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EXISTENCE THEOREMS FOR A PARTIAL
DIFFERENTIAL EQUATION OF THE FOURTH ORDER

VERA RADOCHOVA, Brno
(Received July 1, 1975)

In the paper [1] there are derived very general existence theorems and uniqueness
criteria for the characteristic initial problem of the partial differential equation of the
second order.

For the partial differential equation of the fourth order u,,,, = f(¢, x, u, u,,, u,))
the existence and uniqueness theorems are derived only on the supposition that the
function f fulfils the Lipschitz’s condition [3]. In what follows there is mentioned the
existence theorem for an other class of functions f, which is similarly general as that
in [1].

Let

D={t,xx0<t<T, 0sx<L, 0<T<oo, 0<L <o},
={x0=x=<L0<L<ow}, L={t0=5t<T,0<T< o}

and let f(¢, x, u, v, w) be a continuous function in D x R and let @o(x), ¢,(x) € C(I)),

Yo(t), ¥ () e Cz(’z)-

In the domain D consider the partial differential equation
(1) Usxtr = f(t’ Xy Uy Usxs uu)
and the characteristic initial conditions

u(O, x) = (pO(x)s ut(os x) = ¢1(X), X eIl
u(t,0) = Yo(t), u(t,0)=y,@t), tel,

where ¢o(0) = ¥0(0), ¢5(0) = ¥1(0), 91(0) = ¥5(0), ¢1(0) = ¥1(0).

Definition 1. We say that the function u(z, x) is of the class C*(D) if u(t, x), U (t, X),
U, (2, X), Uy (2, X) are continuous in D.

2

Definition 2. The function u(¢, x) € C*(D) fulfilling (1), (2) is said to be the solution
of the problem (1), (2).
The function u(t, x) € C*(D) fulfilling in D the inequalities

(3) uxxtl(t’ x) > f(t, x’ u, uxx’ ult)’
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u(09 x) = <Po(x)9 u,(O, X) = (pl(x)’
u(t, 0) = Y1), u(t, 0) = ¥,(1)

is called the upper function of the problem (1), (2). The function u(t, x) e C*(D)
fulfilling in D the inequalities

@

(5) Uprrd(t, X) < S8, x, U, Hrxs Uy,),
u(0, x) = @o(x), z, (0, x) £ ¢4(x),
©) u(t, 0) < Yo(2), ut, 0) < ¥,()

is called the lower function of the problem (1), (2).

Definition 3. The function g(x, z) is said to be of the class G[0, ] if the following
holds:

1. g(x, 2) is continuous if 0 S x < @,z 0;

2. g(x9 2) 20, g(x’ 0) = 0;

3. g(x, 2) < g(x, 2) for every z £ Z;

4. if for « > 0, y > 0 the function z(x) = z(x, &, y) is the solution of

X X1

2
z(x)=y—x§—+fjg[xz,z(xz—a)]dxzdx,, 0sxZa,
00

such that
z(x,a,7) =0 if x=0,
z{x,0,7) =0 if x=0,
then there holds
lim z(x, o, ) = 0 as y—0
uniformly in x and a.
Denoting u,,(t, x) = v(t, x), u,(t, X) = w(t, x) for (¢, x) € D, the system

)] u(t, x) = @o(x) + Yo(t) = Yo(0) + tps(x) — ¢4(0)] +
+ x[Y1 (1) = ¢, (0)] — txy1(0) +

t 8 X Xz

+ J!ij(tz; xz, u,v, W) dxz dxl d'z dtl N

® o(t, x) = ‘«'p'(',(x) + toi(x) + J d[ Sf(tz, x, u, v, w)dt, dt,,
) w(t, x) = Yo () + *¥¥1(s) + J J(t, x2, u, v, w)dx, dx,

is equivalent with the problem (1), (2) in the domain D.
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Theorem 1. Let ¢o(x), ¢,(x) € C*(Iy), Yo(t), ¥1(t) € CX(I,) and gt, 2)€ G[0, T,
2,(x, 2) e G[0, L].

Let for arbitrary 0 < K < oo the function f(t, x, u, v, w) be uniformly continuous
for(t,x)e Dand —K < u,v,w < Kandletfor(t,x)e Dand —o0 < u,v,w,, % < 0
hold

10 /¢t x, uy 0, w) — [, %, 4,0, W) | S go(t, [0 = V) + g20x, | w — WD.

Then there exists at least one solution u(t, x) € C*(D) of the characteristic initial
problem [1], [2].
Proof. Denote

Ug(t, X) = @o(x) + Yo(t) — Yo(0) + tpy(x) — 9,(0)] +
+ x[Y1(£) — ¥1(0)] — txy4(0),

vo(t, X) = @o(x) + tpy(x),

wo(t, X) = Yo(t) + x4 (2).

Let « > 0 be arbitrary; for (¢, x) e D we define the functions u,(t, x), v,(¢, x),
w,(t, x) as follows:

(11)

t 1 X Xt -

u,(t, x) = uy(t, x) + ‘” f f Fltas X5, ul(ty — @, X2), 0,(t; — @, X3), wo(t2, X3 — )] %

00O0O0
xdx, dx, dt, dt,,
(12) (1, X) = vo(t, x) +
in
+ FLta, %, ul(ts — o, x), v,(t — @, X), w(t,, x — )] dt, dty,
20

wo(t, X) = wo(t, x) +

X X1
™~

+ FLt x5, u(t — a, x5), v,(t — a, X5), w,(t, x, — a)] dx, dx,,
o
V]

oL

where

for 10,0 x < L thereis u(t, x) = @o(x),
(13) for t<0,0=<x <L thereis v,(t, x) = @g(x) + toi(x),
and for 0t T,x <0 thereis w,(2, x) = Yot) + xyi(®).

In this way the functions u,(¢, x), v,(¢, x), w,(¢, x) are given in all domain D, since
by (11), (12), (13) they are given for 0 S x < a, 0 L ¢t < o, thenfor 0 < x £ «,
o <t = 2a...and so on up to cover all the domain D. These functions u,(¢, x),
,(t, x), w,(t, x) are continuous in D. For a sequence {«,}, where o, > 0, lim «, = 0
as n — oo, we can define in such a way sequences of functions {u, (1, x)}, {v, (2, x)},
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{w, (1, x)}. If we prove that the functions in each of these sequences are equiconti-
nuous, then from these sequences we can choice by the Arzela— Ascoli theorem
uniformly convergent sequences, the limits of which, as a, — 0, satisfy the system
(N, (8), 9).

From assumptions on the functions ¢q, ¢, Vo, ¥, and from the uniform continuity
of the function f we obtain:
for x € I, and ¢t € I, there holds

(14) loi(x) | = My, [ S My, |91 S My, |Y()| =M,
and for (t,x)e D, —0 < u, v, w < oo there is
(15) | f(t, x,u,0,w)| < M.

Let w(6) be the continuity modulus, for which w(0) = 0, w(d,) < w(s,)if §, < 3;,
such that for arbitrary x, x + hel, and 1, t + k € I, there holds:
| @o(x + h) — @o(x) | < w(h), | oo(x + h) — @g(x) | = w(h),
(16) | @i(x + B) — @o(x) | £ w(h), |¢i(x + h) — @1(x) | = w(h),
[ Yot + k) — Yo(t) | £ w(k), | Yot + k) — Yo(t)| = w(k),
[t + k) = ¥ | S k), Y (¢ + k) — ¥i(®)] £ k),
if 0 < K < oo is such a constant that
an |u(t, x)| < K, | v, x) | < K, [ wo(t,x)| < K

is vali?for (t, x) € D and arbitrary « > 0, then from uniform continuity of f we
have

(18) lf(t’ X, U, U, W) - f(f, fa ﬁr ﬁa w) l §
So(lt-i)t+to(x-x)+o(u—-d)+o(v—-0))+aw(w-—-1#w])

for (t,x)e D, (i,x)eDand —K < u,v,w,@,0, w < K.

Hence from (12), (14), (15), (16) we obtain

(19) |u,(t + k,x + h) —u(t,x)| £
SA+Nol) + (1 +Laok) + | k|[M; —¢,(0) + L|¢Yi(0)]] +

+Ihl[Mz-¢1(0)+Tlllfi(O)I]+MLT(—;—Ih|T+-;—IkIL+lhl \kl)

for x,x + hel,, t,t + kel,,

(20) | vt + k, x) — v,(t,x)| S | k| (M5 + MT)
forxel,, t,t + kel,

and

(21) [ we(t, x + h) — w(t, x) | < Vh| (M, + ML)

forx,x + hel,, tel,.
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From (19), (20), (21) it follows that the functions , (¢, x) are equicontinuous in D

for each a,, the functions v, (?, X) are equicontinuous according to the variable £ and
the functions w, (t, x) are equicontinuous according to the variable x.

Since there is
|0t + k,x + h) = 08, x) | S |0t + kyx + h) — v(t, x + B)| + °
+ loo(x +h) —ee(x) | + | ¢]1oi(x + h) — @7(x) | +
+ 0t x + h) — v,(t, x) — {@o(x + k) — @(x) + tei(x + k) — @{X)]} |
and for x + he I, from (20), (16) we have :
|0t + k,x + h) —ot,x + B)| L | k| (M5 + MT),
[ @o(x + B) — oo | + ]| @i(x + h) — @1 | £ (1 + T) w(h),
it suffices to prove that for every ¢ > 0 there exists a 6 > 0 such that there is
(22) lva(t3 x + h) - va(t’ x) -
— {0o(x + h) — @o(x) + tloi(x + ) — @I} | <&,  if | k] <9,

forala >0,0<x=<L,0=<x+hZLO0=<t<T

Similarly it must hold for the function w,(t, x) that for every e > 0 there existsad > 0
such that there is

(23) | wo(t + k, x) — wy(t, x) —
= {Wolt + k) — yo(t) + xY  + k) — ¢y (O} | <& if [k| <,
foralla > 0,0 x=<L,0ZLt<T,05t+k<T
We prove only the (22) because the proof of (23) is the same one. Denoting
24) vt x, k) = . '
= | v5(t, x + B) — 0,(t, x) — {@o(x + h) — @y(x) + t[pi(x + k) — PN} |

by (13) there is V(t, x, h) =

0,if1<0,0Sx<L 0= x+h<Land by (12)
there is

@) v x,h)<”|f[tz,x+hu,(zz—ax+h) W= wx ),

wity, x + h — 0] = flts, x, u(tz — &% X), v(t; — &, X), W(t;, x — )] | d’zdtx
for0<t<T 0=x=LOgx+hsL
It is:
1 flts, x + hyouty, — a, x + h), v,(t2 — a, x + h), w,(t2, x + h — )] —
= flt2, X, u(t; — a, x), V(2 — &, X), w(t3, x — )] | <
S\SfItzs x + by uty — o, x + h), vty — o, x + k), wo(tz, x + h — )] -
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";f[tzy X, “a(tz -, JC), '-’a(tz -, X + h)’ Wa(tz» X = a)] ' +
+ lf[’:u X, ua(tz - o, x)’ va(tz - o, X+ h)s wa(tZ’ X — (Z)] -
—f[tz’ X, "a(tz - a, x)9 Ua(’z -, x)’ Wa(tzs X = a)] |

For the first term on the right there holds

(26) Sobh) + oflut; —o,x +h) —u(t; —a,x)[] +
: +(0[| Wa(’z,x'f‘h—“)—Wa(tz,X—a)ﬂé
S o) + o[l + T)oh) + | k| (M, — ¢,0) + T|¢,(0)]) +—;—MLTzlhl]'+
' + o[l k| (M, + ML)].

With regard to (10) and (16) the second term on the righi can be writen in the form
é |f[fz,x, da:”a(tz —a,x + h)’ wa] —f[t:z, X, Uy, va(tzv - o x + h) - (Pg(x + h) +
+ @o(x) = (t2 — @) (P1(x + h) — @1(x)), wal | +
+ Ttz s %, 4y, 0t — 0, x + B) — @ (x + h) + @o(x) — (22 — ) (@(x + h) — ¢(x)), w,] -
"f[tz, X, Uy, ”a(tz - a, )C), W,] l
< ol 9o(x + B) — @g(x) + (2 — @) (@7(x + h) — ¢1(x))] +
+ gilts, | v(t; —a,x + B) — v,(t, — 0, x) —

—{po(x + h) — @o(x) + (12 — @) [@7(x + B) — TN} ]
< ol(1 + T) o(h)] + gilt;, Vo(t; — o, x, B)].

Hence

Vilt, % b) < f j{w(h) oL+ Tk + 151 (M — ¥4(0) + T 1¥,(0)]) +

+ 3 MLT? [ K[ +o[l | (Mo+ ML) +0[(1+T)o(h)+ il Vilts = 2, x, K]} x
xdt, dt,.
Denoting

0y(h) = 0(A)+ 0 [1+T) o(R)+1 h| (M, — ¥s(0)+ T13(0) )+ MLT? | 1] +

+ o[l h| (M, + MD)] + o[(1 + T) w(h)]
there is

tt
@7 Ve(t, x, b)) = %‘ o, (h) + ffgl[tZ’ V(t: — @, x, h)] dt, dt,
20

for0<x<L,0<x+h=<L 0<Lt<Tandeverya>0.
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For a > 0, 6 > 0 let us define the function
(28) v(t) = v(t,a,8) = sup {V(t, x, ) :0< x SL, 0L X+ h<Lh|<8)

Itisv(t)) =0if 2 £ 0.
From assumptions about the function g;(?, z) and from (27), (28) it follows, that there

is
tn

. r
K(t, X, h) é —%‘ t2w1(5) + J‘gl[tz, V(tz -0 &, 6)] dtz dtl ‘
0%

hence
tn WIS R B AN
1 . : SN ;

v() %‘ 320’1(‘3) + J. gil[tz, v(t, — )] dtz dt,.

[V
00

Let z(t, o, 7) be a solution of the equation

Tt

1 |
40=3wf+jfgbbdg—anmﬂm,

0

for which z(t, a, y) = z,(t,2,7) = 0if t £ 0.

There is z(t) = v(t) = 0if t £ 0.

We can easy prove that for @;(6) < y and 0 < ¢ < T there is v(¢, a, 6) < z(t, a, ).
Since z(t, a, ) = 0 uniformly as y — 0, there is also lim v(t, &, §) = 0 as 6 — 0

and hence V,(t,x,h) - 0 as § —» 0 uniformly in a, ¢, x. Therefore the functions

v,(¢, x) are equicontinuous in D. Analogously we prove this for the functions w,(t, x).

Note 1. If there is g4(¢, z) = g,(x, z) = Lz, where L is a constant, then we obtain the
classic Lipschitz’s condition for the existence of solution of the characteristic initial
problem (1), (2).

Note 2. In the case the function f is Lipschitz continuous in D also the Picard’s
sequence of functions converge to the solution of (1), (2), if we take uy(?, x) as the
initial function [3]. This result may be generalized.

al+k

In what follows we denote Dy=——-
x" Ot

Theorem 2. Consider the problem (1), (2). For (t x)eD gnd —0 < u,v,w < ©
let it hold:
1. ‘
1f(t, x,u,0,w)| S K<

(29) lf(l,x,u,v,W) —f(t,x,ﬁ,v,W)léLo(lu— ﬁl +Iv—vl +IW“W|)
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2.
(30)_.“; o f(ty x, u, 0, w) S f(8, x, 4,0, W) fugsa, o0, wsw

Let hy(t, x) be an arbitrary upper function of the problem (1), (2), for which (2) is valid.
Then the sequence of functions h,(t, x) defined by
(31) t T x xy
hy(t, x) = uo(t, x) + J‘Jj‘f(‘z’ X35 By, Daohy—1, Doshy-y) dx, dx, dt, dty,
' 0
where

(32) uo(t, x) = @o(x) + Yo(t) = Yo(0) + t[ey(x) — @1(0)] + x[¥/,(¢) — ¥, (0)] — tx3f,(0)
with the initial function hy(t, x) is a sequence of upper functions which for (t, x) € D

converges to the solution of (1), (2).

Proof. First we prove that the (31) is a convergent sequence of upper functions.
By the assumption there is

D,,ho(t, x) > f(t, x, ho, Dz0ho, Dosho)

ho(0, x) = @o(x), Dy 1ho(0, X) = ¢4(x)
ho(t, 0) = (1), Dy oho(t; 0) = Yy(2).

Hence
Ca t ty X Xy
ho(t, x) Z uo(t, x) + ijjf(tz: X2, ho, Daoho, Dozho) dx, dx, dt, dty = hy(t, x),
200

‘ t
D;oho(t, x) Z Dyouo(t, x) + [ff(tz, x, ho, Daohos Doyho) dt, dty = Djohy(2, x),
]

X X1

Dazho(t, x) ; DOZ“O(t’ x) + IJ f(t, X2, ho, Dzoho, Dozho) de dx, = Dozhl(t, x).

Let h, < hy_y, Dyohy < Dyohy—y, Dozhy € Dosla-y, then from (30) it follows
immediately

hyi1 < hy, Djoltss1 = Dyohins Doshy 4y S Doszhy.
Hence for every natural # it is:
hn é hn—l’ D20hu é Dzohu—1, D02hn é Dozhn-l’
S, x, by, Dyoh,, Dohs) = f(t, x, By, Dzohn—l » Do2hty—1) = Dash,,
hy(0, x) = uy(0, X) = @o(x),  Doyhy(0, X) = Dy,up(0, x) = @4(),
1 dhy(ty 0) = uo(t, 0) = Yo(2), Dyoha(t, 0) = Dyque(t, 0) = 0,4(2),
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so that in D the functions A,(?, x) € C*(D) form a decreasing bounded sequence of
upper functions. In a compact domain a decreasing bounded sequence is convergent.
For the same reason there are convergent in D the sequences {D,ohy(t, X)},
{DOZhn(t’ X)}-

Prove that the uniform convergence of these sequences follows from the Lipschitz
continuity. '

From the continuity of functions f, ¢q, ¢4, Vo, ¥, for (¢, x) € D it follows

IfIS A4, lug—hol EM, |Dyottg — Dyoho| S M, | Doty — Dorhy| S M,
lho| £ H, |Dyoho| £ H, |Doyho| £ H, if (¢, x)e D
where A > 0, H > 0, M > 0 are available constants.

If we define 2K = max {2, (L + T)?} and if the L, is the Lipschitz constant of the
(29) it is easy to prove that for every natural n = 1 and for (¢, x) € D there holds

L ho(t, X) = hps(t. X) | S M (éﬁ°K);;, (t+ x4+ 3—‘20— (3(12“’;)' (t + x)*,

3LK)"™! -
| Daoha(t, X) — Daohy_y(t, x)| < M ((2 > )2), (t+x)""%+

(t + x)*",

(3LoK)™™!
@n-2)1

=202 (¢ + x)™

A (LK)
3L, (2n)!

| Dozhu(t, x) — Doshy—1(t, x) | S M- (t + x)z.oz +

A (3L0K)
St
Hence it follows that sequences {A,}, {D,oh,}, {Do2h,} are uniformly convergent in D.

Since the functions 4,, D,¢h,, Dg,h, are continuous in D, their limits are also con-
tinuous in D so that the limit of the sequence {4,} is the solution of (1), (2).

+
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