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ON THE BOUNDEDNESS OF A SOLUTION
OF A SYSTEM OF NON-LINEAR
DIFFERENTIAL EQUATIONS

PAVEL SOLTES, Kosice
(Received September 26, 1974)

Theorem 2 in [1] gives sufficient conditions for the component x(z) or y(¢) of the
solution (x, y) of a system

x" + fo(t) /i(x) f2(y) = 0
V' + 81 8:1(x) g2(y) = 0
to be bounded on < a, «©); this theorem is then generalized to give Theorem 3, which

deals with boundedness conditions for x(¢) or y(z) where (x, y) is a solution of the
system

x' + fo() 1) L) + f(t, x, y) =
V' + 8o(1) g1(x) 82(») + g(t, x,y) = 0.

The purpose of the present paper is the investigation of the boundedness of solu-
tions of a system having the form
x' + fi(t, ) [(») + f(t, x,y) = 0
y' + gl(ts x) gZ(y) + g(ta X, }’) = 0’
where f3(t, x), 2(»), fit, x, ), 8:(t, x), g2(») and g(, x, y) are continuous for every
t=ty, x€(—0, ), y€e(—o0, ) with ¢, € (— 00, ).
Consider first the following system of non-linear differential equations
X+ fi(t, ) ,(0) =0
V' + 8t x) g:(») = 0.

)

@ -

Let Hy(t,x) = fh,(t, s)ds, Hy(y) = jyhz(s) ds where
(1]
&(t,x) x) _ L)
ey or R )

ahl(ta X)
ot

and

are continuous functions for every ¢ = fo, x € (—®, ), y € (— 0, ).
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We have
Theorem 1. Suppose that for all y € (— 0, ®©)
H,(y) Sk, < ©

and suppose that for every continuously differentiable fypction u(t) on {t,,%), i £ +©
which is unbounded as t — i _ there exists a sequence {t;}{'ix » such that t, —» i_ and

OH \(t,, u(1)) < OH (t,,u(t)

< St
@ ot = ot =021
Moreover, let
@ lim H,(tp, x) = Hy £ + 0.

|x|=

Then for every solution (x(t), y(t)) of (2) such that
(5) Ko = H,(t,, x(tp)) — H,(y(t0)) + k2 < H,

x(t) is bounded for t = 1t,.
Proof. Let the solution (x(z), y(t)) of (2) exist on (to, i), { < + oo; suppose that
it satisfies the condition (5) and that lim sup | x(#) | = + 0. Then there exists a se-

i~

quence {t,};,, t;, » i for i > oo such that lim | x(z;) | = + 0. From (2) we see
i+

that
hy(2, x(1)) x'(2) = h,(y(®)) y'(t)  for te<t,,10).

By integrating this, we get, for all t e {¢,, 7)

©) Hy(t, x(1)) = H(t, x(t5)) — Hz(}’(to)) + H,()(0) +
+ JMds,
Js
and therefore
‘ d
@ Hi(t, x(1)) < Ko + j (s x6)) g

to

For a given sequence {f;}i'il such that t; » 7_ for i = oo (7) yields, with the help of
(3) (putting u(r) = x(1))

Hi(t, x(1)) < K, + fﬁgi%i(ﬂ)—ds =

to

= Ko + H\(t;, x(t)) — Hy(to, x(1)),
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or
- Hy(to, x(1)) £ K,.

For i = o we can use this, together with (4), to obtain a contradiction to (5)-

Theorem 2. Suppose that, for every t 2 t, and x € (— 0, ),

® —o <k sH() D <4
and let
&) lim Hy(y) = —H, 2 — 0.
|pl—
If _
(10) I a(f)dt = 4 < oo,

to

then for any solution (x(t), y(t)) of (2) such that
(¢3)) K = Hi(to, x(10)) — Hy(y(t0)) + A — ky < H,,

y(t) is bounded for t = t,.

Proof. Suppose that the solution (x(), y(t)) of (2) is defined on {t,, ), f < +©
and that (11) holds. We shall prove that in that case y(¢) is bounded on {t,, 7). Let
limsup | y(t) | = +o0. Owing to (8) and (10), (6) yields:

2 B

—H,(y()) < K;.

Consider a sequence {f;};-, such that t; -+ i_ fori — oo and lim | y(t;) | = + .

t~> 0
Now if we put ¢ = ¢; and let { » oo, we can use (9) to obtain a contradiction to the
assumption (11).

Remark 1. If H, = +© or H, = + 00 in (4) or (9) respectively, then evidently
for any solution (x(¢), y(¢)) of (2) x(¢) or y(t) is bounded for all # Z ¢, from the domain
of the solution.

Theorem 3. Under the assumptions of Theorem 2, let H, = +o0, a(t) < 0 and
suppose that for all y € (=00, )
Hz(}’) é k2 < +OO.

If for any sequences {t;};=, {x;}i%, such that for i » o t; - o0 and | x;| > ©

(12) lim Hl(tl" x,) = +G),

i»w

then, for any solution (x(t), y(t)) of (2), | x(t) | + | ¥(t) | is bounded for t 2 t,. -
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Proof. Suppose that a solution (x(#), ¥(t)) exists on {to, ), f £ + c0. The bounded-
ness of y(¢) for t € {ty, f) is ensured by Theorem 2. Suppose now that x(¢) is unbounded
for t— i_, i.e. that there exists a sequence {#,};2,, t, > i_ for i = oo, such that
lim | x(z,)| = +oco. Further let {f;};-, be an arbitrary sequence such that #; = oo

i=w

for i - oo and for all i, t; < f;. Since a(t) < 0, we have
H,(t;, x(1)) £ Hy(t:, x(2)),

- and we can use this and the relation (7) to get

Hi(1;, x(2)) < Hy(t;, x(1)) < Ko,

For i = o0, this contradicts the hypothesis (12). Thus for t € {ty, ) | x(?)| + | ¥(t)|is
bounded.
Remark 2. The equation
x"+ f(t, x)g(x) =0

is a special case of (2). Theorems 18 and 19 of [12] deal with the boundedness of
solutions of this equation. ,

Now let us consider the system (1). If (x(z), y(?)) is a solution of (1) which exists on
{to, 1), I £ + 00, then for t e (z,, ) (1) yields:

hy(t, x(1)) x'(2) = hy,(¥(®)) y'(1) +
+ g(t, x(t), (1)) ko (¥(1)) — f(2, x(2), ¥(1)) hy (8, x(2))

which means that
H,(t, x(t)) = H,(y(t)) + Hy(to, x(15)) +

+ J‘_‘?}_IL(_Z;C(_S)) ds + J[g(s, x(s), y(5)) h2(¥(s)) = £(s, x(), ¥(5)) hs(s, x(s))] ds.

to

It is easy to see from the proofs of Theorems 1 to 3 that the following theorems hold:
Theorem 1’. Suppose that for all t = t,, x € (— 0, ®©), y € (— 00, ©)

g, x, y) hy(») — ft, x, y) hy(t, x) < B(2)
and let

\ J-ﬂ(t)dt=B< + 0.

If the hypotheses of Theorem 1 hold, then for any solution (x(t), ¥(t)) of (1) such that
Hy(to, x(to)) — Hy(y(t0)) + k; + B < Hy
x(t) is bounded for t = t,.
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Theorem 2'. Suppose that the hypotheses of Theorem 2 hold, with
and the assumption (10) replaced by the assumptions

"@_13(’:"3")‘ + g(t, x, ) by (y) — f(1, %, y) hy(t, x) = (t)

and

0

fy(t)dt =C< +o

to
respectively.
Then for any solution (x(t), y(t)) of (1) such that

H(to, x(to)) — Hy(y(t0)) + C — ky < H,
¥(t) is bounded for t = t,.

0H ,(t, x)
ot

S o)

Theorem 3’. Suppose that the hypotheses of Theorem 3 hold, with the assumption
o(t) < 0 replaced by y(t) < 0. Then for any solution (x(t), y(t)) of (1) | x(1) | + | y(t) |

is bounded for t = t,.
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