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On infinitely many solutions
of a semilinear elliptic eigenvalue problem

J.LEMBCKE

Abstract. We deal with an application of an abstract theorem concerning critical points of
functionals with symmetries (see [2]) to the problem

-Au =X u+g(u), u € H}(Q), QCR".

For A € R, we prove the existence of infinitely many solutions under assumptions which
generalize the previous results of de Candia/Fortunato [4] et al.

Keywords: Semilinear eigenvalue problems
Classification: 35P30

This note deals with the semilinear boundary value problem
(1) —Au =\ u+ g(u), u € HY(R),

where @ C R"(n > 2) is a bounded smooth domain, under the following general
assumptions on the function g:

(i) ¢: R — Ris odd and continuous.
(ii) There are positive constants c;,c; such that for some p € (2,2n/(n — 2)) we
have
gt < ecr4e2-tfP™}, teR

(iii) For any c3 > 0, there is a constant ¢4 such that
lg) 2 cs-|t|—csy, tER

The solutions of (1) are the critical points of the C'~functional on H}(Q) defined
by

@) Flu) = -;-/IVuI'Z—-%/\-/uz-—/G(u),

where G(t) = [, g(s)ds, t € R.
If G is “superquadratic”, i.e. satisfies the additional condition

(iv) gt)-t—2-G(t) > c-G(t) -, teR

for some positive constants c,c’, then it is known that (1) possesses an infinite
sequence of distinct solutions for any A € R (see [1], (3], [5]). Easy arguments show
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that (iv); does nor apply to functions G(t) growing nearly as [t|2, for example, to
G(t) =% - (In(1 + t*))?, B > 0. From [4] we learned that under the assumption

@iv)2 t-g(t)=2-Gt)>c-Jt|*-¢ t€ R,
) 2n
(e,d’ >0 and & > max(2, s 2(p 1))
which covers this case, there also exist infinitely many solutions of (1). Nevertheless,
it is easy to see that (iv), does not follow from (iv)z, too.

The aim of this note is to improve the range of a allowed in the de Candia/Fortu-
nato condition (iv); and to discuss certain more implicit assumptions generalizing
both (iv); and (iv)2. Our considerations are based on a result of Bartolo/Benci/For-
tunato [2, Theorem 2.4]:

Proposition. Suppose that the functional f € C*(H,R), where H is a Hilbert
space, with dual H', satisfies the following properties:

(f1) Every bounded sequence {ur} C f1((0,00)), for which {f(ux)} is bounded

and f'(ur) — 0, possesses a convergent subsequence.

(f2) For any c € (0,00) there ezist positive reals d < c, R, and a such that

WF C)lla - ulla 2 a

for allu € f~Y([c — d,c + d)) satisfying ||ully > R.
(fs) There ezist two closed subspaces HY,H~ of H with codim H* < 400, and
two constants co, > cp > f(0) > 0 such that

3) f(u) 2 co, u € H* with ||[ul|g = & for some 6§ >0
4 flu)<ew, uwe€EH.
(fa) [ is even.

Then, if dimH~ > codim H*, f possesses at least m := dimH~ — codim H*
distinct pairs of critical points whose corresponding critical values belong to [0, 00).

In the following we prove that our variational functional (2) satisfies the assump-
tions (f,) — (f) where H := H}(Q) and H' := H~}(). Let us mention that (f1),
(f3), (fs) follow from the general conditions (i), (ii), (iii) on ¢(t) in a standard way.
Only for showing (f2) we need some additional assumption. It turns out that (f2)
with f = F immediately follows form the following property:

(f2)' For arbitrary M > 0, if |F(u)| < M and Jjul|g — oo,

then [g(u)-u —2G(u) — co.

Indeed, since ||F'(u)||a lulla = |(F'(u), u)|, for (f;) it is sufficient to show that

@ 2= P = [9u -4 [v- [ow)-u<-a<o
under the restriction F(u) € (0,2c) and ||ul|g = R for large R. But due to
©) u) = 2P(w) - [(o(u)- u=26(u)

(f2)' yields (5) in an obvious way.
Thus, we have to look for more explicit conditions (analogous to (iv): or (iv)z)
which imply, together with (i) ~ (iii), the property (f,)'.
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Lemma. Under the assumptions (ii), (iii), for the problem (1) and the correspond-
ing functional (2) the following implications hold:

(iv) = (iv)s =

(iv), = (iv); = } (f2)' = (f2)

where (iv)y and (iv); are given by:
(iv)y There are positive constants cs,ce and a > max(1, 3(p — 2)) such that
t-g(t) —2G(t) 2 cs - [t|* — ce.

(iv)s There are positive constants cr,cs and g such that for u € H(:= H}(R))

(9(u)-u—2G(u)) 2 cr- (| G(u))? —cs.
/ /

ProoF : (f;)' = (f2) has already been proved. (iv); = (iv)s is obvious with ¢ = 1.
(iv)2 = (iv)} is clear because max(1, 2(p — 2)) < max(2, :4%(p — 1)) for arbitrary
p € (2, 2%). For proving (iv)s = (f2)' we observe that (iii) and |F(u)| < M yield

the inequality

() Hw%=/ﬁmP=@ﬂw+ﬂn/f+2/GWDs

<c+c- /G(u) (c,c' > 0).

Thus, if ||ul|g — oo, then [ G(u) — oo and by (iv); also [ g(u) - u — 2G(u) — co.
It remains to establish (iv);, = (f2)’. As above we can rely on (7). But by (ii) we
actually have

®) lullly < ¢ +¢llullf, -
Next we apply a Gagliardo-Nirenberg-type inequality
(9) lullz, S e lullz;®- fulf, weH

which is valid with © = n(1 ~ 1)/(1+n(L - 1)) €(0,1) forany 1 <a < p< ;2%
(for details, see (6, ch.2.4.2]). From (8) and (9) it follows that ||u||z — oo implies
llullz, — co whenever ©p < 2 which is equivalent to @ > 2(p — 2). Thus, by (iv);
we finally get [ g(u)-u —2G(u) — oo which proves (f;)’. The lemma is established.

X ]

We are now able to formulate the main result.
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Theorem. The problem (1) has infinitely many distinct solutions if the assump-

tions (i), (ii), (iii), and any one of the conditions stated in the Lemma is fulfilled.

PROOF : As indicated above, we have to examine (f;) — (fs). (f2) is proved in the
lemma, (f;) is obvious from (i).
Now, consider a sequence {u;} as assumed in (f;). Observe that

—QAug — Aug — g(ug) = 0 in H'.
éince (=A)™': H' — H is continuous, we have
(10) up = A (=A)tup —(-A)'g(ux) » 0 in H.
{ux} is bounded in H, hence possesses a weak convergent subsequence still denoted
by {ux}, i.e.
(11) up — ug (weak convergence in H).
Let W7 := W7(Q) denote the usual Sobolev spaces, 1 < ¢ < 0o. Next we show that
(12) u—(~A)"lg(u): H— H  is compact.

Let u € H C W}. The well-known Sobolev embedding theorem leads to u € L 3n ,
n-2

and by (ii) we obtain g(u) € L,
_ 2n
RECEE RS

Since p < ;z_'_‘—z, we have ¢ > "—"'Jf"—z > 1. Elliptic regularity yields the boundedness of

(-A)'og: H — W, and according to the compact embedding W} < W} we
get (12). It remains to observe that

(for n = 2 arbitrary ¢ < oo is allowed).

(13) u— (=A)"'u:H — H is compact.

Properties (10) - (13) imply (f;).
In order to verify (f3) we choose the following subspaces:

H =M, i=12..,1
L]
H,',*::e?M,, =+,
where M, denotes the eigenspaces corresponding to the eigenvalues 0 < A1 < A; <

A3 < ... of the laplacian. Let I, ' be such that m := dim H;” — codim Hf > 0 and
A < A, Ar. By the definition of F(u) and (ii), (iii) we have

‘ w0 2F(u)=/|vu|2_,\/u2—zfc(u)

2 flullly - llulf, =", €\ >0
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On the other hand. by the definition of H we have ||ul[},/|lull}; < 1/Av for
u € Hjf, which, substituted into (9) for a = 2, gives

lulle, < e lluller - (Ae)™7%, we HF

where © = n(} - i;) < 1. Together with (14) this yields

F(u) > %(52 —c e 67 A 0O _ oy

for all u € H}f, ||lullg = 6. This, in turn, implies (3) with an arbitrary large co if
first 6§ and then I’ are chosen large enough.
Finally, to show (4), we take c3 in (iii) such that c3/2 > Ay — A. According to (iii)

we have
c3 €3
[ewz [ -z i, - <

Furthermore,
ey < Ac-llullf,,  weH;.

Thus, we obtain

C,
2F(u) < llullfr = Mellz, = S lleliz, +2¢
S=A=3)-fulf, +2¢ <2, ueHy

and (f3) is completely established.
Now, the theorem follows from the proposition.
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