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Contact problems
with given time-dependent friction force
in linear viscoelasticity

JIRf JARUSEK

Abstract. The existence, unicity, continuous dependence of the solution on the given fric-
tion force, and the boundedness independent of the friction force is proved.

Keywords: Lamé system, viscoelasticity, Signorini boundary value condition, Coulomb law
of friction

Classification: 35K85,49A29,49H05

The dynamic case of the contact problem with friction considered in the frame-
work of the Coulomb law has been remaining unsolved in spite of its importance
in applications (cf. [5],[6],[7]). The present paper solves the question of the exis-
tence of solutions of the problem with a given friction which is time dependent.
This problem, which is an auxiliary problem to the previously mentioned one, cf.
(3], was solved only for the time-independent friction-force (cf. [2]). To solve the
time-dependent case, the viscoelasticity according to the suggestion of J.Netas is
included, which allows us to execute the necessary energy-type estimation. We do
not need, however, the 2nd energy inequality which can hardly be derived.

1. CLASSICAL FORMULATION OF THE PROBLEM

Let @ c RN, N > 2 be a domain with a Lipschitz boundary I', ' =, UT', T, N
[, =0,IntTy =T,, a = u,c,mes I'; < +00. Put @ = (0, T)xQ, Su = (0, T) x T,
S. = (0,T)xT,. For a velocity u : @ — R" and the corresponding displacement U,
U(t,z) = [} u(r,z)dr, we define the small strain tensor e;j(w) = } (g_-u + g;m)

i,j=1,...,N, w=u,U, and the stress tensor
(1) 7ij(u) = afjuen(U) + aljuen(v),

where the symetry afjy = af;y = afy;;, ,4,k0 = 1,...,N, x=0,1, holds on Q
and the usual ellipticity and continuity conditions for ax, Ax, B € (0, +0), x = 0,1,
independent of (t,z) € Q and ¢ € RN’

1 8a’.
(2) ay < l?liaﬁ'ufijfu < Aw, I—gl—,—%l&jfu < B,

(tz)€Q, €eRV'\{0}, x=0,1,
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are fulfilled. The classical formulation of the problem is the following: For given

F: Q- RV ,u*: Q5 RN ,v°:85, - RN and G: S. — R look for u: Q — RN

such that all the following conditions are fulfilled:

OT,J(u)
3

u=1"on Su,

u(0,.) =u® on Q,

up <0, Tn(u)<0, Tu(u)u,=0o0n S,

ITe(u)] < =G, (ITi(u)l + G)lue| =0,

ITg(u)' =-G # 0= ,\Ex(ix)sout = AT((‘M) on Sc.

(3) i‘i +fl OHQ, i=11'-'1Nv

As usual, T(u) = (7;j(u)n;) in (3), where n is the unit outer normal vector, the
terms with the subscripts ¢t and n are the corresponding tangential and normal
components, respectively. By the dot we denote the time derivate.

We remark that in the contact problem with friction in the sense of the Coulomb
law, the coefficient of the friction F is given instead of the friction force G and we
look for a solution of (3) such that G = FT,(u) .

2. VARIATIONAL FORMULATION EXISTENCE AND UNICITY OF A SO-
LUTION

Put H = Lo(0,T; H' (4 RV)), Ho = {v € H;v/Ss = 0}, H1 = H*(Q; RY) . De-
note by (.,.), (-,.), [-,-] the L3(Q; RN)—, L(T'c; R!)— and L2(R; RN )~ scalar prod-
ucts, respectively. The corresponding duality pairings based on those scalar prod-
ucts will be denoted in the same way. Let for v° € H¥(S,; RV) and u® € H'(Q; RY)
such that u?/S. < 0 the following condition hold:

(C) Thereis #° € H; such that $°/S, = v°,6°(0,.) = u® and 3°/S, = 0.

Let us denote
B(O, T; L?(Q; RN)) = {'U : (07 T) - L2(Q;RN); tes(‘;pT) "‘U(t, -)"L:(Q;R") < +°°}’

(4) a*(u,v)’= / afiueij(u)er(v)dzdt  for u,v € H,x=0,1,

Q
(5) K:={ved®+Hojv,/S. <0}, C*:={geLy(0,T;H ¥(.);g>0}.
The variational formulation of the problem (G) for u° € H(Q; RV),v° defined
above, -G € C* and f € H* is the following:
Look for u E KN B(0,T; Ly(Q; RN)) weakly continuous from (0, T) into Ly(£2; RV)
such that Z* € M} and for every v € H; N K the inequality

6)  (6v—uw)+a'(uv—u)+a®(Uv—u)+(=G,lve| = [uel) 2 (f,v - u)
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holds, where U(t,z) = ]: u(r,z)dr and the term (%, u) represents
%([u('» T),u(., T)] - luov uOD .

The existence of a solution of the problem (G) will be performed via its regular-
ization. We define

(M (=) =k =12 e f 0 (x) ==l
z) = or €>0, z) = |z|.
be L Al s (o< o

Clearly, for every e > 0 ¢, is convex and for eachz € RYN 0 < ¢.(z)—po(z) < %e
and for every € >0 . € C2(RN) . We state the problem

(G)e look for u € M N B(0,T;Ly(N; RY)) weakly continuous from (0,7) into
L3(95 RY) such that u(0,.) = u® on Q , u/Su = v°, %% € M and for every
v € H; NHy the following equality

®) (o) + a'(u,0) +a"(U;0) + (~Gelue), ) + {uid vn) = ()

holds.

The problem (G). will be solved by means of the usual Galerkin approximation
for =G € C* N Ly(S.) . Due to the corresponding existence and unicity theorem
concerning the ordinary differential equation theory, it is easy to see that the ap-
propriate approximate finite-dimensional problems (G).,m have a unique solution
u,m for every € > 0 and m positive integer, where u, ,, € 4+ X, Xm is the
corresponding approximate space (cf. [1]). Putting v = u, , — ?° into (8), us-
ing the usual Korn-inequality and Gronwall-lemma arguments, we can derive the
energy-type a priori estimation

1
(9) NwemllBeo,TiLa(a;m%)) + lltte,mll} + g"(“e.m):"%,(sc) <
<c= c(uo’voyfv alaAl)aoaAO)B)’

where c is independent of ¢ and m . As —G € C* and ¢, is convex, € > 0, we can
derive the following inequality from (8)

(10)
(ﬂe,my v—ue,m)+al (ue,ma U"'ue,m)""ao(Ue,m’ v“ut.m)+(—Gv Soe(vt)_¢¢((u¢,m)‘»+

1
+ ;((uc,m):svn - ("c,m)n) 2 (fv” - uz,m)y vE &° + Xm.

Let us suppose that X,, are choseninsuchawaythat X; C X C ..., U Xm =
meN

{ve H(Q;RV);v/Tu = 0} , and J Xm = HY(QRV) , where Xm = Xm N
meN

IOI 1(Q; RN) (time-constant). The closures are taken in the corresponding spaces.
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By means of (2) and the Holder inequality we obtain from (8) for every v(t,.) =
Uem(t,)+w, we€ Xy,

171
(1) [ /n (tesm(t1,2) = tem(tz, 2))w(z)dz| < (( / 17 M- syt +
1
+ k) |t1 —-tgl%"w"}p(n;ﬂlv)vtl,tz € (0, T),m > mg,e >0,

where k is independent of € and m > mq due to (9).

For fixed € > 0 let us take a suitable sequence my — +oo such that u, ,,, — t.in
M and ug,m, (t,.) = ¥ in Ly(Q; RN) for every t € T , where T is a countable dense
subset of (0, T) . The last convergence is strong in H~1(Q; RN) . Fort; € T, i=

1,2, (11) holds for ty; instead of ue,m(ti,.), 1 = 1,2, and for every w € IoJ’(Q; RN).
We define 1, for every ¢ € (0, T) such that the mapping t — t; is continuous from
(0,T) into H~}(Q; RN) . Let t € (0,T) \ T and m;, be such a subsequence that
Um,, (t,.) = w in Ly(2RY) . Then um, (¢,.) = w in H~}(2RN) , but from

(11) w = 4y in the sense of H~}(Q; RV) and as IOII(Q; RM) is dense in Ly(; RN),
w =t in L2(Q; RV) . As it holds for every convergent subsequence of {um,(t,.)}
for every t € (0,T) , the whole {um,,(t,.)} must tend to ¥, for every t € (0,T) .
Therefore ; = uc(t,.) on (0,T) and 222me . 8% iy 1. As —G € C* and ¢,
is convex, lim,,, 1 o(—G,¢c((te,m,)t)) 2 (—G,9e((uc):)). Thus for such u, the
inequality (10) holds for every v € My NHo +° .

Clearly, the set {u,; & >0} remains bounded in B(0,T;L,(%RM)) N
NL,(0,T; H'(R; RV)) and equicontinuous in Co(0, T; H~1(Q; RV)) . Therefore the
mapping ¢ = u(t,.) is L2(Q; RN )-weakly continuous on (0, T) for every ¢ > 0. The
term (., v —u,) has the following meaning: [u.(T,.),v(T,.)] — 3[ue(T,.), ue(T,.)] -
142, 0, )] + 100l (o my — (tts ) for v € H .

Now for a suitable sequence ¢4 — 0 , we can find u,, — u both in X and
in B(0,T; Ly(2; RM)) in the previous meaning, i.e. uc,(t,.) — u(t,.) for every
t € (0,T) . Clearly, the mapping ¢ — u(t,.) remains weakly continuous from (0, T)
into Ly(€; RY) . Considering

3
(12) 0 < (=G, pe(ue) — wolur)) < é'e"G"Lg(S,)v mes S, ¢ >0,

we can easily see that lim, _,, o (—G,¢e,((¥e,):)) = (—G,@0(u¢)) due to the con-
vexity of ¢o and the non-negativity of —G . Performing the limit procedure in (10),
we can easily see that for such u the inequality (6) holds for every v € H; N K. As
u € K (because ""tm"'i,( s —* 0), u is a solution of (G). The existence theorem
for G € C* N Ly(S.) is proved.

Let G1,G2 € L2(S;)NC* , and let u;,u2 be some respective solutions of (G)
for G = G, and G = Gy . We can suppose that v?, f,G1,G, are defined on the
interval (0,T+1),n > 0, and the solutions are calculated on the same interval. For
t € (—00,0) we define u;(t,z) = u®(z),i = 1,2 . Let ;9 be the appropriate time
mollifier of u;,é = 1,2, (cf. [4]; 9 denotes the radius of the support of the kernel).
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As ii; 9,9 € (0,n) , belong to H; N K , we can put v = i, ¢ into the variational
inequality (6) with G = G; and v = #i; ¢ into its version for G = G2 . Thus we
obtain

(13)  (t1, 12,0 — uy) + (tz, 1,0 — u2) + & (u1, fiz,0 — u1) + @’ (uz, i1,0 — u2)+
+a®(Uy, fig,9 — u1) + a®(Uz, di1,0 — u2) + (=G, |(fi2,8)e] — [ure])+
+ (=Ga, |(th1,9)e] — |u2el) 2 (fyu1 — vz + U9 — U ,9),

where the integration in time can be considered on (0, o) for arbitrary to € (0,7T) .
As (d1,12,0) + (U2,%1,0) = (U1,12,9) + (Uz,0,u1) = [us(to,.),tiz,0(to,.)] —
[u®, ii2,9(0,.)] (the properties of mollifiers) and due to the appropriate weak conti-
nuity of the mapping ¢ ~ uy(t,.) , it holds

[ul(t’ ')7a2,0(t7-)] = [“l(tv ')vu2(t» )] Vte (OvT)'

Since for 9 — 0 |(#ig)e] = |uiel, ¢=1,2, e.g. in Ly(Sc), the limit procedure in
(9) yields the following inequality for —G1,—G2 € Ly(S.)NC :

(14)
1
t:(‘;f;‘) 'é'”ul(tv .) = ua(t, ')"%2(9;}{") + al(uz —uy,up —ug) + aO(U2 =Unup—wy) <
< (G2 — G, Jure| — |uadl).

Due to the boundedness of %i; (cf.(2)) and the Gronwall lemma, we obtain from
(14) immediately that

(15) co(a1, Ao, B)llus — uall}, + llur — w2llfo,7:0,00;m¥)) <
<allGy - G’"L,(o,T;H-#(r,))("“‘"" + lluzlln), o e1 >0,

using the trace theorem and the Korn inequality. Of course co,¢; does not depend
on u;,G;,i = 1,2 . (15) yields the uniqueness of the solution of (G) for —G €
Ly(S:) N Ct as well as the existence of a solution of (G) for each —G € C* .
In fact, C* N Ly(S,) is dense in C* in the norm of Ly(0,T; H~3(T';)) . Putting
v = ©° into (G) we can easily prove the global boundedness of solutions of (G)
(independent of —G C C* N Ly(S.)) both in H and in B(0, T; Ly(Q; RV)). From it
and (15) the existence of a solution of (G) for a general —G € C* is clear due to the
completeness of the appropriate spaces. Moreover (15) holds for —Gy,-G; € C*,
thus the uniqueness and the continous dependence is proved on the whole C* . The
arguments to prove the global boundedness of solutions of (G) on C* are also the
same as on Ct N L2(S.) . Thus we have proved the folloving theorem:

Theorem. Let u® € H'(Q; RY) such that u2/S. <0, let v° € H¥(Sy; RY) such
that the condition (C) is fulfilled, f € H* and —G € C* . Then there ezists a unique
solution u of the problem (G). The operator —G + u is } -Holder continuous on C*+
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as an operator from Lo(0,T; H"%(I"c)) into H N B(0,T; Ly(; RN)) and its range
is bounded in both spaces.

Remark:
1. In fact, we have proved that for the solution u a' belongs to the dual space
to the space {v € H N Co(0,T; L2(Q; RV)); & € H*} , as all the terms

(16) [u(t,.), u(t, Jite (0,T), (%Iti’ u)

are reasonable for such v. Na.turally, it belongs also to L,(0, T; H~1(Q; RN)).
But the open problem is, whether % € L,(0, T; (H'(; RN))*).

2. The condition (C) can be replaced by the assumption Ko # @, where K, :=
{v e H;v/S, = v°v(0,.) = u®,v,/S. < 0} . Then we take a fixed ?° € K,
for the proof. The assertion of the theorem, however, is proved only on
C} := {g € C; dist(suppg, Sy) > n} for n > 0 arbitrary.

3. Let us consider the Duvaut modification of the Coulomb law of friction,
where G = FTne(u) with Th9(u) being the mollifier (taken both in time
and in the space variables) of T,(u)/S. and F (the coefficient of friction)
such that F € L(S.) N H*(S.) for some fixed ¢ > 0,F > 0 on S. and
dist(supp F, S,) > 0. The existence of a solution of such a contact problem
with friction is an easy consequence of our theorem and the Schauder fixed
point theorem. In fact, the uniform boundedness of u in H independent of
G € —C* yields the same boundedness of T,(u) in H =%(S.) , thus the well-
known properties of mollifiers give us the global boundedness of T,4(u) in
He(S.),e >0, and Tpp(u) € —C* for every G € ~C* .

4. ¥T =T UT,UTlT , where on St = (0,T) x 't the stress is prescribed and
mes ', > 0, the proof of our theorem requires only an easy modification.
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