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On some properties of the metric dimension

LADpISLAV MiSfk JR., TIBOR ZACIK

Abstract. In the paper two covering functions N, M defined on a given compact metric
space K are studied; their binary logarithms are usually called e-entropy and e-capacity
of this space, respectively. For a function u with suitable properties a compact countable
metric space, for which the function u is the covering function, is constructed. By means of
covering functions the both lower dim and upper dim metric dimensions of K are defined.
It is shown that for a given compact metric space K and every a € [0,dim K] and 8 €
[0,dim K] there is a compact countable subspace X of K with the unique cluster point
such that dim X = « and dim X < B. Finally, it is shown that there exist compact spaces
with arbitrary small dim which are not isometrically embeddable into R™ for each m € N.
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Introduction.

There are two well-known numerical characteristics of the “massiveness” of met-
ric spaces: topological dimension td, which is a natural number in any case, and
Hausdorff dimension hd, which need not be an integer. In [PS] a new characteristic
is defined, which is in [K'T] called a lower metric dimension dim . Hereby the upper
metric dimension dim was defined here. Both these dimensions are given by some
integer-valued functions, the covering functions, defined for totally bounded sub-
sets of a metric space. Binary logarithms of these functions are called an ¢-entropy
and an ¢-capacity ([KT]) of the metric space, respectively. That is why the metric
dimension ([CS], [H], [KT], [V]) is also called an entropy dimension ([B], [P], [Y])
or a limit-capacity ([M], [PT]). The basic relations of the different notions of the
dimensions for a totally bounded metric space K, are given by the inequalities:

td K <hd K < dim K <dim K, (see e.g. [P], [V]).

The main difference between hd and dim consists in the fact that hd X = 0 for
a countable set X , while dim X can be positive. So dim and dim can better control
the partition of points of the metric space. On the other hand it is proved in [V]
and [CS] that there exists a perfect subset X C R with prescribed Hausdorff and
metric dimensions. In the general case a perfect subset D of a complete metric
space A with hd A = 0 and dim D = dim A is constructed there. Note that
in [CS] a slightly different notion of metric dimension is used. Some other different
properties of hd and dim can be found in [B] as well.

The authors would like to express their gratitude to referee for his helpful comments.
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The aim of this paper is to describe the behavior of the covering functions and
some of the properties of dim and dim for compact metric spaces. The main result of
the first section is the fact that for every covering-like integer-valued function there
is a compact, countable subspace of I°° with the unique cluster point, covering
function of which is the given function. Further, for compact subspaces of R™
upper bounds of the “jumps” in points of discontinuity of the covering function N
are shown. It is shown in the second section that every compact metric space
contains a countable subset fulfilling some requirements given in advance. Then the
consequence is the existence of a subset X C K such that dim X = 0 and dim X
= dim K. The last theorem of the paper says that in spite of finiteness of upper
metric dimension of a metric space K there need not exist an isometrical embedding
of K to any finite dimensional Euclidean space R™.

1. Covering functions N and M.

Let (K, d) be a nonempty compact metric space. For p € K and r > 0 denote
by B(p,r) an open ball centered in p with radius r and by B(p, ) its closure. Let
N be the natural numbers and R the reals. Define the covering function N(.,K):
R* — N, where N(r,K) for every'r > 0 denotes the least number of open balls
with radius r covering K.

The compactness of K implies that N(r, K) is finite for each r > 0, so the function
N(., K) is well defined. In general this function is defined for totally bounded spaces.
In this paper we shall need one more function M(.,K) : Rt —» N:

For a set F C K denote u(F) = inf{d(z,y);z,y € F,z # y} . We shall call
a finite set F' r-discrete, for » > 0, if u(F) > r . Now the number M(r, K') means
the maximal cardinality of r-discrete subsets of K.

There are some similar functions defined for totally bounded metric spaces. Their
properties and mutual relations can be found in [KT]. Note that in [K'T] the func-
tions N and M are defined dually in some sense: N(r,K) is defined by means of
closed sets of diameter 2r and to get M(r, K) only finite sets F' with u(F') > r are
taken. :

In the following Proposition 1 the basic properties of the functions N and M are
summarized.

Proposition 1. Let K be a compact metric space and r > 0. Then the following
hold:

(i) Let A C K be a compact set. Then

N(2r,A) < N(r,K), M(r,A) < M(r,K).

(i1) Let K = K; U K3, where K, K, are compact subsets of K. Then
N(r,K) < N(r,K1)+ N(r,K2), M(r,K)< M(r,K1)+ M(r,K>).

(iii) If K1, K2 C K are compact and r < d(K}, K3), then
N(P,Kl UKQ) = N(T,Kl) + N(T,Kg),
M(r,K, UK,) = M(r,K;) + M(r,K,).

(iv) If F C K is an r-discrete set and 0 < p < r then N(p,F) = M(p,F) = |F),
where |F| denotes the cardinality of F'.

(v) M(2r,K) < N(r,K) < M(r,K).
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PROOF : The proof is left to the reader. L

Remarks. (a) Note that if A C K then M(r, &) < M(r,K) is valid although the
inclusion A C K does not imply the inequality N(r, A) < N(r, K), as the following
example shows: Let K = {0,1,2} and A = {0,2}. Then B(1,2) D K and hence
N(2,K) =1, while N(2,4) = 2.

(b) One can show by induction that (ii) and (iii) holds for any finite number of
subsets .

(c) With regard to the inequalities in (v),

1) M(2r,K) < N(r,K) < M(r, K),

we also call M the covering function.
The basic behavior of the functions N(., K) and M(., K) for a fixed compact K

is given in the following:

Theorem 1. The function N(.,K) : Rt — N is piecewise constant, continuous

on the left, nonincreasing and the set of all points of discontinuity of N can be

arranged into a decreasing sequence {r,}, such that N(r,K) =1 forr >r;. K is

infinite iff {rn} is infinite, and then lim r, =0, lim N(r,,K) = oco. The same is
n-—oo n—oo

valid for the function M.

PROOF: Let {B(y;,r)}f;({'K) be a covering of K. Thenfors > r {B(y,‘,s)}ﬁ__(;’m
is the covering of K, too. Therefore the function N is nonincreasing and since the

values of N are integers, N is piecewise constant. Denote Y = {y1,...,yn(r,K)}
and define a function f : K — R{ by f(z) = d(z,Y). The function f is continuous
and attains on K the maximum r* < r. Then for an arbitrary p € (r*,r) one has
N(p,K) = N(r,K) and hence N is continuous on the left.

Let X = {z1,...,ZM(r,k)} be an r-discrete set of K and s < r. Then X is also s-
discrete set and therefore M(s, K) > M(r, K). So M is nonincreasing and piecewise
constant. Let {sx}§2, be an increasing sequence of real numbers tending to r > 0
such that M(s;, K) = M(s;,K), i # j, and denote by X; the corresponding si-
discrete set of K. As 2K is the compact metric space in Hausdorff metric h, we
can choose a convergent subsequence { X, } in this metric tending to some set X.
Then X is a finite set with |Xo| = |X},|, ¢ > 1, and u(Xo) > r. So the function M
is continuous on the left.

The last statement of the theorem is obvious. -

From the foregoing statement it follows that for a given compact K the functions
N, M are uniquely determined by their points of discontinuity and by values in these
points. The question is, if the opposite assertion is valid, i.e. if for every function
u : Rt — N with the properties from Theorem 1 we can find a compact metric
space K such that u(r) = N(r,K) or u(r) = M(r,K). The following lemma shows
the existence of such a space.

Lemma 1. Let {r,}_, and {ko}._,, forp€ N orp = 00, be two sequences of
real numbers such that
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() rn €RY, rag1 <7, rp=0 if p<oo aend lim r, =0 if p=09,
n—oo
(i) kn € N, k3 =1, knyy > kp.
Define the function u: RY — N,

u(r)={k1’ for r>nry,

kn, for ro<r<rp_;, n>1

Then there exists a countable, compact metric space K, such that u(r) = N(r,K.) =

M(r,K,).

PROOF : Put a, = kn41 — kg, for n € N, n < p. Further put K, = {zo} U
U{Kn;n € N,n < p}, where K, = {z},,...,25"} is a finite set, z,, # zJ fori # j
or m # ¢, and zy # 7. Define a metric d on K, in the following way:

d(zo,x;) =ra for1 <:<ay,,

d("‘:n:tin) = Thin{m,n} for1<i<ap,1 <j<an.

The space (K,,d) is compact (it is finite for finite p and countable, with unique
cluster point zp, in the case of infinite p). Take r,rp41 < r < r,. The set
B(zq,r) = {zo}U U,->ﬂ K; of diameter r,4; has the distance r,, from the r,-discrete
set Uj-, Kj, and | U, K;| = 7., aj = knt1—1. Therefore by Proposition 1 (iii)
and (iv)

N(r,Ku) = N(r, B(z0,7) + N(r,UlesK;) = 1+ (ks — 1) = kugs = u(r),
and
M(r,K,) = M(r, B(zo,r)) + M(r,Uj=, K;) = 1 + (kn41 — 1) = knq1 = u(r).

It is well known that every metric space can be isometrically embedded into some

Banach space. In our case there is one Banach space into which any space K from
Lemma 1 can be embedded.

Theorem 2. Let u be the function from Lemma 1. Then there ezists a countable,
compact subspace Ly of the space 1°°, with unique cluster point ©, such that u(r) =

N(r,La) = M(r,Ly).

PROOF : Recall that [* is the space of all bounded sequences of real numbers
with the supremum metric p. Denote by ¢; a sequence from [* having 1 on j-th
place and 0 on i-th place for ¢ # j ; © = (0,0,...) is the zero element in [*°. Taking
K, constructed in Lemma 1 it is sufficient to find an isometry g : K, — I°°. Define
g in the following way:

g(.’L‘o) =0 ’

9(35.) =Tp o Ekp—14i-
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We have _ ‘
p(9(z0),9(23)) = P(O, 75 - €k, —14i) = Tn = d(Z0, Zp,)

and

P(9(23),9(22)) = p(Tn * €k =144, Tm * Ekpm-145) =

= max{ry,"m} = Tmin{n,m} = d(:c',',,:cf,‘).

It follows that g is an isometry and N(r,L,) = N(r,g(K4)) = N(r,K.) = u(r),
where L, = g(K,). [ ]

The compact subsets of R™ play an important role in mathematics. That is why
it would be useful to have some criterions for a given compact metric space to be
isometrically embeddable into R™ for some m > 1. In Theorem 3 we give only
a necessary condition for it.

We shall consider the space R™ with an arbitrary metric derived from some norm
on R™. This gives for any two such metrics d;, d; the existence of constants m, M
such that m-dy(z,y) < d2(z,y) < M-di(z,y) forall z,y € R™. Moreover, each
such metric d is invariant with respect to translation and d(az,ay) = a - d(z,y)
for any @ € R* and z,y € R™. This implies, for an affine mapping f : R™ — R™
given by f(z) =az+b, a € R, b € R™, the equality

(2) , N(r,A) = N(ar, f(4)),
whenever A is a compact subset of R™ and r > 0.
Proposition 2. Let di,d; be metrics on R™, let Ny, N, be the corresponding cov-

ering functions, let A C R™ be a compact subset. Then

(i) there ezists a constant k € N such that Ny(r,A) <k-Nyi(r,A), r>0.
(ii) for an arbitrary c € RY there ezists a constant I, € N such that forr >0
Ny (r, 4) < I, - Ny(cr, A).

PROOF : (i) Fix r > 0 and for z € R™ and ¢ = 1,2 put Bi(z,r) = {z € R™;

di(z,2) < r}, call it a d;-ball. Let {Bl(yj,r)}i-v__fg"") be a covering of A. Since d;

and d; are topologically equivalent, B;(z,¢) is compact in d; for every £ € R™
and ¢ > 0. Denote k = Np(3,B1(0,1)). This implies by (2) that Bi(y;,7) ,
1 < j < m, can be covered by k d-balls with radius § and therefore By (y;,r) N A
can be by Proposition 1 (i) surely covered by at most k d,-balls with radius r.
Then we can cover the whole set A by k- Ny(r,A) dp-balls with radius r and hence
NZ(T,A) < k- NI(T, A).

(ii) Put d; = ¢ d; and apply (i). u
Lemma 2. Let K be a compact metric space and let r' < r" be two consecutive
points of the discontinuity of the function N(.,K). Denote ¢ = N(r",K). Then
there ezist points y,,...,y, in K such that

g q
Bi,, K B(yi,r’').
U Bw.r) ¢ C.-=U1 (i,

=1
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PROOF : Let {px} be a sequence of points from the interval (', '"'] tending to r'.
For every pi there exists {z},...,2¥} C K such that K c U}, B(z¥,r) for r > pi.
Since K7 with the supremum metric is a compact metric space, we can choose
a convergent subsequence of {(z%,... ,x: )}%2, of points of K; we can assume that
the original sequence is convergent. Let klirlgo(xf, cerh .1::) =(y1,...,yg) and r > r'.

Since :z:_’,‘ —y;,J=1...,9,and py - r' , thereexist k; € N ,j =1,...,q,
such that B(z%,px) C B(y;,r) for k > k;. Then for k > max{ki,...,k;} we have
K c UL, B(z¥, px) c UL, B(yi,r). Therefore K C UL, B(y;,'). u

The following theorem shows that the jumps of the function N(., A) cannot be
arbitrary when the set A is a compact subset of R™, m > 1.

Theorem 3. For every m € N there ezists k,, € N such that for every r > 0 and
an arbitrary compact set A C R™ the following inequality holds:

(3) N(r, A) < km - lim N(s, A).

PROOF : Ifr is not a point of discontinuity of N(., A) then (3) holds for k,, = 1. If

r is a point of discontinuity, the Lemma 2 implies the existence of points yy,...,y,,

where ¢ = lim N(s, A), with A ¢ UL, B(yi,r). Proposition 1 (i), (ii) and (2)
88—

then imply:

q q - -
N(r,4) < NG, U Blnn) < Y NG, Bluon) = ¢ N5, BO,1).
=1

i=1
Denote k = N(%, B(0,1)). For such k we obtain (3). u

2. Metric dimensions dim and dim .

There are more equivalent definitions of the lower ([B], [H], [V], [P]) and upper
(BT}, [H], [V], [Y]) metric dimension. We will use the following definition. Let K
be a compact metric space. Then we put

dim K = liminf w—z
r—ot —logr

dim K = limsup I-QE——M.
r—0+ - logr

b

Taking into account the inequalities (1) one can replace the function N by the
function M which can be sometimes useful.

Proposition 3. Let (K, d) be a compact metric space and let X C K be its compact
subset. Then

(i) dim X < dim K,

(i) dim X < dim K .
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PROOF : We have, by Proposition 1 (i),

LX:limifw M(’_K_)=__QK
r—o+ —logr r—~0+ —logr
which proves (i) . (ii) can be proved in the same way. L]

Proposition 4. Let K = Ui, Ki, where K; are compact subsets of the metric
space K. Then dim K = [max {dim K;}.

PROOF :
_ N(r,K
T K = limsup BN E)
roo+  —logr
log(n - lxg?g"{N(r, K)} logn 1xga.(x {log N(r, K;)}
< limsup == = limsup =
0+ —logr o+ \ —logr —logr

= max {Iimsupk)—gﬁ(—rl—@} = max {dim K;}.
1<in | p_o+ —logr 1<i<n

Remark. A similar result is not valid for the lower metric dimension, for the
counter.x -anle see e.g. [B].

Corollary 1. In each compact metric space (K, d) there ezists a point o with the
property din K = dim (K, zo) def inf{dim B(zo,r);r > 0}.

PROOF : Put By = K and suppose that for each ¢ = 1,2,...,n we have a closed
ball B; such that the radius of B; is less than or equal to 2~%, B; C B;_; and
dim B; = dim K. Let us have a finite covering of B, with balls of radius less than
or equal to 2~(**+1), Applying Proposition 4 we can choose a ball Bp+1. Take zo
to be the unique point in the intersection ﬂ;'f:l B,. ]

By the Lemma 1 we can prescribe the function u(r) arbitrarily in spirit of Theo-
rem 1, and we are able to find a compact metric space K with N(r,K) = M(r,K) =
u(r). Now we may ask: What happens if we seek such a space only as a subspace of
a piven - ompact metric space? Although we have seen in Proposition 1 (i), Proposi-
tion 2 (ii) and Theorem 3 that we are not so free in prescribing the function N(r, K)
or M(r,K) in this case; the relative great freedom will be stated in Lemma 3 and
Theorem 4 where metric dimensions are concerned.

Lemma 3. Let (K,d) be ai. infinite compact metric space. Let {an}32;, {Bn},
be two sequences from the interval [0,dim K] and let {6,}22,, {an}2%, and {5,132,
be sequences of positive real numbers such that 6, — 0, a, — 0 and for each n the
inequality by41 < an < b, holds. Then there ezists a compact subspace X C K
with the unique cluster point and a decreasing sequence {€,}32, of real numbers
converging to 0 such that the following hold:
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() VnEN  M(en, X) € (1/en)™ ", (1/en)™*"),
(ii) Va > limsupa, 3ro >0;Vr <ry M(r,X) < (1/r)%,
n— 00
(ili) there ezists a sequence {kn}3>; of natural numbers such that Vn € N and
Vr € (ak,,bk,) we have M(r,X) < (l/r)ﬂ”‘ .

PROOF : Let zo be such a point that dim K = dim (K,zp). For r € R* denote
Sa(r) = ((1/r)°""6" ,(1/r)°"'+5") N N. Note that for fixed n the cardinality of
Su(r) grows to infinity as r tends to 0. We shall construct consecutively by induction
positive real numbers p,, €,, a finite set X, C K and a natural number &, in such
way that the following properties will be true for each n € N:

(a) ai, < b, <é€p <2p, <min {ak..-n 1(%—41}’ )

(b)  |Sn(20n)] = 3,

(¢) maxS,(2pn) > |Xn-1]+1

(d) €n = max {T € (Oa 2Pn]; M(T, B(-’”Ov pn)) + ‘Xn—-l'! _>. (1/1,)0"—6.. + l}a

(e) X, is an e,-discrete set,

(f) IXnI € Sn(en) and 'an +1¢€ Sn(En),

()  |Xal+1<(1/be,)".

Put X, = 0 and ko = 1. Suppose that n € N and p;, ¢;, X, k; are constructed for
alli € N, i < n. Choose p,, fulfilling (b), (c) and, if n > 1, the last inequality in (a).
Put B, = B(zo,pn). For each § < dim B, and d € R there are arbitrarily small
r > 0 such that M(r,B,) > (1/r)" + d. Now the special form of the function M
(see Theorem 1) implies that the set in (d) has the greatest element. Denote this
maximum by €,. Note that if 0 < p < ¢ are real numbers then |S,(p)| > |Sn(g)| -1
and max S,(p) > max S,(g). Using this, (b) and (c) imply the existence of the
minimal nonnegative integer g, with

1 an—6, 1 an+8n
() <o i < (1)
En €En

Now (d) implies g, < M(ey,, By) and therefore there exists a finite £,-discrete set
Fn C-B, which does not contain zq with |F,,| = gn. The last inequality in (a)
implies that F,, and X,_; are disjoint. Put X, = X,-; U F, and we can see that
(e) and (f) are fulfilled. Finally choose k, fulfilling the conditions (a) and (g). Put
X =Jp=; Xn U {z0}. Using Proposition 1 we are gcug to prove (i)-(iii).

First note that for each n € N:

M(T,X) = M(T,XnUX\X,,) < M(T,X")+M(T,X\Xn) < M(T,X")-}-M(?‘, Bn+1)

and for r < e, we have M(r, X,) = | Xy, for r > 2ppyy M(r,Bpyy) =1.
(i) By the choice of X, and by (f):

1 an—6n 1 antdn
(;") < IXn'SM(CMXn)SM(enaX)S IXn|+1< (—-) ,

n eﬂ
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and so M(en, X) € ((1/6,,)“»"‘" ,(1/5,.)""“"). ~
(ii) Let a > limsup ap. Choose ng such that @ > ay + 6 for each n > no and put

n—oo
ro = €p,- Now let r < rg. Then there is an n > ng such that r € (e,..H,e,.]. If
T > 2pp41 then using (f)

1 an+bn 1 an+6n 1 a
Mesl+i<(2)7<(7) 7 <(2)

On the other hand if 7 < 2p,+1 then using (b) and (d)

1 g1 —=8n41 1 ant1t+dngr 1\°
M(r,X) < M(r,Bpy1) + | Xa| < (;) +1< (—) < (—) .

r r

(iii) Let r € [ak,,bk,]. Then using (a) and (g)

Bn
1
M(r,X) < | Xl + M(r,Bag1) = [Xa| +1 < (bT) ,

Theorem 4. Let K be an infinite compact metric space, o € [0,dim K], 8 €
[0,dim K], and o > B. There exists a countable, compact set X C K with the
unique cluster point such that dim X = a and dim X < 3.

PROOF : Put a, = a, B, = B, 6, = L for each n € N and a,, b, arbitrary with
an — 0, bpy1 < an < bn, and use Lemma 3. The conditions (i) and (ii) imply
dim X = o while (iii) implies dim X < 8. This completes the proof. [

The following corollary says that each infinite compact metric space with posi-
tive upper metric dimension contairns a simple infinite compact subspace which is
“pathological” in the sense of distinction between upper and lower metric dimension.

Corollary 2. Each infinite compact metric space K contains a_countable compact
subspace X with unique cluster point for which dim X = 0 and dim X = dim K.

While the upper metric dimension for a countably compact subspace with the
unique cluster point in Theorem 4 is prescribed exactly, for the lower metric di-
mension we have only the upper estimate. The following example shows that this
restriction is substantial.

Example. There is a compact K C R with dim K = 1 such that dim X = 0 for
each compact subset X C K with unique cluster point.

PROOF : According to [H], there are subsets F; C [0,1] and F; C [2,3] wzth
dim F} =dim F; = 0 and dim (F; UF;) = 1. Then put K = ; U F;.

One further pathological property of the metric dimension compared to the topo-
logical dimension is given in the following theorem.
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Theorem 5. For each 0 < ¢ < o there ezists a compact metric space K. such that
dim K. = c and K, is not '« » .trically embeddable into R™ for any m € N.

PROOF : Let {k,,}%°-; be a sequence of constants from Theorem 3. Let {cm}30,

be a decreasing sequence of real numbers with lim ¢,, = ¢. Construct the se-
m—00

quences {I,,}%°_; and {rn}3_;:

In = (ky +1)- (kg +1) ...+ (km + 1) and rp, = I}/°™. Defining the function

forr > ry,
u(r) =
lm, for rp41 <r <rm,

this fulfils the conditions of Lemma 1 and so there exists a compact metric space
K. (even countable with unique cluster point) such that N(r,K.) = u(r). Now
dim K, = ¢, since u(r) < (1/r)™ for r < rp, aud u(ry) = (l/rm)c"‘ > (1/rm)".
Moreover,

N(ri,K)=ki+1>ki=k;- hm N(s, K,),

a-—-ﬂ’1

and form > 1

N(rm,K.) =(km +1) - N(rn-1,K¢) > km - lxm N(s,K.),

9-‘1'".

and so by (3) K. cannot have an isometrical image in R™, m > 1. .
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