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Products of metric, uniform and topological spaces

VERA TRNKOVA

Dedicated to the memory of Zdené&k Frolik

Abstract. For every triple of natural numbers a, b, c there is a metric space X, the m-th
power and the n-th power of which are

homeomorphic iffm=n moda
uniformly homeomorphic iff m =n mod ab
isometric iff m=n mod abec .

This is a consequence of the Main Theorem proved in the present paper, where simulta-
neous rep tations of tative igroups by the products of metric, uniform and
+, 1 2 1 H e +odd

Keywords: products, commutative semigroups
Classification: primary 54B10, 20M30, secondary 54G15, 18A99

I. Introduction and the Main Theorem.

The forming of products of mathematical structures is an important operation on
the isomorphism types of the structures. The properties of this operation have been
investigated in various parts of mathematics. From the older references, we recall
at least the Ulam problem [U] about the validity of the square root property with
respect to it in the class of topological spaces and the monograph [Ta] with a large
appendix by A. Tarski and B. J6nsson devoted to the investigation of this operation
on the isomorphism types of some algebraic and combinatorial structures. From
the recent references, we mention at least the monograph ([MMT}, where Chapter
5 deals essentially with products of algebraic structures, and [H], chapter 21, where
products and coproducts of isomorphism types of countable Boolean algebras are
investigated.

The language of category theory is suitable for the formulation of general ideas
in this field of problems. Let K be a category with finite products (= with products
of finite collections of objects of K'). Then the isomorphism types of objects of
K endowed with the binary operation of forming product form a (possibly large)
commutative semigroup, let us denote it by IIX. One of the natural question is,
given a category K, which abstract commutative semigroups can be embedded into
IIK. This is still unknown for K being the category of Boolean algebras (though
every countable commutative semigroup and every Abelian group can be embedded
in it, by [K] and [AKT]) or for K being the category of compact Hausdorff spaces
(though some partial results are also known, see [OR], [T}, [TK]). On the other
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hand, it was proved in [T;] that every commutative semigroup (on a set) can be
embedded in IIMetr, in IIUnif and in IITop, where
Metr is the category of all metric spaces of diameter < 1 and all non-expanding
maps, .
Unif is the category of all uniform spaces and all uniformly continuous maps and
Top is the category of all topblogical spaces and all continuous maps.
(We recall that products in Metr are the products with the metric of uniform con-
vergence, isomorphisms in Metr are isometries.)
Let us mention that the forgetful functors Fy, F3 in the diagram

F, 1 F 2
Metr Unif » Top

preserve finite products (though F; and F; o F; do not preserve all products), so
that they determine homomorphisms I1Fy, IIF; in the diagram

IF nF;
(1) OMetr —— OUnif —s I Top

of (large) commutative semigroups by the rule
IFi(0) = Fi(0)) ,
where the strip denotes the isomorphism type of an object o (or Fj(0)) in the
category in question.
In the present paper, we investigate which diagrams of abstract commutative
semigroups

@ L b

So—'—*sx—'——"sz

(i.e. So, Si, Sz are arbitrary commutative semigroups [on sets] and h;, h; are
arbitrary homomorphism, situated as indicated in (2)) can be embedded in the
diagram (1) (in the sense that there exist semigroup monomorphism g, ¢;, @2
such that the diagram below commutes.

A A2
S — S — S5

wl 9’11 wal
Metr —* MUnif ——*s MTop ).

The aim of the present paper is to prove following
Main Theorem. Every diagram (2) can be embedded in the diagram (1).

Let us show some consequences of the Main Theorem.
a) There exists a metrizable topological space X and a sequence p1, p2, ps, .- -
of metrics on it, each of them metrizing it, such that, for every n, the metric space
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(X, pn) is isometric to its (n + 1)-th power but it is not uniformly homeomorphic
to its k-th power for all k£ with 1 < k < n.

This is obtained immediately from the Main Theorem by the choice Sy = S; =
2, en (= the coproduct [in the category of commutative semigroups] of all finite
cyclic groups ¢, of order n), h; is the identity, Sz = {e} and h; maps the whole
So = S1 on the unique (idempotent) element of S;. If {¢o, 1, ¥2} is an embedding
of this diagram into the diagram (1) and g, is the generator of c, C S = S, then
©0(gn) is the isomorphism type of a metric space isometric to its (n + 1)-th power
but not uniformly homeomorphic to its k-th power with 1 < k < n; the underlying
topological spaces of all these metric spaces belong to the isomorphism type pa(e).

b) The result formulated in the abstract is obtained from the Main Theorem
by the choice So = Cabey S1 = Cqp, S2 = cq, Where hy, h; are the corresponding
quotient homomorphisms. If {9, 1,92} is an embedding of this diagram in the
diagram (1) and g is the generator of the group capc, then any metric space X of
the isomorphism type @o(g) has the property formulated in the abstract.

¢) Many other “strange” situations can be obtained by other choices of semi-
groups Sp, S1, Sz and the homomorphisms k, and h; (e.g. So = R, S1 = 52 = {e}
or So = S1 = R, Sy = {e}, where R is the additive group of real numbers). On
the other hand, these “strange” situations are not too exceptional: in the last part
of the present paper, we show that all the spaces can contain a prescribed metric
space as a retract. Hence every metric space (of diameter < 1) is a retract of a
space X with the property described in the abstract or in a).

The Main Theorem was announced in [T7], where a general notion of simultaneous
productive representation was formulated and a general categorial method for the
constructing of simultaneous productive representations was described. By means
of this general method, every diagram of commutative semigroups

h
So——*sl

»

was embedded in the diagram

I
IMetr —— IMetr ,
where ¢ denotes the completion functor, and every diagram of commutative semi-

groups
o

So

k

MY

S2
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was embedded in the diagram
ITop
5~
IIBitop
F;
IITop
and in the diagram
TAlg(1)
IIF,
IAlg(1,1)
192}
ITAlg(1)

where Bitop denotes the category of bitopological spaces and Alg(1,1) (or Alg(1))
denotes the category of universal algebras with two (or one) unary operations, Fy
and F; denote the corresponding pair of the forgetful functors (see [T]).

The general categorial method of [T7] cannot be used to prove the Main The-
orem here: the method requires that all the functors which appear in the investi-
gated diagrams, preserve all products. This is not true for the forgetful functors
Metr — Unif and Metr — Top. Though the basic idea of [T] is also used here,
some (not quite immediate) modifications are necessary. The proof of the Main
Theorem is presented in the next part II. The last part III contains two possible
strengthenings of the Main Theorem.

II. The proof of the Main Theorem.

1. Let w be the additive semigroup of all noon-negative integers. If M is a
set, let us denote by wM the set of all functions on M with values in w. Thisis a
commutative semigroup with the operation + defined by the usual rule

(f + g)(m) = f(m) + g(m) for all m € M .

The set expwM of all subsets of w™ is also a commutative semigroup: its operation
+ is defined by the usual rule

A+B={f+g|f€A, ge€B}.
Let M be infinite. Then all A € expw™ such that
card A = card M and consty ¢ A ,

where consty: M —+ w is the constant zero, form a subsemigroup of expw™.
Denote it by U,,, where x = card M. By [T}3], every commutative semigroup S with
card § < w can be embedded into U,,.
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2. Let a poset (= partially ordered set) P = (P, <) and an infinite cardinal
number x be given. Let us define a diagram D = D(P, x) over P in the category of
commutative semigroups as follows: for every p € P,

D(p) = [JUn)s

[ 244

where (Uy), is a copy of the semigroup U, described above, i.e. D(p) is a direct
product of the family {(Ux), | ¢ € P,q¢ 2 p} of commutative semigroups; if p < p',
then the homomorphism

v(’; ) : D — D)
is just the projection of [] 5 ,(Ux)g onto ] 5, (U,

Lemma. Let P = (P,<) be a poset, let C be a diagram over P in the category of
commautative semigroups. Let x be a cardinal number with

%2 Ro 'glea.}cca:dC(p) .

Then there is an embedding (= monotransformation) p = {pp | p € P} of C into
the diagram D = D(P, x).

PROOF : For every p € P, choose a monomorphism h,: C(p) — U,; this is
possible by [T3]. Define up: C(p) — D(p) by

#p(z) = {he(C(3)()) | ¢ € P,q 2 p}

for all z € C(p). The u = {pp | p € P} has the required properties.
3. By the above lemma, it is sufficient to construct, for every infinite cardinal
number x, an embedding of the diagram

Up x Uy x U, —2, Up x Uy —= U,,,

where 7, and 7, both forget the first coordinate, into the diagram (1). We construct
such an embedding u = {p1, #2, 43} by means of a collection

X = {Al'vBivCth' ‘ i € ”}

of connected metric spaces of the diameter 1 (we denote the metric of A; by a;,
the metric of B;, Ci, D; by B;, ¥i, 6; if it is necessary to name explicitly the metric
of some of the spaces A;, By, C;, D;) such that the collection X fulfils all the
statements (a), ... ,(f) below (a collection with these properties will be constructed
in IL.8-11.12).

(a) Forevery i € x, the spaces A;, B;, D; have a set O; in common, their metrics
coincide on O; (i.e. ai(z,y) = Bi(z,y) = 6i(z,y) for all z,y € O;); moreover, there
is a point a; € O; such that O; contains its 1-ball in all the spaces A;, B;, D;. Also,

1m
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in each of the spaces Cj, a distinguished point is given, we denote it also by a; (it
can be the same point as in A;).

(b) For every ¢ € x, there is a homeomorphism of B; onto D; which is identical
on O; (let us denote it by (;).

(c) For every i € x there is a bijection £; of A; onto D, identical on O;, such
that both ¢; and ;! are Lipschitz maps with the constant 2, i.e.

8i(£i(2), &i(v)) < 20i(z,y)  and ai(z,y) < 26:(4i(2), &i(y))

for all z,y € A;.

(d) The collection {C;, D; | i € x} is stiff in Top.

(e) The collection {B;,C;, D; | i € x} is stiff in Unif.

(f) The collection {A;, B;,Ci, D; | i € %} is stiff in Metr.
(Let us recall that a collection {o; | j € J} of objects of a concrete category X
is called stiff if it has the following property: if there is a nonconstant morphism
F: 0j — 0j, then necessarily j = j' and f is the identity. In (d), we investigate
the nonconstant continuous maps [the exact formulation is that

{F2(Fi(Ci)), Fa(Fi(D;)) | £ € x} is stiff in Top);

in (e) we investigate the nonconstant uniformly continuous maps, in (f) the non-
constant non-expanding maps.)

4. We shall form products of collections consisting of some spaces of the collection
X = {A;, B;,C;, D; | i € x}. (The products will be formed in the category Metr; we
use the symbol [] or x.) Since, in each of the spaces A;, B;, Ci, D;, the distinguished
point a; is given, there is a distinguished point in each of such products, namely
the point with all the coordinates equal to the corresponding a;. The (metric !)
subspace of the product consisting of the points which differ from the distinguished
point only in finitely many coordinates, is called a reduced product and denoted by
x or []. For every f = (fo, f1, f2) € w* X w* x w*, let us put

Afo, fi o) = n Afo(l)x H Bfn(-)x 5| Cf’(')x H D

1I€x i€x
B(fi,f)=H B"(')x H C"("x H D
i€x i€x
Ch)=Hcl9 D*‘° ,
i€x =

where AJ*®) is the (reduced) product of fo(i) copies of the space A; (if fo(i) = 0,
then it is a one-point space), Bf‘(‘) (or CF *()) i a (reduced) product of f1(%) (or
f2(3)) copies of the space B, (or C;) and Dko is the reduced product of Ry copies
of the space D;.

By (c), the bijection

E!u(t) Afo(') - D{o(l’)
cIEIn -Ie]u ile—Iu
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is a uniform homeomorphism so that [];c, Al-f°(") x HiE,D?" is uniformly homeo-
morphic to FJ;¢ ,D?°, hence A(fo, f1, f2) is uniformly homeomorphic to B(fi, f2).
By (b), the bijection

H Ch(i): H Bifl(i) — 1 D{l(i)
i€x IEX i€Ex

is a homeomorphism so that [];¢, B x [];¢, DI is homeomorphic to [];¢, DX,
hence B(f, f2) is homeomorphic to C(f2).

Lemma C. Let f;,g2 € w*. If C(f2) is homeomorphic to C(gz), then fo = ga.

PrOOF : Let h: C(f2) — C(g2) be a homeomorphism. We show that f, < gs.
Choose j € » and an embedding e: Cf 0) _, C(f2) such that the composition of
e with any projection of C(f2) onto D; or onto any C; with i # j is constant. By
(d), h o e composed with any projection of C(f;) onto D; or onto any C; with ¢ # j
is also constant. Hence h determines a homeomorphism of ij () into C}' () This
implies (see e.g. [T1] that fa(j) < g2(j)- L
Lemma B. Let(f1, f2), (91,92) € w*xw*. If B(f1, f2) is uniformly homeomorphic
to B(g1,92), then (f1, f2) = (91,92)-

PROOF : This is quite analogous to the previous proof, we only use (e) and the
fact that the projections are uniformly continuous. ]
Lemma A. Let (fo, f1, f2), (90,91,92) € w* Xw* xw*. If A(fo, f1, f2) is isometric
to A(go,91.92), then (fo, f1, f2) = (90, 91, 92).

PROOF : This is quite analogous to the previous proofs, we only use (f) and the
fact that the projections are non-expanding maps.

6. Now, we define
po: Uy X Uy x Uy — IIMetr

as follows:

wo,Vi,V)=11C LI AU f) .

JEx fi€V;,i=0,1,2

i.e. po(Vo, V1, V2) is a coproduct of » copies of the coproduct

A(fﬂ’fhfZ)

So€Vo,f/1EVL, f2€V,
(the coproduct is in Metr, i.e. a disjoint union of the metric spaces in question with
the distance equal to 1 for pairs of points of distinct spaces).
Lemma. pg is a monomorphism.

PrOOF : a) First, we show that o is a homomorphism. Let (Vp,V;,V2) and
(Wo,Wl,Wz) in U,, X U,, X U,, be given. Since [lo(Vo,Vl,Vz) (OX‘ yo(Wo,Wl,Wz))
is a coproduct of » copies of a coproduct of the system {A(fo, f1, f2) | fi € Vi, i =
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0,1,2}) the product (in Metr !) po(Vo, Vi, Va) X po(Wo, W1, W) is isometric to a
coproduct of x* = x copies of a coproduct of the system {A(fy, f1, f2)x A(g0,91,92) |
fi € Vi,9i € W;,i = 0,1,2}. Since cardV; = cardW; = x and A(fo, f1,f2) %
A(go,91,92) is isometric to A(fo + 90, fi + 01, f2 + 92), the coproduct of x copies
of the coproduct of the last system is isometric to the coproduct of » copies of
the coproduct of the system {A(ho,h1,k2) | hi € Vi + W;,i = 0,1,2}, ie. to
so(Vo + Wo, Vi + Wi, Va + W3).

b) Now, we show that o is one-to-one. Let (Vo,V4,V3) # (Wo, W1, Wy), ie.
Vo x Vi x V3 # Wy x Wy x Wp, and let us suppose that there is (fo, f1,f2) €
Vo x Vi X Vo \ Wy x Wy x Wa. Then po(Vo, Vi, V2) has a component isometric to
A(fo, f1, f2), but there is no such component in po(Wy, Wy, Ws), by Lemma A in
11.5. ™

7. We define

p1: Uy x Uy — I Unif
p2: Uy — I Top

by

miuV) =R I B&.A)),

JEx fi€V;,i=1,2

m(V2) = Fo B(LJC L] et -

JEx f2€V)

Since both the forgetful functors Fy, F; preserve coproducts, we obtain that
p1(V1,V3) is a coproduct of » copies of a coproduct (coproducts in Unif !) of the
system {F1(B(f1, f2)) | fi € Vi,i = 1,2} and p3(V2) is a coproduct of » copies of
a coproduct (coproducts in Top !) of the system {Fz o F;(C(f2)) | f2 € V2}. Since
both the functors Fy, F; preserve finite products, the proof that u; and u, are
homomorphisms is quite analogous to the proof that pg is a homomorphism. The

fact that yu, is one-to—one follows from the Lemma B in II.5, u; is one-to-one by

Lemma C in IL.5. We conclude that the diagram

U X Uy XUy —2 3 Uy x Uy —— U,

ﬁol ml ml
I Metr —— I Unif — ' I Top

commutes, by I1.4, so that u = (up, 41, 2) is a required embedding.
8. It remains to show that a system

X = {A.',B.',C.’, D; ' i€ X}

with the properties (a) — (f) in I3 really does exist. The construction of such a
system which we present in II.8 — I1.12 below, is a simplified modification of the
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construction in [Te]; however, in [T), the properties (a) — (f) are not explicitly
stated, so we present here briefly this modification, and point them out. First, we
construct a triangle space T' with three distinguished points o, t;, t2 by means of
a countable disjoint system S of subcontinua of a Cook continuum [C] as in [Ts)
(in another setting, the construction is also described in [PT], p. 223-4). We recall
that T is a compact metric space of the diameter 1 and the distance of ¢; and ¢;
is equal to 1 for ¢ # j. We need here two triangle spaces, say T; and T3, their
distinguished points are denoted by t;, t; 1, ti2, ¢ = 1,2, constructed by means of
countable disjoint systems S;, S; of a Cook continuum such that §; U S; is also
disjoint. Then, by [T), the spaces Ty and T, have following property (cf denotes
the closure in the corresponding topological space):

Put M = Ty, Ny = {t10,t1,1,t12}, M2 = Th \ {t22}, N =
{t2,0,t21}. Let i € {1,2}, let Y be a metrizable space contain-
ing the [topological] space M; Ncf(Y \ M;) C N;. If j € {1,2}

*

) and f: M; — Y is a nonconstant continuous map, then either
f(M;) € cf(Y \ M;) or i = j and f is the inclusion, i.e. f(m)=m
for all m € M;.

We form a topological space S from a disjoint union of T; and T\ {t2,2}, identifying
t1,0 with t30 and ¢, ; with ¢ ; (for simplicity, we suppose that S = Ty U(T;\ {2 2})
and Ty N(T2 \ {t2,2}) = {to, 1 }, ti = ti =1y, for ¢ = 0, 1; moreover, we denote ¢, »
by t,. We investigate the following three metrics g9, 1, 03 on S: we start from the
metric 7 of T} and g of T, and define the following metrics on Tz \ {t2,2}:

Bo = p #1 = min(1,2p)
pa(z,y) = min(1,2u(z, y) + |u(z,t22) ™" = 4y, t22)7') -

Then we put

r(z,y)ifz,yeTy
ai(z1y) = p;(z,y) if T,y € TQ\ {t2,2}
min(1,7(z, %) + pi(to,y), (2, t1) + pi(t1,y) if € Th,y € T \ {t2,2}

i.e. (S,0;) is a quotient in the category Metr of a coproduct (coproduct also in
Metr) (Tl ’ T) H(T2 \ {tz,z}, ﬂi), given by the identification tl’o = tz,o and tl,l = t?,l .
In the diagram

(5,02) —— (S,01) —— (5,00) ,

both 33 and t; denote the identity map of the set S onto itself. The construction of
the metrics og, 01, 07 implies immediately that 1, is a non-expanding map and af’
is not non-expanding but it is a Lipschitz map with the constant 2, 33 is uniformly
continuous and 17! is continuous but not uniformly continuous and all the maps
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12, 131, 11, 17! are isometries on the subspace T; of all the three spaces (5,0i),
i=0,1,2.
9. Let G = (V;Ry, Ry, R;) be a quadruple, where V is a nonempty set (of
vertices) and Ry, R;, R, are three binary relations on it such that
(V,R;) is a connected directed graph without loops (i.e. Rz € V x V, never
(v,v) € R; and for every v, w € V/, [not necessarily distinct] there exist vo =
v,v1,...,Vn = w in V such that (vi,vi41) € R2 UR«;l fori=0,...,n—1)
Ry C Ry CR;.
Depending on these data, we create a metric space M(G) as follows (see [Ts]):
(1) for each r € Ry, we denote by Z" a copy of (S,00),
(2) for each r € R, \ Ry, we denote by Z" a copy of (S,01),
(8) for each r € R; \ Ry, we denote by Z" a copy of (S, 02).
The distinguished points ¢y, ¢, t; of the copy Z" are denoted by t§, ¢!, t5. The
metric space M(G) is the quotient (the quotient formed in the category Metr !) of
a coproduct (the coproduct also in Metr)

[z

r€R;

given by the following identifications (where mo(z,y) = z, m1(z,y) = y):
t7 with t] whenever mo(r) = xo(r')
t7 with t] whenever mo(r) = my(r')
t7 with ¢] whenever m;(r) = m (r')
£ with ¢} for all r, #' € Ry; let us denote by ag the point of M(G) obtained
by this last identification.

Let us denote by T'(G) the subspace of M(G) obtained by the above identifications
from [l,ep, T7 (where Ty is the subspace of Z" corresponding to the subspace Tj
of (S,0i)). Then T(G) is a neighbourhood of ag in M(G), it contains the open
1-ball of ag in M(G).

- 10. Observation: Let G = (V;Ro, Ry, R;) and G' = (V'; Ry, Ry, R) be two
quadruples as above and M(G), M(G') be the metric spaces constructed by means
of them as described in IL.9. If

V=V andR, =R},
then the spaces M(G) and M(G') have the same underlying set and the identity
o 1: M(G) — M(G')
is a homeomorphism which is an isometry on T(G) = T(G"). If, moreover,
R =Ry,

then 1 is a uniform homeomorphism such that both : and 1~! are Lipschitz maps
with the constant 2.
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11. Let G = (V;Ro, R, R;) and G' = (V'; Ry, R}, R}) be two quadruples as
above. Then any map
hV—oV

which is Ry R}-compatible (i.e. (z,y) € R, => (h(z),h(y)) € R}) determines a
nonconstant continuous map

M(h): M(G) — M(G')

such that it sends each copy Z" in M(G) with r = (vsw) “identically” onto the
copy Z" in M(G'), where r' = (h(v), h(w)) (since the graph (V, R;) is connected,
this rule really gives a nonconstant continuous map of M(G) into M(G")). I,
moreover, h is Ry R}-compatible, then M(h) is uniformly continuous. If, moreover,
h is also RoRj-compatible, then M(h) is non-expanding. The property (*) of the
triangle spaces Ty and T (see I1.8) implies that the converse is also true (see [Ts)): if
f: M(G) — M(G") is a nonconstant continuous map, then there exists a (unique !)
map h: V — V' which is R, R}-compatible such that f = M(h); if f is uniformly
continuous, then h is also R, R}-compatible; and if f is non—expanding, then k is
also RoRj-compatible.

12. Now, it is already easy to see that the system X = {A;, B;,C;, D; | i € x} of
metric spaces with the properties (a) — (f) in I1.3 can be obtained as the system of
the spaces M(G) for suitable quadruples G. Let us denote by

G(X;) = (V(X:); Ro(X;), Ra(X5), Ra(X3))

where i € ¥ and X denotes some of the symbols 4, B, C, D, the quadruples which
“should create” the metric space X;. We obtain the system X of metric spaces with
the properties (a) — (f) whenever the system of quadruples has all the following
properties (i), (ii), (iii):

() V(4;) = V(Bi) = V(D;), Rao(Ai) = Rg(B;) = Rp(D;) and the system
{(V(X;); R2(X5)) |+ € %, X € {C,D}} of directed graphs (connected, with-
out loops) is rigid in the category ®; of all directed connected graphs with-
out loops, and all compatible maps. (Let us recall that a category is called
discrete if it has no morphisms except the unities; and C C obj K is called
rigid in a category X if the full subcategory of K with C as its class of objects
is discrete.)

(ii) Ri(Ai) = Ri(D;) and the system {(V(X:); Ri(X:),Ra(Xi)) | i € %, X €
{B,C, D}} is rigid in the category &, of all triples (V; Ry, R;) where
(V,R;) € obj®; and R; C R; and all maps which are compatible with
respect to the both relations.

(i) The system {(V(X:); Ro(X:), Ri(X;), Ra(X;)) | i € %, X € {A,B,C,D}} is
rigid in the category ®p of all quadruples (V;Ro,R;,Rz), where
(V;R1,Rz) € obj®;, Ry € R, and all maps which are compatible with
respect to all the three relations.
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However, this is also ready. A special case of Lemma 2.4 in [T's] gives the following
result: For arbitrary diagram of small categories and faithful functors

v v
ko-——ﬂ—-okl—;akg

(i.e. ko, k1, k2 are small categories, ¥o, ¥, are faithful functors), there exists its
simultaneous representation in the'diagram

00-—’“—»61——2—402

(where ®g, P, are the forgetful functors (i.e. @¢(V;Ro,Ri,Rz2) = (V;Ry, Ry),
®,(V; Ry, R;) = (V;Ry)), ie. there exist full faithful functors A;: k; — &;,
7 =0,1,2, such that the diagram below commutes:

v v
ko——o—"kl—-—‘—§k2

[T TR

®
00-—0——961——"—002

To obtain the system of quadruples which fulfills (i), (ii), (iii), it suffices to choose
all categories ko, ky, k; discrete and

objk; = {O(Xi) " €Ex,X€ {C, D}}

objk; = {o(Xi) l[iex, X e {B,C,D}}

obiks = {o(X;) |i € x, X € {4, B,C, D}

and

Wo(o(4i)) = Yo(o(D;)), ¥o(0) = o else
W1(o(By)) = Wo(o(D;)) , ¥1(0) = o else.

II1. Concluding remarks.

A) The following strengthening of the Main Theorem can be obtained by an easy
modification of its proof. ’

Given a metric space M of diameter < 1, every diagram (2) can be embedded
in the diagram (1) by an embedding ¥ = (to,%1,%32) such that each space of the
isomorphism type vy(s), s € Sy, contains M as a retract in Metr (i.e. if X € ¢o(s),
then there are non-expanding maps M S XandX 5 Mwithroe identity).

We sketch briefly the needed modifications (this trick was already used many
times): we construct the embedding ¢ = (w0, ¥1,¥2) precisely as in II, only the
system X in I1.3 (with the properties (a) — (f) is supposed to be a subsystem of a
system X U {Z}, where Z is a metric space such that

A U Z is stiff in Metr,
{B:,Ci,D; | i € x} U {Z} is stiff in Unif,
{C;i, D; | i € ®} U {Z} is stiff in Top.




Products of metric, uniform and topological spaces

Such larger system X' U {Z} can be constructed precisely as in I1.8 - I1.12, only the
small categories ko, k1, k2 in I1.12 are selected to have one object o(Z) more.

For every s € So, we choose a metric space X, of the isomorphism type @y(s)
and put 1)o(s) to be the isomorphism type of the metric space

oo
Y, =[] X. x (M x 2)"

n=0

(all products and coproducts are in Metr). Then

a) M is a retract of M x Z, hence of Y,;

B) Y, is isometric to Y, x Y,/ (because » > Ro);

v) the subspace X, = X, x(M x Z)° of Y, can be recognized from Y,: it consists
of all its components C such that each non-expanding map Z — C is
constant; hence if s # s', Y, is not isometric to Y, so that 1, is one-to—one.

We proceed similarly for 1, and ;.

Thus, the consequences of the Main Theorem, described in I (and in the abstract)
can be enriched by the requirement that any metric space of diameter < 1 can be
embedded as a retract in a space X with the curious properties.

B) In [AK], Addmek and Koubek investigate sum~productive representations of
ordered commutative semigroups. This setting can be transformed to the present
“simultaneous” approach without any difficulty and the Main Theorem can be
strengthened as follows: we investigate IIMetr, I1Unif, IITop (partially) ordered
by the rule

6 <@ iff o is a coproduct of o and of an object (possibly empty) of the
category in question
(where o, o' are objects of Metr or Unif or Top and the strip denotes the isomorphism
type). Then .
any diagram (2) of ordered commutative semigroups So, Sy, S2 and order-
preserving homomorphisms hg, h; can be embedded in the diagram (1) by an
embedding ¢ = (o, ¢1, ¥2), where y; are order—preserving monomorphisms.
To obtain this strengthening of the Main Theorem, quite easy and straightforward
modifications can be done: by [AK], every ordered commutative semigroup S can
be embedded into U, (with x > ®o - card S), ordered by inclusion, by an order-
preserving monomorphism. We modify Lemma in II.2 in the evident way and the
rest of the proof is practically the same (only some formal changes are necessary in
the part b) of the proof of the Lemma in I1.6 and IL7).

C) The strengthenings of the Main Theorem, described in III.A) and in II1.B)

can both be investigated simultaneously. The formulation is left to the reader.
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