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The sequentiality is equivalent to the
F-Fréchet—Urysohn property

B. BOLDJIEV AND V. MALYHIN

Dedicated to the memory of Zdenék Frolik

Abstract. Some relati g sequentiality, ¥-Fréchet-Urysohn property and F-sequen-
tiality are shown.
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The main results of the paper (necessary definitions will be given below):

Theorem 1. There ezists a filter F on w such that every Hausdorff sequential
space is F-Fréchet-Urysohn.

Example 1, [CH]. For every ultrafilier p on w which is a P-point in w* there ezists
a compact Franklin’s space whose indez of p-sequentiality equals 2.

Example 2, [CH]. There ezists a sequential compact space which is p-Fréchet-
Urysokn for no P-point p € w*.

Theorem 2. Every compact Franklin’s space is p-Fréchet-Urysohn for no P-point
p Ew*.

In 1968 M. Katétov [1] introduced the following concept of an F-limit point. Let
F be a filter on w. A point z of a topological space X is called an F-limit point of
A C X if there exists a sequence {an: n € w} such that {n € w: a, € 0,} € F for
all neighborhoods O; of z. It is obvious that if F is a Fréchet filter, i.e. the filter of
cofinite subsets of w, then an F-limit point is the ordinary limit of some convergent
sequence lying in the corresponding subset. So, the concept of an F-limit point is
a generalization of that of a convergent sequence.

The property of a space being p-sequential or F-Fréchet-Urysohn is very natural,
as well.

A topological space X is said to be F-Fréchet-Urysohn if each limit point of any
subset A C X is an F-limit point.

A topological space X is called F-sequential if the nonclosedness of any subset
A C X is equivalent to the existence of an F-limit point of the subset A laying in
X \ A. This notion is due to A. P. Kombarov [2].

When F is an ultrafilter p, the notion of p-Fréchet-Urysohn has been studied by
I. Savchenko.

23



24

B.Boldjiev,V.Malyhin

PROOF of Theorem 1: First, we recall the notion of the sum of a family of filters
{Fa: a € A} over another filter F on the set A. Suppose that filters F, are defined
on disjoint sets K,. Let K be the union | J{Kq: @ € A}. The filter on K consisting
of all subsets M C K with {a € A: MK, € F,} € F is called the sum of the
family {Fa: a € A} over the filter F and is denoted by ) F,.

F

Let {X,: n € w} be a disjoint family of countable infinite sets X, and let X be
the sum | J{Xn: n € w}. For each n € w we fix a bijection ¢n: X «— X,,.

Let F be a Fréchet filter on X and let F! = F.

We describe the first step of the transfinite process of length w,.

For each nn € w let F} = p,(F*) and let F? = E}". We remark that F! C F2,

hence, for each n € w we have F2 = ¢,(F?) D FL. 1 Second, we define F3 = }:.7-'2

on X thus 2 C F* and, for each n € w we have F3 = ¢,(F3%) > F2. And 80
on. At the w-th step we define F¥ = 3 F? on X. It is obvious, that F* C Fv¥
F

for all n € w, therefore, F¥ = p,(F*) D F¥ for all n, k € w. Hence, if we define
Futl = 2.7-';‘.' , then all the natural mductlve assumptions are fulfilled.

Now, let a be a limit ordinal and w < a < wy. Let {©,: n € w} be an increasing
sequence of ordinals in a with sup{©,: n € w} = a. We define F* = 3" F&» on
F

X. It is clear that F# C F for all # < a, therefore, F& = @,(F*) D F£ for all
n € w and B < a. Hence, if we define Fo+! = Ef' « then all the natural inductive

assumptigns are fulfilled.
So we have the increasing families of filters {F*: @ € w1} on X, {FZ = pn(F*):
a € w } on every X, where Fot1 = }:.7-"" for all @ € wy and F* = Efe" for some

increasing sequence of ordinals {©,: n € w} in a such that sup{@,. n €w} =a.
Then F“* = |J{F*: a € w;} is a filter on X and F3* = U{}"’.aEwl}—

@n(F“1) is a filter on X, for each n € w. It is not hard to venfy that Z}' w1 = Fur,

We shall show now that F“! is the requested filter. Let Z be a.ny Hausdorft
sequential space. We denote by § its index of sequentiality, hence, if A C Z and
z € A then §(z,A) is a countable ordinal a. Suppose that the corresponding
inductive conditions are fulfilled. Let z be the limit of the convergent sequence
{zn: n € w} with é(2p,A) = B < a for all n € w. Since Z is a Hausdorff space,
there exists a disjoint family {V,} of neighborhoods of the points z,. By the
inductive assumption, each z, is an F“-limit of a sequence from A N V,, hence an
Fur-limit of the same sequence. Consequently, z is an F“!-limit of the union of the
sequences, which completes the proof. ]

CONSTRUCTION of Example 1: Let us assume that CH is true. Let p be a P-point
in w*. We shall construct an infinite maximal family £} of disjoint non-empty
clopen subsets of w* such that the set T'(p) of all ultrafilters of the same type as p
is contained in |J ;.

Under the assumption of CH, |T(p)| = ®i1. Let T(p) = {pa: @ € w1 }.
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We shall construct the family £} by transfinite induction. We assume that a
countable part T, of T} has already been constructed: I}, = {Vj: f € a}, where
pg € UZ}, for all B € a. Let us describe the a-th step of the transfinite procedure.
If po € JZ, then £, = T3, otherwise we put T5 4, = I} J{V;} where V; isa
clopen neighborhood of p, disjoint with (JX%,.

Let £3 = U{Z4: @ € w}. It is evident that T(p) C UZ; and £} is maximal,
ie. [U E;] = w*. The index of p-sequentiality of the corresponding Franklin space
F(%})is 2. ]
CONSTRUCTION of Example 2: Again, suppose that CH is true. For any P-point
p € w* denote by F, a copy of F(Z}) (see the previous example) and by F the
disjoint topological sum of all these copies. Thus F is locally compact. If F* is the
one-point compactification of F, then F* is sequential and its index of sequentiality
equals 2. Let p be a P-point in w*. Then F* is not p-Fréchet-Urysohn, because F,
is clopen and F,, is not p-Fréchet-Urysohn. [ ]

Theorem 2 easily follows from the following lemma.

Lemma. If A is an infinite disjoint family of non-empty clopen subsets in w*, then
Fr(lJA) contains ultrafilters of all types ezcept of P-points.

PROOF : Indeed, it is evident, that if B C A, so Fr(UB) € Fr(UJA). If ¢ is
not a P-point, then there exists a countable C of non-empty clopen subsets in w*
such that £ € Fr(lJC). Let B be any infinite countable subfamily of A. There
exists a permutation ¢: w «— w such that the extension ¢*: fw +— Bw moves C
onto B, therefore Fr(|JB) contains the same types of ultrafilters as Fr(|JC). This
completes the proof. L)

Question. Is it consistent with ZFC that every Hausdorff sequential (compact)
space is ultra-Fréchet-Urysohn?

(A space is said to be ultra-Fréchet—Urysohn if it is é-Fréchet-Urysohn for all
£ ew).
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