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On entire solutions of elliptic equations
with a singular nonlinearity

J. CHABROWSKI, M. KONIG

Abstract. The paper deals with positive solutions in Ry of the equation Lu = f(z)u™"7,
where L is a uniformly elliptic operator of second order, f is a positive function and
0<y<oo.
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1. Introduction.
In this paper we are concerned with the solvability in R, of the problem

Lu=-3Y"_, Di(aij{z)D;ju) + c(z)u = f(z)u™" in R,
(P){ u(z) > 0 on R,,

where 0 < ¥ < oo is a constant and n > 3. Problems of this nature arise in
the boundary layer theory of viscous fluids (see [1], [2] and [10]). The singular
equation appearing in the problem (P) is called the Lane-Emden~Fowler equation.
This problem has been recently studied by Edelson [4], Kusano and Swanson [7]
in the case L = A and 0 < ¥ < 1. Under a suitable decay condition on f, they
proved the existence of a positive solution in C?(R,,) using the Schauder fixed point
theorem. The article [6] contains some extensions of this result to the exterior
Dirichlet problem. The main purpose of this paper is to investigate the existence of
weak solutions. Our approach, based mainly on the Sobolev imbedding theorem and
some approximation argument, allows us to cover a wider range for the parameter 4.
We distinguish two cases: 0 <y <1land 1< 9 < oo. In the case 0 < vy < 1 we
first solve the Dirichlet problem in a bounded domain with zero boundary data.
A solution to the problem (P) is then obtained as a limit of solutions u,, of the
Dirichlet problems on Q,,, with Q,, exhausting R,. In the case 1 < v < oo we
were unable to solve the Dirichlet problem; we can only prove the existence of local
solutions. However, this is sufficient to apply the approximation argument from the
previous case 0 < v < 1. In both cases the solution u belongs to W ?(R,) with

loc

Du € L*(R,) and u € L5 (R,,) in the case 0 < 7 < 1, and u € L% (R,) and
Du¥ ¢ L%*(R,) in the case 1 < ¥ < 00, and obviously u satisfies the equation in
the distributional sense. In the final Sections 4 and 5 we briefly discuss the existence
of positive solutions with exponential decay, under the additional assumption that
¢(z) = ¢o > 0 on R, for some constant co. In particular, in Section 5 we derive
pointwise estimate for solutions of the problem (P) with smooth coefficients. We
use here a very simple argument based on a classical maximum principle.
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2. Case 0<v<1.
Throughout this paper we assume that
(A) L is uniformly elliptic in R,, that is

n

ATHNER < Y i) < Mg

i,j=1
for all £ € R, and z € R,, and some constant A > 0.
(B) The coefficients a;;(i,j = 1,...,n) and care in L*(R,,), with ¢(z) > Oon R,,.

The assumption on f will be specified later.
We need the following result on the solvability of the Dirichlet problen:

(1) Lu= f(z)u™ in Q,
2) u(z) =0 on 99,

in a bounded domain 2 C R,.

Lemma 1. Let f € L*(Q), with f(z) > 0 on Q. Then the Dirichlet problem (1),
(2) admits a unigque positive solution u € V;’m(ﬂ).

PROOF : Uniqueness can be obtained by a straightforward argument: let u; and
u2 be two solutions in V;’l”(ﬂ) of the prablem (1), (2). It follows from Lemma 1.2

o
in [8] that (u; —u;)t € W13(). Consequently, taking (u; —u3)? as a test function,
we obtain

/ [ Z ai;Di(uy — u2)t Dj(ur — u2)* + c(uy — ug)*(u; — u2)+] dz =

l]_

= L FuT™ ~ug ")(ug —uz)* dz.

Since u;” < u; Y on {z € Q;u;(z) > uz(z)}, the right hand side of this identity is
nonpositive. Therefore (A4) yields

/ ID(us —ug)*[Pdz <0
Q

and consequently (u; — uz)* = 0 a.e. on (, that is u;(z) < uz(z) a.e. on Q.
Changing roles of u; and u; we get uz(z) < u;(z) a.e. on @ and the uniqueness
follows. In the proof of the existence of the solution we use some ideas from the
paper [3]. To establish the existence of the solution we consider for every € > 0 the
Dirichlet problem for the equation

(3) = f(z)——— in Q,

G
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with zero boundary condition (2). We now observe that f(z)rzlps < $f(z) on

e+|ul)T = ¢

Q for all u. Therefore a standard application of compact imbedding of VE’I'Z(Q)
in L?(Q) and the Schauder fixed point theorem give the existence of a solution
u, € W13(9) of the problem (3), (2), which by the maximum principle is positive
a.e. on Q. Since any solution of (3), (2) in W'?(Q) must be positive, we show as in
the previous step, that the solution u, is unique. We now check that the sequence
{ue,€ > 0} has the following properties: (i) {u.} is increasing as ¢ \, 0, (ii) {u.+¢}
is decreasing as ¢ \, 0 and (iii) {u.} is bounded in W*3(92).

To establish (i) we take (u., — u.,)*, with &; > ¢;, as a test function and we
obtain

/ [ i ai;Di(te, — eyt Dj(ue, — tey)* + c((ue, — u¢:)+)2] dz =

i,)=1
- / f(52 +“8:)7 - (61 + utl)‘yf
Q

(61 + “¢1)7(52 + uez)‘y N

Ue, — Ue,) dz <0
and consequently
/ 'D(uel - u¢3)+|2 dz <0,
Q

that is, u., — u., < 0 a.e. on .
We now show that {u. + £} is decreasing as ¢ \, 0. Let &; > &, and since

o
Ue, —Ue, = 0 on 8L, (4., +€1 —u,, —€2)~ € WH2(Q) and on substitution we obtain

n
- /ﬂ[ E aijDi(te, +€1 — uey —€2) " Dj(te, + €1 — ue, —€2)"+

i,Jj=1
+ c((te, + €1 — ue, — ez)')z] dr =

(uh + 52)7 - (ull +é& )7
Q (utl +é& )7(“62 +é€2 )7

+ /{; c(er — €2)(ue, +€1 — Ue, — €2) " dz.

(tbey + €1 — ue, — €2)~ dz+

It is easy to see that the right hand side is nonnegative, as before, we conclude that
|D(ue, + €1 — ey — €2)"| =0 a.e. on Q, that is, u,, +&; > u,, +£; a.e. on .

Finally, taking u,. as a test function and applying the Hélder inequality we obtain,
in the case 0 < y < 1,

/\"/ |Du,|2d35/fui“’dxSC(n,'y)/fo?dz-i—-l-(l—’y)n/uzdz
n o 0 2 o

for each n > 0, where the constant C(1,7) > 0 is independent of . On the other
hand, by Poincaré’s inequality we have

/ uldr < P/ |Du,(z)|? d=
0 )



646

J. Chabrowski, M. Konig

for some constant P > 0 independent of €. Hence choosing 5 so that %(1 —y)nP <
A~! we obtain

/ |Du(z)|? dz < C/ f(a:)l'h dz,
fo fo

where C > 0 is independent of €. In the case ¥ = 1 we obtain

A'ILIDu,(z)IzszAf(z)dz

and this completes the proof of the claim (iii). By Sobolev’s imbedding theorem
there exists a decreasing sequence ¢, \, 0, as m — oo, such that u.,, — u weakly
in W12(Q), strongly in L?(2) and a.e. on . To complete the proof we show that

u satisfies (1). For every v € V‘i’u(ﬂ) we have
ijDite,, D; WUl dz =
/['JZ_IGJ iu v+ cu,, v ] z = /fv(5m+ue,,,)" T
The left hand side converges to
f [ }: a;jDiuDjv + cuv] dzr < co.
flij=1

On the other hand by the Monotone Convergence Theorem (we may assume that
v > 0 on ) we have
{

1
va;dz:/‘lvf'}g.nm €m+u¢... z—/[Za,,DuD v+cuv] dz < 00

, =1
and this completes the proof. ]
We point out here that (i) and (ii) imply that
(4) O<u.,—us<8§—¢c ae onf

for € < 6. Consequently, u, converges uniformly to u on Q.
We are now in a position to establish the existence result for the problem (P).

Theorem 1. Suppose that f € L% (R,) N L7 (R,) with 0 <7<1and
f(z) > 0 on Rn. Then the problem (P) has a positive solution u € Wo2(R,) with
Du € L*(R,) and u € L*23(R,,).

PROOF : Let Q,, be an increasing sequence of bounded domains with smooth
boundaries and such that R, = Ule Q. By Lemma 1, the Dirichlet problem for

the equation
Lu= fu™ in Q,,
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o
with zero boundary data on 8, has a unique positive solution v € W%(Q,,). We
extend u,, by 0 outside Q,,. The resulting function is in W1?(R,,). Taking u, as
a test function and using the Sobolev inequality we obtain, in the case 0 < v < 1,

n-2
(5) A“C(n)( / up d:z) <A [ |DumlPdz < / ful-dz <
m m nm

(1-9)(n-2) n42 n—-2

2n_ 2n 2 2n
< (/ U’ dz> ( frrE=D dm)
m Qm

where C(n) > 0 is a constant independent of m. Since
no2_ (n=2(1-%)_(-2+7)
n 2n 2n

the inequality (5) implies that

0,

nt249(n—-2)
2n_ 28 m-2)(147)
(6) / um > dr < C( frFFA =D dx)
m R,

Obviously, the estimate (6) continues to hold also for v = 1. The estimates (5)
and (6) imply that

(7) / |Dun?dz < Cy
Qm

for all m > 1 and some constant C; > 0 independent of m. We now~ show that the
sequence {u,,} is increasing. Let m < I, then 2, C Q; and

(um —u)t = { (m = w)* on S,
m 0 on Q — Qm,

o
that is (um — w))t € W2(Q,,). Therefore taking (u,, — u;)t as a test function we
obtain on substitution

/Q[ z": ai; Di(um — ) Dj(um — u)* + c((um — u,)+)2] de =

i,j=1
= - o 7 Um — Uy .

Hence (uy — u;)* = 0 om Q,, that is uy, < uj on Q,,. This inequality continues
to hold on §; — Q,, because uym = 0 on & — Uy, and u; > 0 on O — V. The
estimates (6) and (7) together with the diagonal method imply that we may assume
that there exists u € L#=3(R,) with Du € L%(R,) such that up, — u weakly in
W12(K), strongly in L2(K) for each bounded domain K C R,, moreover t;, — u
a.e. on R,. By monotonicity of {u,;} the limit u is positive on R,,. The proof of
the fact that u is a solution of (P) is similar to the corresponding part of the proof
of Lemma 1. n
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Remark 1. If ¢(z) > ¢y > 0 on R, for some constant ¢y and if in addition f €
LI-?W(R,.), then the solution constructed in Theorem 1 belongs to W1:3(R,,).

Indeed, taking u,, as a test function we obtain
At | Dy |2 dx+co/ ul dr < C(n,'y)/ it dx+n/ u? dz,
Qm 2 Janm Qm

and choosing n < ¢y the result follows.

3. Case 1 < v < oo.

The existence of positive solutions of (P) in the case 1 < 4 < oo can also be
obtained by approximation method of Section 2. However, for bounded domains we
only prove the existence of local solutions. We need the following auxiliary results.

Lemma 2. Let Q be a bounded domain in R, and suppose that f € LP(Q) with
f>0o0nQ and p>n. Then there ezists a positive function u € WY 2(Q) N

loc
L%5 () N L>®(Q) satisfying
Lu= f(z)u™" inQ,
moreover u' 3" W1 2(Q).

PROOF : Let {u.} be the solution in W'2(Q) of (3) with zero boundary condi-
tion (2). Taking u} as a test function, we obtain on substitution,

I+ =
/ Za., iueDjucug dz+/cu dz = f(€+ue)7da:</fdx

IJ_"

a =+ — 1, and consequently

(8) / ID(usT )P dz and / u®|Du, |2 do
Q Q

are bounded as ¢ \, 0. By the Sobolev inequality we also have

n(14y)
(9) \ /u dz < C
Q

for some C > 0 independent of ¢ > 0. As in the proof of Lemma 1 we show that
u, is increasing and u, + € is decreasing as € \, 0. Let v be a positive solution in

V°V1'2(9) of the Dirichlet problem

Lv—f(a:)1+ 5 n Q,
v(z) =0 on 9.
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By a standard regularity theorem v € L°(Q) N C(R) (see Theorems 8.16 and 8.22
in [5]). We also have v(z) < u.(z) on Q for each 0 < € < 1. This combined with
the second estimate (9) gives the following property of the sequence {u.}:

for each compact set K C 2, there exists a constant C(K) > 0 independent of ¢ > 0
such that

/ |Du,(z)* dz < C(K).
K

Consequently, using the diagonal method we can select a sequence €,,, \, 0 such that
u.,, — u weakly in W1?(K) and strongly in L%(K) for each compact set K C ,

moreover u. — u a.e. on §. By virtue of the first estimate (9) we may assume that
1

2 oy weakly in W12(Q) and strongly in Lz(Q) According to the estimate (10)

ue L% (Q) It is also obvious that u'$* € W 2(2) and v(z) < u(z) on Q. Tt
remains to show that u is a solution of our equation. Let w € W12(2) with coinpact
support in 2, then for each m we have

U-z

/Q[ Z aijDiju., Djw + cusmw] dr = fem i dz.

i,j=1
Since u.,, > infgppw v > 0, the result follows from tne weak convergence u,, in
W12 (suppw) and the Monotone Convergence Theorem. As in Lemma 1 we have

(10) O<u.—us<é—¢ ae on

for all § > €. u

Lemma 3. Let f € LY(R,)N LP(R ) with f(x) > 0 on R, and p > n. Then
there exists a positive solution v € W2 (R,) N L7- z(R ) with Dv € L%(R,) of the
equation

(11) Lu = f(z n R,.

) 1
(I+u)
PROOF : Let {Q,} be an increasing sequence with smooth boundaries such that
o
R, =U,,>; Qm. For each m there exists a unique positive solution v, € WH2(Qm)

of the Dirichlet problem

Lu = f(a:)1 +1u'7

u(z) =0 on 00,

in Qp,

We extend vy, by 0 outside ,,. As in Theorem 1 we check that {v,, } is an increasing
sequence. Taking v,, as a test function we obtain

/m[i ;5 D0 D vy + cv? ]dm_/ f(1+vm)7 /fdx

t,7=1
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Consequently the sequences of integrals [, |Dvm|? dz and b v:nf dz are boun-

ded mdependently of m. Applymg the dxagona.l method we may assume that there
exists v € W2 (Ra) N L"%3(R,) with Dv € L*(R,) such that v, — v weakly in
W12(K) and strongly in L?(K) for each bounded domain K C R,. Also, vy, — v
a.e. on R,. It is easy to see that v is a solution of the equation (11). [ ]

Remark 2. If ¢(z) > ¢y > 0 on R, for some constant co, then v € W3(R,).,

Theorem 2. Let f € L'(R,)NLP(R,) with p > n and.f(z) >0 on.R Then the
problem (P) has a solution u in WL(R,)N LJ'?J-TI(R,.) with Du™% € L*(R,).

loc

PROOF : Let {Q.,]} be an increasing sequence of domains from Lemma 3. By

Lemma 2 for each m there is a positive function u,, € W,lo’cz(Qm) n LﬂvEP(Rn)

with um’ e Wt 2(Qm) satisfying the equation

Lum = f(z)us? in O
It follows from the proof of Lemma 2 that
(12) Um(z) € upm(z) on Ry,

-]
where vy, is the positive solution in W'?(£2,,,) of the problem

Ly, = f(:z:)1 in Qm,
vm(z) =0 on 0,

According to (9) and (10)

(13) / D) dz < €y and / w® | Duml?dz < O
Qm Qpm
and \
n!:tl!
(14) / um'™? dz < Cy

for some constant C; > 0 independent of m. Since the sequence {u,,} is increasing
it follows from the second estimate (13) that

/ u;’,‘|Dum|2 dr < C
Q2

for p < m. We may also assume that v,, € C(f2) (see Theorems 8.16 and 8.22 in [5]).
Therefore for each compact set K C R, there exists Qp D K with infxu, > 0.
Consequently, by the diagonal method we may assume that u,, — ‘u weakly in
W12(K), strongly in L?(K) for each compact set K C Ry, also u, — u a..
on R,. According to Lemma 3, v,, — v a.e. on R,, where v is a positive solution of
the equation (11). Consequently, we have by (12) 0 < v(z) < u(z) on R,. It is now
a routine to show that u is a solution of the problem (P) with required properties. m
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Remark 3. If ¢(z) > ¢ > 0 for some constant co, then u™¥ € W12(R,,).

4. Solutions with exponential decay.
In this section we show that if f has an exponential decay at infinity, then the
same is true for a solution of the problem (P).

Theorem 3. Let 0 < v < 1. Suppose that c(z) > cg > 0 on R,, where cp is
a constant and that f € L°(R,) with

0< f(z) < Kexp(—az |zi]) on Rn
i=1
for some constant o > 0. Then the solution u of the problem (P) satisfies

n

/R [IDu(=))* + u(z)?] exp (6o z |zi])dz < 0

i=1
for some 6y > 0.

PROOF : Let {um} be a sequence from Theorem 2. Taking as a test function
v(z) = um(z)H(z)* where H(z) = []._, cosh éz;, with § > 0 to be determined, we
obtain

/ [ Z a,'jD.-u,,.D_iu,,.H2 +2 Z aijDiumumD;HH + cu?,,Hz] dz =
™ ~i,5=1 i,j=1
= full"H?dx < 229-/ ul H?dz + C(co,7)/ f'#?H2 dz.
Qm QUm Q

Since

/ Z aijDitimumD;HH dz < — / |Dugp|*H? dz + C()) / u |DHJ? dz,
Qm i,j=1

we obtain

1

= [ |Dum|?H?dz+ / (2 H? — C(\)|DH[*)u2, dz < C(co,7) / fH H? ds.
2 Ja., ., 2 o,

We now note that there exists §y > 0 such that

L p? _cODH]? > >

for all 0 < § < ép and all z € R,, we may also assume that 60 < AL 1+-1 “Hence

L |Dup|*H? dz + fg/ ul H?dz < C(co,'y)/ fE R ds.
2 [ 4 Qum om
Letting m — oo the result follows. [ ]

By a similar argument using Lemma 2 one can establish the following result.
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Theorem 4. Let 1 < v < oo and suppose that f and c satisfy hﬁ/pothcaes of
Theorem 3. Then the solution u of the problem (P) satisfies

/R [lD(u(x)"‘-:ﬂ)p + u(:z:)‘7+1] exp (8o ‘Z |zi]) dz < 00

n =1

for some constant &y > 0.

5. Pointwise estimate.

The estimate of Theorem 3 can be improved in case of the equation with smooth
coefficients. Inspection of the proofs of Lemmas 1 and 2 shows that the solution u
of (P) satisfies the estimate

(15) 0 < v(z) L u(z) <v(z)+1,

where v is a positive solution of the equation (11). This is an immediate conse-
quence of the inequalities (4) and (10). In this section we additionally assume that
aij, Diaij,c and f are locally Hélder continuous. Using standard regularity results
the solutions u and v of (P) and (11), respectively, are locally C?** on R,. The
equation (1) can be written in the form

n n
Lu= - Z a,-,-D,-_,-u + ijDju +cu= fu™7,
i,j=1 j=1
where bj(z) = — Y i, Diaij(z). We point out here that some existence results for
the Dirichlet problem in bounded domains for the equation with smooth coefficients
can be found in [3] and [9]. To use the classical maximum principle we assume that
¢(z) 2 ¢g on R, for some constant ¢y > 0. We need the following well known result.

Lemma 5. Suppose that u is a bounded function in C*(R,) and that Lu > 0
on R,. Then u(z) 2 0 on R,.

To derive pointwise estimates we compare the solution of (P) with a function H
given by

n
H(z,6) = Hcosh&a:.- for z € R, and 0<é.

i=1

It is easy to see that there exist constants § > 0 and K > 0 such that
L(H"l‘)%coH"1 on R, andfor 0 <6 < do

and
L(H*)<KH™ on R,.

Moreover, we have
e_‘s Z:—x =il < H(z’ 6)—1 < 2”6_6 Z.‘-x I=il

forz € R, and 0 < 6 < oo.
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Lemma 6. Suppose that 0 <y < co and that
Cre " Lin < fx) < €y

on R, for some constants C; > 0,C; > 0 and 0 < §; < 8. Then the solution v of
the equation (11) satisfies the estimate

Gy

Co

(16) o(z) 2 C27 K (1 4+ 22y Te XL =l on R,

PROOF : Let v,, be the sequence of the solutions of the Dirichlet problems in 2,
from the proof of Lemma 3. By a classical maximum principle we obtain that

O<v,,,(.7:)§Q on Q.
Co

Letting m — oo we see that this estimate continues to hold for v on R,. This also
remains true for 0 <y < 1. Let d = C;2 " K~ (1+ %)_7 and H, = H(z,6,), then

Liv—dH) > Ci(1+ %)-76-51 Liml=l g HY >
0
> et Lin ey 1+ gl)-v —2"dK) =0
0

in R, and the estimate (16) i:ollows from Lemma 5. ]

We now establish the lower and upper bound of the solution of the problem (P).
To derive this estimates we need some restrictions on 7.

Theorem 5. Suppose that
Cre=8 Tima 15 < f(2) < Cye=t Tooma 15l

on R, for some constants C; > 0,Cy >0 and 0 < §; <6, < 8y and let 0 <y < %f.
Then the solution u of the problem (P) satisfies the estimate

I\’le_&‘ E;;l lzi < u(:r) < 1(26"(52—‘151)2:.;1 1zi ,

on Ry, where Ky = C127"K~1(1 + -(c’::)" and K; = 2"*1Cyc0 K, .

PROOF : The lower bound follows from Lemma 6. We set w = u — EH~!, where
k= 21+"7K"C'1‘7(%1)“"’ and H = H(z,8; — 6v). Using the lower bound we check
that Lw < 0 on R, and the result follows from Lemma 5. n
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