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Characterization of chaos
for continuous maps of the circle

MILAN KUCHTA

Abstract. Recently Li & Yorke introduced the notion of chaos for continuous maps. The
recent papers by Jankova, Smital and Kuchta, Smital give a characterization of chaos
for continuous maps of compact real interval into itself. In the present paper we give a
characterization of chaos for continuous maps of the circle. The class of continuous maps
of the circle extends the class of continuous maps of the interval, if we consider dynamical
systems generated by the maps from these classes.
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Classification: 54H20, 26A18

1.INTRODUCTION

Let M denote a compact real interval or a circle and C(M, M) denote the set of
continuous maps of M into itself. Let f € C(M,M);6 > 0 and A C M be a set
such that for any z,y € A;z # y and any periodic point p of f:

(1) lim sup | " (), f*(v)ll > &
@) liminf | f*(z), f*(y)ll = 0
3) limsup||f*(2), f*(p)|| > 8

Here f™ is the n-th iterate of f and ||z,y|| is the distance of points z,y. Then A4 is
called a scrambled set of f, or (when 6 > 0) a §-scrambled set. The function f is
chaotic in the sense of Li & Yorke [7] if f has an uncountable scrambled set. But,
indeed, there are some other definitions of chaos. This paper gives a characterization
of chaos for the maps from C(M, M). Before we state the results, we recall some
terminology.

Let f € C(M,M). We say that an interval J C M is an f-periodic interval
of period k € N if f¥(J) = J and fi(J)N fi(J) = O for i # j; i,j = 1...k.
Interval J may be degenerated to a point and be called a periodic point. Let
Per(f) denote the set of all periodic points of f and P(f) denote the set of all
periods of periodic points of f. Two points u,v € M are f-separable if there are
disjoint periodic closed intervals Jy, J, C M (may be degenerated to a point) with
u € Jy; v € Jy. Otherwise u,v are f-nonseparable. The set of all limit points of a
trajectory {f(z)}52, is called the attractor of f and r, and is denoted by w(f, z).

Now we give main results of this paper.
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Theorem A. Let f € C(M,M) and Per(f) # 0. The following conditions are
equivalent:

(a) f is chaotic in the sense of Li & Yorke;

(b) f has an infinite attractor containing two f-nonseparable points;

(c) for some § > 0, f has a nonempty perfect §-scrambled set;

(d) f has a trajectory which is not approzimated by cycles;

(e) f is topologically conjugated to a function, which has a scrambled set of
positive Lebesgue measure;

(f) for some § > 0, f has a nonempty 6-scrambled set;

(8) f has a scrambled set containing two points.

Theorem B. Let f € C(M,M) and Per(f) = 0. Then f is topologically sem:-
conjugated to a rotation of a circle and f has no two-point scrambled set.

Remark 1.1. Theorem A was proved in papers by Jankova, Smital [5] and Kuchta,
Smital [6] for maps of compact real interval into itself.

2.MAPS WITH PERIODIC POINTS

Let N,Z, R denote the sets of natural, integer, real numbers respectively and
S = R\ Z denote the circle. We shall denote by I : R — S the natural projection.

Let 23,22 € S. We define: ||z, z2|| = min{|y1 — y2l; zi = O(wi)}

Let F € C(R,R) and f € C(S,S). Then Fis a lifting of fif foll =Ilo F.

Let F be a lifting of f. Then there is ky € Z such that for any ¢ € R,z € Z:
F(z + z) = F(z) + zks. So we can define the degree of f : deg(f) = ky

Let f € C(S,S), deg(f) =1 and F be a lifting of f.Then:

p(F,z) = limsup %(F"(a:) —z) forz€R
p(F) = {p(F,z);z € R}.

The class C(S, S) can be decomposed into following disjoint sets (see [1], [2], [8]):
Wo = {f € C(S, S); Per(f) = 0}

Wi = {f € C(S,S); P(f*) = {1} for some n € N}

W, = {f € C(S,8); P(f*) = {2;i = 0,1,2,...} for some n € N}

Ws = {f € C(S,S); P(f*) = N for somen € N}

Remark 2.1. Let f € C(S5,5) and n € N. It is easy to see that f has some
property from the properties (a), ... ,(g) from Theorem A if and only if f™ has the
same property.

Lemma 2.2. Let f € C(S,S) and 1,3 € P(f). The following conditions hold:

(i) for some § > 0, f has a nonempty perfect é-scrambled set;
(ii) f has an infinite attractor containing two f-nonseparable points.

ProoF : Without any loss of generality we may assume that:
0< =z <23 <23 <1and f(II(0)) = I(0); f(II(z1)) = O(22); f(I(z2)) = II(zs);
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f(I(z3)) = O(zy). ({II(z1),1(z2),I(z3)} is three cycle and I1(0) = II(1) is fixed
point.)

It is easy to see, that for any given function f there exists a code, consisting from
four numbers (0 or 1), such that Table 1 gives us an information about properties
of f.

Then according to Table 2 we obtain from this code some intervals Iy, I; and
some m € N, such that for all n € N and s; € {0;1} there exists a closed interval
I,,...s04, such that:

Ia‘...a,..,., C Iu.‘.an and fm(n(Ia;...a,.+1)) = H(Io;...a..+.)

Let I, = ﬂ I,,. .,  forevery s= {3}, s; € {0;1}.

Let A= {I,, I, consist of one point}.

There exists such B C A that II(B) is nonempty perfect §-scrambled set (§ > 0)
for function f™ (see [5]). There exists z € S such that II(A) C w(f™,z) (for more
details see [3], Symbolic dynamic, pp.39-43). For any y € II(B) and J C S closed

f™-periodic interval of period k € N it holds: if y € J then w(f™,z) C U i)

(y is not periodic). Because for any two points of II( B) (2) holds for functxon f™ we
obtain II(B) C J and this proves that any two points of II(B) are f™-nonseparable.

Now it suffices to consider Remark 2.1 and we are done. [ ]

Table 1
Code: Property: * = There exists an interval
0... * Ao C [0;21]); f(1I(Ao)) = I([0; z5])
1... * Ay C [0524); f(I(Ay)) = I([z2; 1])
.0.. * By C [z1;22); F(II(By)) = O([z2; z3])
1., * By C [.'tl;:tz]; f(l'I(Bl)) = H([-‘B;; 1+ :tz])
.. 0. * Co C [22;23); f(I(Co)) = N([z3;1 + z4])

.1, * C) C [z2;23); F(II(Ch)) = O([z1; z3))

. * Do C [z3;1]; f(I(Dy)) = I([z1;1])

.1 * Dy C [z3;1); FAI(Dy)) = 1([0; z4])

Table 2
Code: Result:
01.. m=1, Iy = [0; z,], I = [21; 22,
.01. m= 2, Io = [11;12], Ix = [12; 33],
000. m =3, Iy = [0;z,], 5L = [z1523),

.00 m=2, Iy = [z2; z5), I = [z3;1),
1.01 m =2, Iy = [z2; 23], I = [z3;1],
111. m= 3, Io = [Il;zz], I; = [12;33],
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Lemma 2.3. Let f € C(S,S), f € Wi UW,; and f have a fized point. Then there
exists F lifting of f and a closed bounded interval I C R greater than one, such that
F\IecC(1,1I).

PROOF : We know that |deg(f)] < 1 (see [2]), so we can divide our problem-to
the three cases.

* Let deg(f) = 0. In this case F is periodic and we are easily done.

* Let deg(f) = 1. There is F lifting of f such that F has a fixed point. It
follows that 0 € p(F'). Since f € W; U W; the set p(F) must have only one
point (see [4]). Then p(F) = {0}. We claim there exists a point @ € R such
that:

if r>a then F(z) > a.

If it is not true, then there exists § > 0 such that for every z € R there is
some y > z + 6 such that F(y) = z. Now we can easily obtain that there is
z € R such that p(F,z) < —§ which is impossible. In a similar way we can
find b € R such that:

if <% then F(z) <.

Since the properties of a,b are not changed by addition of an integer we can
now define I = [a; b] where b—a > 1.

* Let deg(f) = —1. Let F be a lifting of f. We know that F has a fixed point,
deg(f?) =1 and F? is the lifting of f2. Let J be an interval for function F?
which contains some fixed point of F' and F?(J) C J as we found it in the
previous case. Now we can define I = JU F(J). ]

Lemma 2.4. Let f € C(S,S), F be a lifting of f and I C R be the closed bounded
interval greater than one such that F\ I € C(I,I). Then the following conditions
hold:

(i) f has an infinite atiractor containing two f-nonseparable points if and only
if F\ I has an infinite atiractor containing two F'\ I-nonseparable points;
(ii) if f has a nonempty §-scrambled set then F'\ I has a nonempty 6-scrambled
set;
(iii) if f has two-point scrambled set then F \ I has two-point scrambled set;
(iv) if for some 6p > 0 function F \ I has a nonempty perfect 6p-scrambled set
then there is 65 > 0 such that f has a nonempty perfect §5-scrambled set.

PROOF : It is easy to see:

(4) w(f,I(z)) = I(w(F,z)) forallz € R
(5) Per(f) = T(Per(F \ 1))

(6) P(f)=P(F\I)

) deg(f)] <1

(i) Let us check the following possibilities:
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Let f € Wy. This is impossible (see (6)).

Let f € W,. Then w(F,z) is finite for all z € R (see [11]) and also w(f,y)
is finite for all y € S (see (4)).

Let f € W. In this case functions f,F\I have infinite attractors containing
two nonseparable points (see Remark 2.1, Lemma 2.2 and [5]).

Thus the only interesting case is f € W,

Let z€I and a,b€ew(F,z),a#b.

If a,b are F'\ I-separable then either a, b are periodic points and (see (5))
I(a), () are also periodic and they are f-separable (if II(a) = II(b) then
they are not two f-nonseparable points), or there exist a closed periodic
interval J C I and n € N such that a € J, b € F*(J) and J N F*(J) = 0.
But II(J) is also periodic and II(J) N f*(II(J)) = @ and so we have that
II(a),II(b) are f-separable.

If a, b are F-nonseparable then there is an interval J C I such that a, b eJ
and F'(J) N Fi(J) =0 for all i # j (see [10]). Then II(a),I(b) € II(J) and
F(T)) N fi(J) = @ for all i # j. It follows that II(a) # II(b) and they are
f-nonseparable.

Now it suffices to consider (4) to finish the proof of (i).

(i) Let z € I and {II(z)} be a 6-scrambled set for f. Then (5) implies that {z}
is a 6-scrambled set for F'\ I.
(iii) Let z,y € I and {II(z), II(y)} be a scrambled set for function f. Then there is
an increasing sequence {n;}$2,, n; € N such that .llf?o |Fri(z) —F™i(y)| =k
for some k € Z (see (2)).
Let us discuss the three cases (see (7)).

Let deg(f) = 0. Then ‘_lirg [Fri+1(z) — Fri+l(y)| = 0 and now it is easy
to see that {z;y} is the scrambled set for F'\ I.
Let deg(f) = 1. Then because I is greater than one there is m € N and

ky,k2 € Z such that:

Fm(x+k1),Fm(y+k2)€I and
lim [F™(z + k1) — F™(y + k)| = 0.

Then {F™(zx + k1), F™(y + k2)} is the scrambled set for function F\ I.
Let deg(f) = —1. Then deg(f?) = 1 and {II(z), II(y)} is the scrambled set
for f? and F? is the lifting of f2 and we are in the previous case. Now it
suffices to consider Remark 2.1 to finish the proof of (iii).
(iv) Let D C I be a nonempty perfect §p-scrambled set for function F\I (65 > 0).
Because F'\ I is continuous in the compact interval I we can show that:
* there exists §; > 0 such that for any z,y € D, = # y there is a limit point of
the sequence {||F™(z), F"(y)lI}3; in the open interval (6;;1 — 6,);
* there exists 62 > 0 such that for any £ € D, p € Per(F \ I) there is a limit
point of {||F"(z), F*(p)||}S%, in the open interval (k + 63;k + 1 — &) for
some k € Z.
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Now we can take §5 = min{é;; 6;} and II(D) is the nonempty perfect é;-
scrambled set for f. |

PROOF of Theorem A: We can assume that f € C(S,S) (see Remark 1.1).

If f € W, UW, then Theorem A follows from Remarks 1.1, 2.1 and Lemmas 2.3,
2.4.

If f € W, then Theorem A follows from Remark 2.1 and Lemma 2.2. ]

Corollary 2.5. The set W, contains only functions which have only trajectories
which are convergent to periodic orbits.
The set Wy can be decomposed into two disjoint subsets:
Chaotic functions and functions that have only trajectories approzimated by cycles.
The set W3 contains only chaeotic functions.

3.MAPS WITHOUT PERIODIC POINTS

Let f € C(S,S), deg(f) =1 and F be a lifting of f. We shall callaset AC Sa
mat set of f (minimal almost twist) if A is non-empty, closed, invariant (f(4) = A),
minimal (for every z € A4; w(f,z) = A), almost twist (F\ II"!(A) is nondecreasing)
and there is p(A) € R such that p(F,y) = p(A) for every y € II"1(4).

Remark 3.1. It is easy to see that if f € C(M,M) and Per(f) = 0 then
f €C(S,S) and deg(f) = 1.

Lemma 3.2. (Misiurewicz [9]). Let f € C(S,S), deg(f) =1 and F be a lifting of
f. Then for every a € p(F) there ezists A C S a mat set of f such that p(A) = a.

Lemma 3.3. (Misiurewicz [9]). Let f € C(S,S), deg(f) =1 and A be a mat set
of f. Then:
if p(A) is rational then A is a finite set;
if p(A) is irrational then:
(i) either A= S or A is homeomorphic to the Cantor set;
(ii) if = € A is an endpoint of an interval disjoint from A, then there ezists a
unique y € A with f(y) = z; this y i3 also an endpoint of an interval disjoint
from A;
(iii) if z € A, then either there is a unique y € A with f(y) = z, or there are
two such points; in this case they are the endpoints of some interval disjoint

from A.
Corollary 3.4. Let f € C(S,S), deg(f) =1, F be a lifting of f and AC S be a
mat set of f. Then for all z,y € II71(A) it holds:
(i) #f (z,y) NII~1(A) = B then (F(z), F(y)) N1~} (A) =0
(i) [F(z), F(y)] C F([z,y])
(iii) if A= S then F is increasing

Lemma 3.5. Let f € C(S,S), deg(f) =1, F be a lifting of f and A C S be a mat
set of f homeomorphic to the Cantor set. Let, for all z,y € II™?(A), hold:

if (z,y)NIO7'(4) =0,  then F([z,y]) = [F(z), F(y)].
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Then there is a semi-homeomorphism h € C(S, S) such that:

(i) h(z) = h(y) if and only if there is an interval J C S such thatint(J)NA =0
and z,y € J;

(ii) ho f = goh where g € C(S,S) such that deg(g) =1 and S is the mat set of
function g.

PROOF : Function h is a well known function of Cantor’s type such that h(4) = S
and deg(h) = 1. ]

Lemma 3.6. Let f € C(S,S), deg(f) = 1 and S be a mat set of f. Then f is
topologically conjugated to the irrational rotation of circle.

PROOF : Let F be a lifting of f. Then p(F) = {a} where a is irrational (see
Lemma 3.3) and there is z € R such that F(z) = z + a. We can assume that
F(k)=k+afor all k € Z. Now we define: .

H(F"(k))=na+k foralln,k€ Z (F is homeomorphism).

Let ny,ng,2,r€Z and F™M(z) > F™2(r)
then (deg(f) = 1) Fr=m3(0) > r—2
then (F is increasing) FEm=ma)(0) > k(r — 2)
then (k goes to infinity) p(F,0)(ny—ng) >r—2z
then (p(F,0) = a is irrational) any +z > ang +r.

So we have that function H is increasing on the set D C R which is dense in
R (S is the mat set) and H(D) is dense in R (a is irrational). Function H can
be extended to a function from C(R,R) and so we have H o F = G o H where
G(z) =z +a for z € R. Here H,G are the liftings of h, g respectively, where h is a
homeomorphism, g is irrational rotation of circle and ho f =goh. ]

Lemma 3.7. Let f € Wy, F be a lifting of f and A C S be a mat set of f. Then
for all z,y € I71(A) it holds:

¥ (zy)nI7'(A4)=0  then F([z,y]) = [F(z), F(y)]

PrOOF : Let f. € C(S,S) be a function such that if F, is a lifting of f. then for
all z,y € II"!(A) it holds:

(i) Fu(z) = F(z);

(i) if (z,y) NII~1(A) = 0 then F,([z,y]) = [Fu(z), Fu(v))-
Since p(A) is irrational (f € Wy), from Lemmas 3.3, 3.5, 3.6 we obtain that for
every closed intervals J, K C S such that,

int(J)NA=0 and int(K)NA#D

there is such n € N that J C f;'(K) (A is the mat set of f.).
If there is a closed interval J C S such that:

int(JYNA=0 and int(f(J)NA#H,
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then there is n € N such that J c fr(f(J)) a.nd from here we obtain that
J c f**}(J) which is impossible because Per(f) =
So we have int(f(J))NA = 0. =

PROOF of Theorem B: From Lemmas 3.2, 3.5, 3.6, 3.7 it follows that f is topolog-
ically semi-conjugated to the irrational rotation of the circle. Let A be a mat set of
f. The semihomeorphism h has the properties from Lemma 3.5 and ho f = go h
where g is the rotation of the circle. Now we assume that

li'E.iox:f I (), f*(¥)| =0  for some z,y € S.

So we have liminf ||A(f"()), A(f*(¥))l = 0, liminf|lg"(h(z)),g"(h(¥)I =
and because g is the rotation of the circle we have h(z) = h(y). From here we
obtain that there is an interval J C S such that z,y € J and int(J)N A = 0.
From Lemma 3.7 we obtain that int(J,)NA=0 (J, = f*(J)) for every n € N.
Because fA(J)N f™(J) =0 for n # m (Per(f)=0) we have:

lim sup || f*(), " (¥)|l = 0
Now we are completely done. =
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