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Gelfand—Phillips property in the completion of the space
of Pettis integrable functions!

G. EMMANUELE

Abstract. We consider the normed space P(u, X) of Pettis integrable functions with values
in a Banach space X and we prove that if X has the Gelfand—Phillips property, then even
the completion of P(u, X) has the same property.
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Introduction.

Let (S,X,u) be a finite measure space and X a Banach space. We consider
the normed space P(u, X) of all (1)-Pettis integrable functions, with values in X,
equipped with the norm

151 = sup { [l el dn 2 € X7, 1" < 1}.

We say that X has the Gelfand—Phillips property (see [1]) if any bounded subset
M such that

6)) limsup |z},(z)| = 0 for any w*-null sequence (z,) C X*
n oM

is relatively compact. A set verifying (1) will be called “limited”.

Purpose of this note is to prove that if X has the Gelfand—Phillips property,
then the completion P(u, E) of P(i, E) has the same property.

In order to give our result we need the following remark done in [1].

Proposition 1. If f: S — X is Pettis integrable and X has the Gelfand— Phillips
property, then the set { [ W f(s)du: A€ T} is relatively compact.

PROOF : Using the u-continuity of the indefinite integral of f, together with the
finiteness of y, it is very easy to show that {fA f(s)dp: A € £} is limited in X. m
Result.

Our proof of the main result of the paper relies on the following theorem about the
(strong) precompactness in the space P.(y4, X), the subspace of P(u, X) consisting
of those f having an indefinite integral with compact range

1 Work performed under the auspices of G.N.A.F.A. of C.N.R. and partially supported by M.U.R.S.T.
of Italy
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Theorem 1. Let H be a bounded subset of Pc(u, X). If the following assumptions
(i) the set {z*f:z* € X*,||z*|| < 1,f € H} is relatively compact in L(u)

(ii) the set {[59(s)f(s)dp:g € L=(u),llgll <1,f € H} is relatively compact
in X

are verified, then H is precompact in P.(pt, X).

PROOF : Choose (fn) C H and observe that under (i) and (ii), H is weakly
precompact ([3]). Then we can assume, by passing to a subsequence if necessary,
that f, is weak Cauchy. Now, suppose that f, has no Cauchy subsequences. There
are > 0,(fn, ), (fm,) such that

1< ||fau —fm,.ll forall ke N

For suitable sequences (z}) C X*, ||z3]l <1, (9a) C L*®(p), llgall < 1, we have

n< /s In(8)(far(8) — fma(8))zhdp  forall hEN

Now, suppose that (z;,') and (gx,) are suitable subnets weak® converging, respec-
tively, to z* € X*,g € L*(u). Rewriting the last inequality for (z}_ ) and (g, ),
we have

1< [ 28,90, o () = Fra, (Nt = [ 23,90, () Frn, (2) = Fon, () dii=
= [ ory () = o (D s [ %00, (N, 6) = Fn, () i
= [ 206 ) = Fn, (Dt [ 265N Fon, ()= o, (o)) i =
=z, =2") [ 0, () fon, () = o, () dit
+ 2oy (9= i (D00, (5) — 90) it
+ [ 59 Foay (8 i, 01 d

Now observe that the following limit relations are verified

) limy (2}, = 3°) S n, (8 fa, (5) = fms, () dh = 0, because o} —z* — 9
and (ii) holds true
(i) lim, fs x.(ffu., (s) = fmn., (3))(9111(3) —9(s))du = 0, because gp, —g — 9
and (i) holds true '
(ii5) limy f52*9(s)(far,(s) = fms,(s))dp = O, because (fa) is a weak Cauchy
sequence.
The reached contradiction gives our thesis. L
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Remark 1. It is possible to show that even the converse of Theorem 1 is true.

Remark 2. In a sense, the above result is the best possible ; indeed, if H is a subset
of P(p,X) (it doesn’t matter how the range of the indefinite integral is) for which
the above Theorem is true, then H must be a subset of P.(, X ).This follows very
easily from (ii) be choosing g = x4,4 € L.

Now, we are ready to give our main result

Theorem 2. Assume that X has the Gelfand—Phillips property. Then ’P(;,\X )
has the same property.

PROOF : First of all, note that P(u,X) = P.(u,X), by virtue of Proposition 1.
And so we have just to prove thaﬁ;Pc(/;; X) enjoys the Gelfand—Phillips property.
Let H be a limited subset of P.(u, X) and (2,) be a sequence in H. By virtue of
the density of P¢(u,X) we can choose a sequence (fn) C Pc(u,X) that is limited
and such that lim, ||z, — fa|| = 0. It will be enough to show that (f,) is relatively
compact. This will be done lfz\proving that (fy) verifies (i).and (ii) of Theorem 1;
then the completeness of P.(u, X) will do the remaining job. First of all, assume
that the set A = {z*f, : z* € X*,||z*|| < 1, n € N} is not limited in L*(u). There

are (ga) C L(p), llgnll < 1, gn — 9, (2} fns) C A for which infy |gaz} fa, | > 0.

Now, observe that gyz} € [Pc(#, X)]* for any h € N and furthermore gpz}, 2,0
This last assertion can be shown as it follows.

Take f € P(p,X) and calculate (gnz})(f) = ga(z3f),h € N. Since f €
P.(1,X), a result due to Edgar ([2]) tells us that (z}f) is relatively compact in
L'(p) and so

lim ga(a}f) = 0

because gp 2, 9. Since P.(p, X) is dense in ’Pc(/pT X) we can conclude that

gnzh 2, 9, as we wanted. Being (fa) limited in Pc(s, X) (and so in Pe(k, X)) we
get a contradiction. Hence {z*fn : * € X*,||z*|| < 1, n € N} is limited in L'(u),
a Banach space with the Gelfand—Phillips property. (i) of Theorem 1 is then true.
Now we pass to (ii). Again, assume the set { [5g(s)fn(s)dp : 9 € L=(n), llgll <
1,ne N} is not limited in X. There are a weak* null sequence (z}) C X*, [lz;|| < 1,
and (gh fn, ) such that infy |z}(gnfn, )| > 0. But once more (gsz}) is a weak® null

sequence in [’Pc(’/: X)]*. Indeed, if f € Pc(u, X') we have
[zan@r@)a] < [ lrian@f@ldus [ Isif(o)du for sl hEN.
s s s

Now, observe that z} f — 0 almost uniformly. Putting S;f = {5 : z} f(s) 2 0} and
S, ={s:z}f(s) <0},h €N we get, for any h € N,
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Now, given € > 0 there is A, € T, u(AZ) < ¢, such that z}, f — 0 uniformly on A,.
On the other hand, the indefinite integral of f is u-continuous and so given v > 0
there is § > 0 such that ”fA f(s) d;l“ < v whenever p(A) < 6. Take ¢ = §. By (2)

we have

/ e} £() du <
S

/ [ O al+| [ O aa+

h

+[ - is(e) du +| [ ) i <

< /S+A s d +| [ LA dul+

A L VAL B

L sisoal+|[ zif(s)du,+27$2 [ s 2
S:ﬂAs S;f’lAc As

Since z}, f — 0 uniformly on As, we are done, i.e. we have reached the sought-for
contradiction (use the density of P.(u,X) in P.(p,X), too). Being X a Banach
space with the Gelfand—Phillips property, even (ii) in Theorem 1 is verified. The
proof is complete. n
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