x)9 

f{t,y(t\y'(t))y'(t)<0, te(x,t2)9 

\yf(h)\(T- t})>\y(x)\. 
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Put: Ai = ti+x - /„ Si = xx - /„ yf = ti+1 - xi9 i = 1,2,... Thus .d4 = yf + <5f. 
Our aim consists of finding of conditions under which the sequences 

{\y(*d\}T, {\yVd\}T, {-W 
are monotone ({| /(/ f) \}T is the sequence of the absolute values of all local extremes 
of y because of (y* =) - f(t9 y9 y') = 0 oy = 0 <=> / = /k). 

2. We start with the investigation of a monotonity of {| y'(ti) \}T-

Theorem 1. Let y be an oscillatory solution of (1). Let the function | /(t ,y , v) \ is 
non-increasing with respect to t and non-increasing with respect to v in D and further 
let f(t9 y9 v) = f(t9 y9 —v) in D. Let z e [ 0, | y(xk) |] be an arbitrary number. Denote 
by it9

 2t such numbers that xt e [tk9 xk]9
 2t e [Tk9 tk+1]9 \ y(lt) | = | y(2t) \ = z. Then 

\y'(it)\^\y'(2t)\9 %k-*t£2t-Tk9 k=l,2,3,... 

holds so that, in particular, the sequence {\ y'(tk) |}f is non-increasing and 

<5*^7*, k = 1 , 2 , . . . 
holds. 

Proof. By multiplying the equation (1) by —2y' and by the integration in the 
limits from / to Tk we obtain 

(2) y'2(t) = 2Jf(t,y(t),y'(t))y'(t)dt, te[tk,tk+ll 
t 

Let y(t) > 0 on (tk9 tk+1). If y < 0, the proof is similar. Thus especially/(f, y9 y') > 
> 0 on this interval, y'(t) > 0 for t e [tk9 Tk)9 y'(t) < 0 for t e (Tk9 tk+1] (see Lemma 1). 

Denote by lt(y) the inverse function to y(t)9 te[tk9 Tk] and 2t(y) the inverse function 
to y(t)9 te[Tk9 tk+1]. These functions exist as y'(t) 4= 0 for te [tk9 tk+1]9 t 4= Tk. 
Performing the substitution of the integral in (2) y = y(t)9 the equation (2) is trans­
formed into 

y'2(lt) = 2 f /('*, y, y'('t)) dy, y e [0, y(rk)l i = 1, 2. 

y 

From this and when using the assumptions of the theorem we obtain: ye [0, y(tk)]9 

o) 4y- {/2(1'(^ - " T ^ w = -2V(lf> y' yVt» - HH> *> y'W] -
= -2{[filt,y,y(lt)) -f(2t,y,yCt))\ + [f(2uy,yVt)) -f(2t,y,\y'(2t)|)]} ^ 

Z -2[f(2t, y, | y\H) |) - f(% y, | y\h) |)]. 

170 



With regard to the function |f| being non-increasing with respect to y' the following 
relation is valid 

(4) I yVt) | - | y'(2t) | < 0 => --£- {y'Xt) - y'2(2t)] < 0, 

ye[0,y(*k)l 

Suppose that there exists a number y e [0, y(Tk)] such that 

|/W))|<|/(2^))|-
Then it follows from (4) that 

I yVt(y)) I - I y'(2t(y)) \ = I /C'CO) I - f /( 2 '00) I < o, y e \y, y(Tk% 

But it is a contradiction because for y = y(Tk) we have 

\yVt)\ - \y'(2t)\ = \y'(Tk)\ - | / ( t t ) | = o. 
Thus finally 

(5) \yVt)\*\y'(2t)\, ye[0,y(Tk)]. 

Consider two functions/,(>>) = Tk -
 1t(y) = 0,f2(y) = 2t(y) -Tk^ 0,ye[0, y(rk)]. 

From the proved part (5) of the theorem it follows that 

1 it/ .W-AWJ'-^-^io. y^«,y(H)). 

Thus the function fx — f2 is non-decreasing and with regard to fi(y) = f2(y) = 0 
for y = y(xk) we can conclude thatft ^ f2, i-e. 

rk -
 xt(y) =

 2t(y) - rk9 ye [0,y(rk)] 

and the first part of the theorem is proved. The special case follows from it for 
y = y(**). 

The following Theorem can be proved in the same way as Theorem 1. 

Theorem 2. Let y be an oscillatory solution of (1). Let the function jf(t, y, v) | 
is non-decreasing with respect to t and non-decreasing with respect to v in D and further 
let f(t9 y9 v) = f(t, y9 -v) in D. Let z e [0, | y(xk) |] be an arbitrary number. Denote 
by xt9

 2t such numbers that *te [tfc, TJ, 2 te [Tfc, tk+1], | y(xt) \ = | y(2t) \ = z. Then 

\yVt)\^\y(2t)\9 Tk~H^2t~Tk9 * = 1 , 2 , . . . 

holds so that9 in particular, the sequence {| y'(t*) \}T is non-decreasing and 

5k ^ y k 9 k = 1 , 2 , . . . 
holds. 
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Two next theorems deal with monotony of the sequence {(y(rk) \}f. The second of 
them can be proved similarly to the first. 

Theorem 3. Let y be an oscillatory solution of (I). Let the function \f(t9 y9 v) \ is 
non-increasing with respect to t and non-decreasing with respect to v in D and further 
let f(t9 y, v) = -f(t9 -y9 v)9 (t9 y9 v) e D. 

(i) Let z e [0, | y(xk) |] be an arbitrary number. Denote by tx
9 t2 such numbers that 

t1 e [rk9 tk+l]9 t2 e [tk+l9xk + i]9 | y(tl) \ = | y(t2) \ = z. Then 

\y'(t1)\S\y'(t2)\. 

(ii) The sequence {\ y(xk) \}f is non-decreasing. 

Proof. By multiplying the equation (1) by —2y' and by integration we obtain 

ík + l 

y'2(ť)-y'2(tk+1) = 2 jf(t,y,y')y'ďt. 

Let 1t(y)(2t(y)) be the inverse function to y(t)9 t e[rk9 tk+i](te[tk+i9Tk+1]). The 
substitution y = y(t) in the integral gives us the relation 

У 

У'2Ct) - У'2(tк+г) = -2 | / ( ' t , y, y'(!t))dy, 

def 
i = 1, 2; | y | e [0, min (| y(xk) \, \ y(xk+1) |)] =' J. 

From this (we must use the assumption of/being odd with respect to y) 

-tjyjW') ~ y'W) =--[/CM y I. /CO) -A2*; I y\,y'(2t))l 

So we have the same situation as in the proof of Theorem 1 and we can derive by the 
same way that the similar relation to (3) holds: 

(6) -^~i (y'2^ ~ >'2(2')) = ~2t/C<' I ' I • /(x0) - z(2'' I y I. y'(2m, \y\Bj. 

For y = 0 we have y'(xt) = yf(2t) = y'(tk+i). Assume that there exists a num­
ber y e /, y 4= 0 that 

(7) \y'et)\>\y'(2t)\ 

holds for | j | = y. Then there exists an interval Jx = (z9 y] such that the relation (7) 
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is valid on Jx and \y'Ct) \ = |y ' (20 M y | == 2- From this there exists a number^eJt 

such that 

-^Y(y'2(1t)-y'2(2mM~-i>o. 

But it is in contradiction with (6) because for | y \ = £ we have (by using (7) and the 
assumption that | / 1 is non-decreasing with respect to y') 

(y'Гt)-y'2(2t))ѓO. 
d | y 

Thus 

(8) \y'et)\s\y'(2t)\, \y\eJ. 

Now suppose that | y(xk) \ > \ y(xk+1) \. Then for | y \ = | y(Tfc+1) | we have | y'(lt) \ > 
> 0 (see Lemma 1), | y(2t) \ = 0 and thus 

\y\Xt)\>\y'(2t)\ ^ | y | = | y ( T f c + 1 ) | . 

But according to (8) | y'(lt) \ g | y'(2t) |, which is a contradiction. So we can conclude 
that 

| y(xk) | = | y(rk+l) \, k = 1,2, ..., / = [0, | y(xk) |] 

and the statement of the theorem is proved. 

Theorem 4. Let y be an oscillatory solution of (1). Let the function \f(t, y, v) \ is 
non-decreasing with respect to t and non-increasing with respect to v in D and further 
letf(t, y, v) = -f(t, -y, v) in D. 

(i) Let z G [0, | y(Tfc+1) |] be an arbitrary number. Denote by it, 2t such numbers that 
^e[T f c,r f c + 1], 2te[tk+l,rk+1], \y('t)\ = | j ; ( 2 0 | = z holds. Then 

\y'(lt)\ = \y'(2t)\. 

(ii) The sequence {\ y(xk) |}̂ ° is non-increasing. 

3. This paragraph deals with the special type of the differential equation (1): 

(9) 
y"+/(',yW) = o 

where f(t,y) is continuous on. Dx = {(t,y) : te [a, oo), — oo < y < co}, 
f(t,y)y > 0 for y 4= 0, g is continuous on (-co, co), g(v) > 0, v e ( — oo, oo). 

For (9) we can derive the more substantial results for the solutions. 

Theorem 5. Let y be an oscillatory solution of (9). Let the function \f(t, y) \ is 
non-increasing with respect to t in Dt. Let z e [0, | y(xk) \] be an arbitrary number. 
Denote by lt, 2t,3t such numbers that xt e [*fc,Tfc],

 2te [xk, tk+i], 3 te[ t f c + 1 , Tfc+1], 
\yCt)\ = \y(2t)\ = \y(3t)\ = z. 
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(0 Ifg(v) = g(-v)for » e (-00, co), then 

do) I yet) I § I y'(2t) |, xk -
 lt ^ 2t - T„ fc = I, 2, . . . 

i>! particular, the sequence {| y'(t*))}? is non-increasing and 

8kS yk> k =- 1,2,... 

(«) / / / ( / , y) = ~/(t, - J O , (t, y) e Dt, then the sequence {| y(xk) \}f is non-decreasing 
and 

(11) | / ( 2 0 | ^ | y ' ( 3 0 | . 

Proof. By multiplying the equation (9) by -/(gCY*'))""1 and by integration in the 
limits from t to xk we obtain 

|y'(0l * T y(tk) 

°2) Ii)d'--J^jd'-I/(")r'd'-I/(''rti"' 
0 t t y(t) 

tefo,tfc+1] 
If 1t(y)(2t(y)) is the inverse function to y(t), te[tk,xk] ([xk, tk+1]), then it follows from 
(12) that for the fixed | y | 6 [0, | y(Tk) |] 

l/COl b'(20l y(tfc) 

0 0 y 

holds because of | / 1 being the non-increasing function with respect to t. Thus 

d3) \yeo\^\yet)i 

The validity of the relation xk -
 xt < 2t - xk can be proved (by use of (13)) by the 

same considerations as the same relation in Theorem 1. 
Let 3t be the inverse function to y(t), t e [tk+i,xk+1]. By multiplying the equation 

(9) by y'(g(y'))_1 and by integration in the limits from fe [T*, Tfc+1] to t*+1 we 
can get: 

y'(tfc + i) tk + i *fc+i I KOI 

Jifed'-I^d'--l /<'-y)/d'-J /(' ,')d'-
y'(f) t t 0 

def 

From this for the fixed y e [0, min (| y(Tfc) |, | y(Tk+1) |)] = ' / there holds 

y'Ofc+O y'(tk+i) \y\ 
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because | / | is non-increasing with respect to t. Thus | y\2t) | g | y\*t) | and the first 
part of the statement of the theorem is proved. The rest can be derived in the same 
way as the same result in Theorem 3. 

The following theorem can be proved similarly. 

Theorem 6. Let y be an oscillatory solution of (9). Let the function \f(t, y) \ be non-
decreasing with respect to t in Dt. Let z e [0, \ y(xki.t) |] be an arbitrary number and 
let lt, 2t, 3t be of the same meaning as in Theorem 5. 

(0 Ifg(v) « g(-v)for ve (-co, oo), then 

04) \y\h)^\y\2t)\, Xk-H^2t-xk. 

In particular, the sequence {| y\tk) \}f is non-decreasing and 8k ^ yk, k = 1, 2, . . . 

(II) Iff(t, y) = —f(t, —y), (t, y)eDt, then the sequence {\ y(xk) \}f is non-increasing 
and 

05) | / ( 2 0 | £ | / ( 3 0 | . 

Remark 1. Theorems 5 and 6 are the generalizations of some results in [3], [4], 
[5], [6], [7]. Das [4] studied the equation 

/ + / ( ' , y ) = 0, 

Bihari [5] proved the monotonity of the sequences {| y(xk) |}J°, {| /(**) |}f for the 
equation 

(16) y" + <P(t)f(y)h(y')~o, 

but under many other assumptions (<p > 0 is continuous, increasing and bounded 
for t _• a9f(y) is odd, non-decreasing and/(j) e Lip (1) for | y | S b, h(u) > 0, | h \ is 
non-increasing, h(u) e Lip (1) for all u, h is even). The papers [3], [6] deals with the 
special types of the differential equation (16), Katranov [7] proved some results of 
Theorem 6. 

Remark 2. It is evident from the proofs that the theorems 5 and 6 are valid, too if 
we replace the words and symbols non-decreasing, non-increasing, :g, >̂ by increas­
ing, decreasing, < , > , respectively with the exceptions of (11), (15) for z =- 0, (10) 
for z = | y(xk) | and (14) for z = | y(xk+x) |, of course. 

Remark 3. If the function f(t,y) = / 0 ) is constant with respect to i and/(y) = 
= ~/ (~y ) , g(p) = g(-v), then every oscillatory solution of (9) is a half-periodic 
function. From the proofs of Theorems 5 and 6 we can see that 

\yVt)\ = \y\2t)\~\yVt)\, xk-*t = 2t-xki 
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and the required relation tk+1 - 2t = 3t - tk+1 can be proved in the same way as the 
relation xk -

 lt = 2t - xk. So the above mentioned conclusion is valid. This situation 
was studied in [5] for the differential equation (16). 

Theorem 7. Let y be an oscillatory solution of (9). Let 

0) -^f(t, y), ~^f(t, y) exist in Dt, 

(h)f(t,y)=-f(t,-y)inD1, 

(ui)l-\f(t,y)\^0 inDt, 

(iv) -z—f(t, y) = 0 in Dt, let —- f(t, y) be non-increasing with respect to y in D2 = 
Cy oy 

= {(t,y) :(t,y)eD1,y ^ 0}, -~—f(t,y) be non-increasing with respect to t 

inD2. 

Then 
yk ;= Sk+1, k = 1 , 2 , . . . 

If in addition, g(v) = g(—v), v e (— co, oo), then 

--* = --*+i> .fc = 1 , 2 , . . . 

Proof. Denote by xt(y')(2t(y')) the inverse function to y'(t), te[xh,tk+1] (te 
e [tk+1, Tfc+1]). These functions exist because y"(t) = 0<>y(t) = 0 o t = tk+1 on 
[Tk, Tk+1]. Suppose that y'(t) > 0 on (xk, xk+1). The statement for the case y'(r) < 0 
can be proved similarly. Then y(t) < 0, f< 0, y"(t) > 0 on [xk, tk+1), y(t) > 0, 
f> 0, y"(t) < 0 on (tk+l, xk+1] (use (9) and Lemma 1). 
According to (9) and by use off being odd with respect to y the following estimation 
holds for the fixed / e [0,yf(tk+1)] 

A 
åy l g(y) g(y) J áy 

- 4r "<''•*''» i T^y + ir "(''• *''»' 7^7 -

tft " v ' v " y"(2l) Sy,JX ^ " ' y' t) Г 

IЯ'0/COI IL^ 

176 

ftlИ2'' J<a0) - - гЛ1'.^))] 1 /oo 1 + 



HW=-^^orir(' ,' i' (' , ) , )ao-
because according to (11) | y 0 0 | S |y ( 2 0 | - Suppose that there exists a number 
ze[0,/(fk+1)] such that 

U} g(y') s(y') 

holds for / = z. Then according to the above mentioned estimation GO') = G(z) < 0, 
/ e [z, y'fe+i)] is valid, but this is a contradiction because G(/(fk+1)) = 0. Thus 
G(y') = 0 on [0,/(tk+1)] and finally 

(17) | / C O | = | / ( 2 0 |, f e [0, /(rk + 1)]. 

Consider two functions ht(f) = fk+1 - **, fc2(/) =
 2t - t+kl, / e [0,/(fk+1)]. 

According to (17) 

— [fc-t - fc2] = — V " - —K~ 2- 0, /e[0,/(rk+1)). 
d/ L / ( x0 /(20 ~ " v * + 1 " 

Thus fcx — fc2 is non-decreasing and with regard to ht(f) = h2(f) = 0 for / = 
= y'('fc+i) w e can conclude that ft] = ft2. So the first part of the statement of the 
theorem is proved and the rest follows from the Theorem 5. 

The following theorem can be proved similarly to Theorem 7. 

Theorem 8. Let y be an oscillatory solution of (9). Let 

® ~df^9 y^ Hy^*' ̂  eXiSt in Dl' 
(ii) f(t,y)= -f(t,-y)inD1, 

0»)-|r|/(^y)|=o^^i, 

(iv) -j-fd* y) = ° in Di> let "ffd* y) be non-increasing with respect to y in D2 = 

= {(*> y) : (r> y) G #1 > y = 0}, -jr-f(t, y) be non-decreasing with respect to t in D2. 

Then 
7*^<5k+1, k = l ,2 , . . . 
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// in addition, g(v) = g(-v), v e (-00, 00), then 

Ak*Ak+l9 fc=l,2,... 

Remark 4. The statement of Theorem 8 was proved by Bihari [3] for the differential 
equation (16) but under the more restrictive assumptions on the functions h(y') 
(h > 0 is an even, non-increasing function for y' > 0, non-decreasing for y' < 0, 
h 6 Lip (1)) and q>(t) (q> is increasing) and under the different assumptions on the 
function f(y) (/e Lip (l),/(y) is increasing,/(y)y"1 = 0 (1) (y -+ 0), further/COy'1 

is non-increasing for y > 0 and non-decreasing for y < 0). 
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