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Degree of convexity and product spaces

EMANUELE CASINI

Abstract. In the present paper, a necessary and sufficient condition for an I'-product of
two Banach spaces to be 2-uniformly convex is given.

Keywords: k-uniform convexity, {*-product, normal structure

Classification: 46B20

Introduction.
The notion of the n-dimensional volume enclosed by n + 1 vectors zi,...,Zny1
in a Banach space E was introduced by Silerman [Si] in the following way:

1 1
f(z) ... f1(-1-'n+1)

A(-Tl,x?a”',xn-l-l):sup det 7.fteE*$”fI”S]-
fa(z1) oo fa(zntr)

Let, for k = 1,2,...,n — 1,d;y = dist(zk, [Tk+1, Tkt2,---,ZTnt+1]) Where [Tryq,. ..,

Tnti] is the affine span of {zx41,...,Zn41}, and dn = ||Zn — Tp41]|. Then we have

the following inequalities (see [G-S] and [B-S]): didz...d, < A(z1,...,Znt1) <
n™?dyd,...d,. In particular we shall use the above inequality for n = 2:

Lemma 1 (see [G-S]). We have: A(z,y,z) < 2|z — y|| dist(z,[z,y]) for all
z,y,2 € E.

The following generalization of uniformly convex Banach spaces is due to Sulli-
van [Su). Let first introduce the modulus of k-convexity of a Banach space E as
follows:

k+1
. 1
6%(e) = inf{1 — mﬂz:c;” Dl €1, Az, 22, .. . Trgr) > €)-
. i=1

We say that a Banach space E is k— UC if 6%(¢) > 0 for all ¢ > 0. Observe that
1— UC spaces are exactly the uniformly convex spaces introduced by Clarkson [C],
since A(z1,22) = ||z1 — z2]|.

Recall that for a sequence of Banach spaces (E,) and 1 < p < oo, the p-direct
sum, (3 ®E,),, is the space of all sequences {2}, where for each n,z, € E, and
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Y llznlP < 00 if 1 < p < oo or sup ||lznll < 00 if p = co. The norm is respectively
given by

I@a)ll = (O~ lzallP)/? (1 < p < 00) or [|(z5)|| = sup |zl (p = o).

The following proposition was proved in [G-S]:

Proposition. Let 1 < p < oo, and (E,) @ sequence of Banach spaces. Then
(X ®E.,), 1s 2— UC if and only if all but one of the E,’s are 1— UC with a common
modulus of convezity (i.e. inf,é5(€) > 0 for all ¢ > 0) and the remaining space
18 2—UC.

Generalizations of these results have been announced in [Y-W]. Of course the
above proposition is not true in the cases p = 1, co (take, for example, (320 ®l,),
or (3 ®l2)s0). We want to show that there are, however, some positive results
for the direct sums also in the case p = 1.

Main result.
To be more precise we have the following;:

Theorem 1. Let E and F Banach spaces. Then the space (E & F); is 2—UC if
and only if E and F are 1- UC.

PROOF : Suppose (E @ F); is 2— UC and, by absurdity that F is not 1— UC.
Then there exists ¢ > 0, {z, }, {z..} C E such that

' " ' " ’ "
leall <1, llzall €1, Jlep —zall > 6 lon +20]l = 2.

Take an, = (%z;,y), b = (%m:,y) and ¢, = (0,2y) where y € F and [jy|| = 1.
Then
A(an,bn,cn) > |lan — ball dist (cn, [an, b,]) =
1 ’ " . 1 ’ "
> Ll - 2 Hinf(10 - S0, + (1 = el + 2w — Oy + (1 = )} =

5 1 ! n 6
> = {inf(= - > <.
2 S {inf (G2 + (1= Nzall +llvlD} 2 5
Now [|an + ba + all = |32, + 22,.]| + [[4y]| = 3, so (E @ F); is not 2— UC.

To prove the converse implication we need the following:

Lemma 2. Let z and y two distinct vectors in a uniformly convez Banach space.
Suppose that z,y # 0 and ||y|| < ||z|| £ 1. Define y* the “radial projection” of y on
the sphere of radius ||z||, i.e. y* = H y, then we have:

156+ )l < 5 (el + ) = Il (= - v7ID-
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PROOF (See [B, p.191]): Take now z = (z1,%2), ¥ = (¥1,¥2) and z = (21, 22) on
the unit sphere of (E @ F); such that A(z,y,z) > €. Suppose ||lz1|| < ||ya]l < [|z1]|
(so [lz2]| < lly2ll < [l=2]l)-

We divide the proof in three cases:

I. First of all, we show that it is impossible that:

lzd* = will, llef = 2ll, llyi* = z1lls 1237 = well, 11222 = z2|l, llvz* — 2,
are all less than €/16. In fact we have, by using Lemma 1:
A(z,y,2) < 2||z — 2| dist (y[z, 2]) <
< 2(ll=ll + =l inf [ly — (Az + (1 = A)2)]| <
< 4if{lly — Qs + (1 = N2l +llye = (Azz + (1= N)z)l|} <

< 4{llyr — ks = (1 =Bzl + llyz — k2o — (1 = B)zof|} =
= 4{[[k(y7" — 1) + (1 = k) (ui* — 2)ll + [Ik(y3* — z2)+
+(1-k) (3" -2} <

(*) < 4{klly?* — a1l + (1 = B)lyt = 21l + Ellyd? — 22|+
+(1 - By -z} <
<ok By o B — ol kR - el

llva

ll22 ]l
1-k -23?|} <
+( ) ”y2” ”y2 22 “} =

54{ki%+(1 )—+k (—k)fé}=e/2,

where k = I:: _"_”x;" = l::H:I 224,k € (0,1). This is a contradiction.

II. Suppose now that for one pair, for example z;,y;, we have:
lz¥* — w1]l > €/16 but ||z1]| < €/16. (The other case will follow easily from this
case.) Then from (*) we obtain:

A(z,y,2) < 4{klly7" — 21l + 1 = k) lyi* — I+
+kllyz* — 22l + (1 = k) [lyz* — 22|} <

< 4{k(lyr T+ lzall) + (1 = B) lvi* — 211+
kv — 22l + (L= F) lyz* -2} <

s4{k§+(l-—k)i%+k ‘ r1- )——}<5

which is again an absurdity.
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III. By exclusion, a pair exists (for example z1,21) such that:
lz}* — 1|l > €/16 and ||z1]| > €/16. Then we have, by Lemma 2:

Iz +y+ 2|l = |21 + y1 + 21| + llz2 + y2 + 22| <

T +y
< 2II%H +llaall + llz2ll + lly2ll + |22/l <

z | +
<o(UlE Il _ st ot — ) + Dl + el + Bl + Nzl <
<3- -g-a}g (¢/16).

Remark 1. The excluded cases, that is, the case in which one or more vectors are

null or the case in which we have ||z1]| = ||ly1|| = ||z1|| are more easily to settle down
and are left to the reader.

Remark 2. Theorem 1 is not true in the case p = co. Take (I; ® l2)oo and the

three vectors: z = (e1,€1),yy = (e2,€1), z = (€3, e1). Then ||z]| = |jyll = ||z]| = 1
and:

3
I (eirex)ll = Max(llex + €3 + es], [13es ) = 3,

=1

A(za y’z) > ".1: - y" diSt(zv [:t, y]) =
= Max(||e1—ez||, llex—ex ||)i§f{Max("€3—f\el“(1—'\)62”, llex—Aer—(1-A)es|])} =

= V2igf(Jles—des—(1-N)ez)) = V3.

Remark 3. We recall that E has uniformly normal structure (UNS) if the “self-
Jung constant”:

Js(E) = sup{2r4(A); A C E, A convex ,diam A = 1}

(where r4(A) = inf e a{sup,e 4 [z —y||}) is strictly less then 2. In [A] Amir proved
that k— UC spaces have UNS, so a simple consequence of Theorem 1 is that if E
and F are 1— UC then (E @ F), has UNS. The following more general question
seems to be unsolved: If E and F have UNS, does the space (E & F'); has UNS?

REFERENCES

[A] Amir D., On Jung’s constant and related constants in normed linear spaces, Pacific J. Math.
118 (1985), 1-15.

[B] Beauzamy B., Introduction to Banach Spaces and Their Geometry, North-Holland, Ams-
terdam, 1982.

[B-S] Bernal J., Sullivan F., Multi-di ional voll , super-reflezivity and normal structure in
Banach spaces, lllinois J. Math. 27 (1983), 501-513.




Degree of convexity and product spaces

[C] Clarkson J.A., Uniformly convez spaces, Trans. Amer. Math. Soc. 40 (1936), 396-414.

[G-S] Geremia R., Sullivan F., Multi-di ional volumes and moduli of convezity in Banach
spaces, Ann. Mat. Pura Appl. (4) 127 (1981), 231-251.

[Si] Silverman E., Definition of area for surfaces in metric spaces, Riv. Mat. Univ. Parma (4) 2
(1951), 47-76.

[Su] Sullivan F., A generalization of uniformly rotund Banach spaces, Canad. J. Math 31 (1979),
628-636.

[Y-W] Yu Xin-Tai, Wang Jia-Ping, On k-rotund moduli and k-eonvez moduli (Chinese), J. East
China Normal UNiv. 1 (1981), 1-8.

Dipartimento di Matematica, Universita’ degli Studi, Piazza di Porta S. Donato 5, 40127 Bologna,
Italy

(Received May 16,1990)

641



		webmaster@dml.cz
	2012-04-28T19:44:30+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




