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A non-special wy-tree with special w;-subtrees !

LAJOS SOUKUP

Abstract. Answering a question of F. Tall it is shown that if ZF is consistent then so is ZFC
4+ GCH + “there exists a non-special wy-Aronszajn tree having only special w;-subtrees”.
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1. Basic notions and terminology.

In this paper we follow the standard terminology of the set theory, cf [2]. A tree
T = (T, <7) is called x-tree iff both the cardinality and the height of T are k. We
say that a x-tree T is k-Aronszajn iff T does not have x-branches and the levels
of 7 have cardinalities < «x. Given z,y € T we write “z f,y” for “z and y are
incomparable in 7”. Take

V(T) = {{z,y,2) €T® : 2 <7 y,z <7 z and y [, 2}.

A k-tree T = (T, <7) is special iff there is a function f on T with |ran(f)| < &
such that there is no (z,y,2) € V(T) with f(z) = f(y) = f(z). The height of an z
element in 7 will be denoted by h7(z) or by h(z). Take b(z) =br(z) = {y € T:
Yy <y z}.

The set of all finite sequences of elements of a given set I will be denoted by
I*. For z,y € I* let 27y be the concatenation of them. For n € w and ¢ € I take
¢® = (c)c"!. By an abuse of notation we write ax instead of (a)z whenever
a€landz €I

Denote by <op the usual ordering of ordinals. Given X,Y C On we write “X <o,
Y” to mean that max¢,, X < ming,, Y.

2. The result.

In [3] F. Tall investigated some downwards reflection principles. Beside other
results he proved that Con(ZFC + 3 huge cardinal) — Con(ZFC + CH + “every
non-special ws-tree contains a non-special w;-subtree”) and raised the following
problem: Is ZFC + GCH consistent with the ezistence of a non-special wy-tree
having only special w; -subtrees? In this paper we give an affirmative answer proving
the following theorem.

1The preparation of this paper was supported by Hungarian National Foundation for Scientific
Research grant no. 1805
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Theorem 2.1. Assume CH. Then there is a o-complete poset P with |P| = w,
such that

V? = “There is a non-special wy-Aronszajn tree having only special w -subtrees”.

Remark. S. Todoréevi¢ proved that if we is not weakly compact in L, then there
exists a tree as in Theorem 2.1. His result and Theorem 2.1 were proved approxi-
mately at the same time.
PROOF : First we define our poset P = (P, < ). The underlying set of P consists
of triples (T, <, (f, : ¢ € 2*)} satisfying (A)~(E) below:

(A) T e [wy]=, <C<on N(T X T), (T, <) is a tree.

(B) fzisafunction, f : T xT — [w]u, for each z € 2*.

(©) fi(e,8)N fy(a,6) =0 for each z # y € 2* and (@,6) € T x T.

(D) X ({a, B,7) €V({T, <)), @« <on § €T, k,m,n € w, then

for(,8) N fom(B,8) N fon(7,6) = 0.
(E) fa,feT,a<B,a<on6 €T, n€w,z€2*\1* then

for(a,8)N £2(B,6) = 0.

We write p = (T, <p, (ff : £ €2*)) for p€ P.
The ordering on P is defined as expected:

p<gq iff T,CT,
<¢==pNTyxT, and
fic f? for each z € 2*.

It is easily seen that P is a o-complete poset with cardinality w,.
The following lemma is straightforward.

Lemma 2.2. For each o € w; the set D, = {p € P: a € T,} is dense in P.

Definition 2.3. Assume that f is a P-name. A condition p € P is called strong
for f iff p—* f: &y — &, id a function” and Vo € T, 3§ < wy pr— “f(a) = §£".

Lemma 2.4. Assume that p € P, f is ¢ P-name and pP—“f iy =0 isa
function”. Then the conditions which are strong for f are dense in P below p.

The statement of this lemma is clear by the o-completeness of P.

Definition 2.5. Given p,q € P we write p x g iff TyNTy <on Tp \ Ty <on T\ T},
type, T, = type <on T, and denoting by 7 the unique <oa-preserving bijection
between T, and T, we have

(a) a <, Biff 7(a) <, m(B) for each a,B € T,

) f2(e,B) = fi(x(a),x(B)) for each a,B € Tp and z € 2°,
that is, 7 is an isomorphism between p and g.
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If pox g and @ € T, U T, put

. { 1 Ha) faeT,
o =
a otherwise.

Lemma 2.6. Ifp o g then there is anr € P such that T, = T,UT,, <,=<p U <,
andr <p,r<gq.
PROOF : Take T =T, UT,, <=<, U <, and f; = fP U fg for z € 2*. Choose
pairwise different natural numbers n(z,a, §,k) € ff.z(&,g) where (z, @, 6, k) ranges
over 2* x T'x T Xw. It can be easily done because the set 2* x T'x T x w is countable.

A pair (o,8) € T x T is called old iff it is an element of dom(f;), and new
otherwise. Now for each = € 2* define the function f, : T x T — [w]w by setting

fz(a,6) if (e, 6) is old, .

fz(a,6) = { {n(z,0,6,k) : k € w} if (a,8) is new.

Taking r = (T, <, (f; : ¢ € 2*)) it is sufficient to show that r € P. Obviously (A)-
(C) hold for r. To check (D) fix (a,,7) € V((T, <)), a <on 6 € T, k,m,n € w.
If not exactly one of the pairs {a, 6}, (8,6) and (7, §) is new then (D) holds by the
construction of r. Since it is impossible that (a, §) is new and both (8, 6) and (v, §)
are old, we can assume, without loss of generality, that (v, §) is the new pair. So

fo'(a’ 6) n fo"‘(ﬂ’ 6) n fO"(716) C :,‘(&,3) n F;‘on('?a g) = 07

because p satisfies (E). So r satisfies (D).

Finally we check (E). Fixa,8€T,a <8, a<on § €T, n € w and z € 2* \ 1*.
We can assume that exactly one of the pairs (a, §) and (8, 6) is new or (E) holds.
Thus (B, §) must be the new pair. Then

for(a,6) N £2(B,6) C fh(& )0 f7, (B,6) =0,

for 17 € 2* \ 1*and p satisfies (E). So r € P is proved. ]

Lemma 2.7. Assume thatp x g x r with T, NT, =T, NT, = T,NT,. Letw
and p be the unique order preserving bijections between T, and T,, and between T,
and T,, respectively. Assume that v € T, \ T, with b (v) N (T \ Ty) = 0. Let
p = n(v) and 8 = p(v). Then there is a condition t € P such thatt < p,q,r and
(Va [1,9) € V((Th =<t ))

PROOF : Let A =T,NT,. Write T = T,UT, UT, and let < be the partial ordering
on T generated by the set <, U <, U <, U{{(v, ), (v,6)}. It is easy to see that
T = (T, <) is a tree and (v, u,0) € V((T, < )). Given a € T take

mYa) faeT,
a={ pYa) fa€eT,
@ otherwise.
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Pick distinct natural numbers n(z, a, §, k) where (z, a, §, k) ranges over 2* x T x
T X w in such a way that n(z,a,8,k) € f;ﬁz(&, 3) provided a = v and n(z,a, §,k) €
fr (&, &) otherwise. It can be easily done because the set 2* x T'x T xw is countable.
Take now f = fPU fIU fI for z € 2*. A pair (a,6) € T x T is said old iff it is
an element of dom(fy ), and new otherwise. For each z € 2* define the function
f:: TxT— [w]” by setting

fr(a,6) if (@, 6) is old,

fz(a,8) = { {n(z,0,v,k) : k €w} if (a,6) is new.

Taking t = (T, <, {fz : ¢ € 2*)) it is enough to show that ¢t € P. Obviously (A)—-(C)
hold for t. Next we check (D). Suppose that {a,,v) € V({T, <)), @ <on 6 € T,
k,m,n € w. We can assume that exactly one of the pairs {a, ), (8, 6) and (v, 6) is
new or (D) holds by the construction of t. We must distinguish two cases.

Case 1. (a,§) is new .

Since (a, 8) is the only new pair and a < § it follows that a = v and either
B,v,6 € T,\ Aor 8,7,6 € T, \ A. So 8 [, implies that B fz,7 and (v,B,%) €
V({Tp,<p )). Thus

for(a,8) N fom(B,8) O for(7,8) C fhua(1,8) 0 f5m(B,8) N f2(5,8) = 0.

Case 2. (a, ) is old.

Without loss of generality we can assume that (3,6) is the new pair. If § = v
then § € (T,\ A)U(T;\A4), « € Aand ¥ ffr, v for v [f;v. Thus (& 8,%) = (a,1,7) €
V(Tp,<p) and so

for(,8) N form (B, ) N fon(7,6) C fAu(@,8) N fomss(B,8) N f2u(5,8) = 0.
If B # v then
for(t, 6) N fom (B, 8) N for(7,8) C f(&,6) N f7,.(B,8) =0

because (E) holds for p. So ¢t satisfies (D).

Finally we check (E). Suppose that a,8 € T, a < 8, a <on § € T, n € w and
z € 2*\ 1*. We can assume that exactly one of the pairs (a, §) and (8, 6) is new. If
(a, 8) is the new pair then we have a = v because (8, 6) is old and @ < 8 . So

for(@,6) N £2(B,8) C fhnsn(&,8) N F2(3,8) = 0.
If {a, 6) is old, then
for (@, 8) N £2(8,6) € f3n(&,8) N £, (B,8) = 0,

because (E) holds for p. Thus (E) is also satisfied by t. This shows that t € P,
which completes the proof of the Lemma 2.7. ™
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Proof of Theorem 2.1. Since CH holds, every subset of P with cardinality w,
contains two elements, p and ¢, with p o ¢. So, by Lemma 2.7, p and ¢ are
compatible, that is, P satisfies the wy-chain-condition.

Let G be any P-generic filter over V. Take T* = U{T, : p € G} , <*= U{<,:
p€ G}, T* = (T*,<* ) and F* = U{f] : p € G}. By Lemma 2.2 it follows that
T* = wy. For each § € w, choose a function Fy : § = w with Fs(a) € F*(a,$é).
Now Fj shows that the tree (§,<* ['6) is special. Indeed, given a, 8, 7 € & choose
p € G with a, B, v € T, and apply (D) for p taking t =m =n = 0.

Next we show that T* is not special. Let us remark that this implies height(7*) >
wa. Since height(7T*) < w; by <*C<0n, this proves height(7*) = w; as well.

Assume on the contrary that

p—* f : )9 — W specializes T*”.

For each a < wy choose a condition pa < p which is strong for f with a € T, .
Since CH holds, we can find a set ¥ € [w2]* such that (1) {T,, : £ eY} forms
a A-system with kernel A, and (2) p¢ < p, whenever £,7 € Y with £ <op 7. Since
€ € Ty, it follows that Ty, \ A # @ foreach £ €Y.

Take c¢ = ming,, (Tp, \ 4) for { € Y. Choose ( < £ < 7 from Y and o € w; such
that pgh—“f(&¢) = &” for each 8 € {¢,€,n}. By Lemma 2.7 there is a t € P with
t S pc,pf,p,, and (C(,Ce,cq) € V((Tt, ~¢ )) SO

t—f(éc) = f(é¢) = f(&y) = 6, (&, E¢,&n) € V(T*) and f specializes T*”.
Contradiction, T* is not special.

To prove that T* is Aronszajn assume on the contrary that pi— “b is an wy-branch
in T*”. Denote by T the atP-level of T*. For each @ < w; choose a condition
Poa < pand a 74 € wy With v, € T}, and Pal—“bNT? = {}4}”. By standard A-
system arguments we can find a <op 8 <on w2 such that p, o pg and 7(v,) = 7,
where 7 is the unique <op-preserving bijection between T}, and T},,. By Lemma 2.6
Po and pg have a common extension r in P with <,=<,, U <,,. Then r—“bNT =
Yo and i)ﬂTﬂ' = 45", and s0 vo # va. Therefore v € Tp, \ T}, and vg € Ty, \ T}, -
Thus r+—“Y J,.4s", which is a contradiction because the elements of any branch
are pairwise comparable.

Finally we prove that the levels of 7* have cardinalities w;. By way of contradic-
tion assume that a < w2 and pn—“lT‘| = w,”. Fix a P-name h such that p—“h(v)
is the height of v in T* for v € wy”. Choose aset Y € [wg]w and a condition p¢ < p
for each £ € Y such that p+—“¢ € T;” and p¢ is strong for h. By standard argu-
ments we can assume that the set {T}, : £ € Y} forms a A-system with kernel A and
that pe o« py, for each { <n € Y. Take c¢ = ming,, ((br,, (§)U{¢})\ A) for { €Y

and define the functiong: Y — a by pfl—“f’z(ég) = g’(?)”. Pick ( < £ <n €Y with
9(¢) = 9(&) = g(n). By Lemma 2.7 we have a condition ¢ such that ¢ < p¢, pe, Py
and ¢¢ < c¢. But it means that t+— “height(é;) = height(é¢) and é¢ <* &”, which
is a contradiction. Therefore the levels of 7* have sizes < w2, which completes the
proof of Theorem 2.1. [
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