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Remarks on bounded solutions
of a semilinear dissipative hyperbolic equation

M.KOPACKOVA

Abstract. Global estimates for solutions of a hyperbolic equation with a nonlinear dissi-
pative term of polynomial or arbitrary growth are proved. Moreover, a global estimate of
Holder constant for a solution is derived.
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Introduction. A Haraux in [1] proved the estimate E(t) < c(||fll4% + 1) of the
energy for the equation

(1) uy + Lu+ g(ue) = f

fot arbitrary growth of the function g and confronted it with better estimate E(t) <
(|l fllZ& + 1) in the case of polynomial growth of g.

The first rematk is devoted to a connection between these two estimates, whose
slightly different proofs are given here. The second remark gives the global estimate
of the difference of two solutions,that imiplies continuous dependence of a solution
u ont f and initial data and a global estimate of Holder constant of u.

Assumiptions and results. Let us recall sothe assumptions given in [1] and [2].

Asgtiftiptions on L. Let  be a bounded domain in R", a Hilbert space V be
densely and continuously imbedded in L%(Q) and let L : V — L?(Q2) be a linear
syminetric positive operator.Denote (u,v) the duality between V and V', ||u| =
{Lu,u)?¥ the north in V and (u,v) the inner product in L2(2). Let V be continuously
imbedded into L*(Q):

@) [uls £ collull,u € V, |ulz S coluls, u € L(R)

where [u]; is the norm of u in L*(Q),s £ v + 1 (y is defined in the embedding
theoteti).

Asgmmpﬁéns on g. Let g(¥) be a continuous non-decreasing function on R sa-
tisfyliig the following

(8) 9(8) =0, there exist 7> 0,Cy : g(y)y 2 lylP*' —cilyl, y€R,
for some p € [1,4]
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(4) there exist C3,Cy : lg()llv' £ ¢3 +ca{g(v),v) veEV
(6) there exist cz,n7 > 0,p € [1,7] such that
_ -9y -1
My —wlPt g_ﬁyj;)_:z_g_z_) < ca(1+g(y1)wn + 9(32)a) 777)

hold for every y1,y2 € R,y; # y,.
Remark 1. The polynomial growth of g.i.e.

@) lo(@)] € es(lyl? + 1),y € R, for some g < 7,
1
gives [9(1)] "+ = l9@)Llg@)I* S ¢ (o(w)y + lo(w)))
which implies |g(y)| "+ < 2cs9(y)y + cs,

where cg depends on cs and ¢ only. Hence

l{g(v),ul £ lg(v)] st [ulgrr S (2Cs{g(v),v) + Con() T Jlull,
u€eV,ve LT(Q)

and (4) holds for arbitrary ¢, and c3 = é?—‘_qf%,);-rc;q + cep(R2).
Assumptions on f(t,z).

! Prsy ey
(5) f e LL(R*,I}Q), sup / 1£(s, ik ds = Hy? - < +oo.
t20 P
t

The existence, uniqueness and regularity of the initial value problem associated
to the equation (1) is known (see e.g. [3], [4]). Let us remind some properties of
the solution u(t, z):

(7 u e WEP(RY, L} Q) N WL (RY,V)
(8) g(u!)u! E L}nc(R+7L‘(Q))
. t+1
© sup [ (g(ue), w)ds < sup Eo(t) + VEsup v/ Bl Ha,
120 120 120

1
where Eo(t) = S(lut, )I* + ludt, JI3)
for the initial data u® € D(L), v° € V, g(+°) € L*(Q) and for f € W} (R, L*()).
We prove the following estimates.

Theorem 1. Under the assumptions (2) - (5) there ezists a constant c such that

21
(10) Eo(t) S (Eo(0)+ H2 + ZH, * +3+c3+1), t20,
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where ¢ does not depend on u, f,c3,¢4 and the initial data.
Theorem 2. Let the assumptions (2) - (6) be satisfied and let u; be a solution
of (1) with the right hand side f; and the initial data u?,v?, i = 1,2. Denote

f=fi—fa,u=u; —upu’ =ul —ud,v® = v — Y and

(11) E.(t) = Eo(t) + e(ur,u)

the modified energy functional. Then there ezist constants c,e; > 0 such that the
following inequality

(12) E.(t) £ E.(0) + c(H: + ‘%I{:‘T_1 + 573'1) = E.(0) + cM(¢)

holds for every € € (0,€,] and every t 2 0. Especially, choosing € = &q to minimize
M(e), we get

2
Eo(t) £ 2E,(t) S 2Eo(0) + 2¢(Hy + Hf) for HpSa

13
12 Eo(t) £ 2E,,(t) £ 2E(0) + 2cM (&) for Hy2a

2 -1 2=t
where a = (Lzl-)'?he{“, €0 = (L’—‘)I;‘T:Hp' ,p>1
In the case p=1 (12) holds without the last term.

Remark 2. The estimate (13) gives continuous dependence of a solution of (1)
on the right hand side f and the initial data u°,v° globally in t € R*. Moreover,
p“tting ul(t’x) = u(t + h,:l:), uz(t, x) = u(ti 1)1 fl(taz) = f(t + h,.‘l’), f?(tv 1) =
f(t,z) the inequality (13) gives the upper bound of the Holder constant of u and
uy (in ¢) for ¢ 2 0 with the exponent p~!, if u® € D(L),v" € V and f; satisfies (5).

The estimates (10), (12) and (13) will be proved under stronger assumptions on
smoothness of u, but the general case may be obtained approximating the functions
f,u® and v°.

Proof of Theorem 1. First, we formulate some estimates which will be used in
the proof. Having in mind (3), (5) and (8), we may estimate the scalar product

(14) [(fiue +eu)] £ Ifllip’—‘—(lut‘p+l +elulpi1) £ |fIL;'_‘(|ut|p+l + ecollul]),

the duality pairing

(15) Kg(ue),u)l S Ng(uollvellull = (ca + cafg(ue), ue))lull £
<w, 'ull + cav/2Eo(t){g(ue), ue)

and the polynomial

2 b1
(16) Dot + f%‘l(s +e)z? +(b+e)r < c(b";Fl +ertt +¢"), z€R'
2
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In the whole paper, a constant ¢ is independent of ¢, f,¢c3 and c4. The second term
on the right hand side of (16) is absent for p = 1.

Multiplying the equation (1) by the sum u,+¢u(e being a small positive number)
and integrating it over {2, we get

17
E(t) +eE (1) = —%Hullz + g€|“¢|§ + e¥(ug,u) — (9(ue), ue + eu) + (f, uy + u).

Using (14) and (15) to the last two terms of (17), we may write

E,(t) +€E.(t) £ - -Ilu||2 + flutlz +5 (Iut|2 +cgllul®) - ~(y(ur),u¢)

+ (—-2- +ecaV/2Ep(t))  (g(ue), ue) + ecslul|+
+ |f|L3_*(|“t|p+1 + ecollull)-

Using (3), (16) for = = |u¢|p+1,b = |f]etr and the inequality
14

2
€ €
=5 lull® + Sedllull® + ecsllull S ecf

which holdsfor 0 S ¢ £ Elc:{’ we get

etl Pt etl
EL(t) + eBe(t) S e(ch + colflealul) + e(lf] fu +557 +¢,” +
14

+ (eca/BB(D - ){a(uc)y o).

Now, let us multiply this inequality by e®!, integrate it over the interval (0,t)

t € [0,T] (T being a fixed but arbitrary positive number), denote E, = oxgzs(xTEz(t)
=t=
and take € so small that the last term is not positive, i.e.0 S e Ser =

2C\/2Eo
Since

t
CoE / 1£(sy )] er - JJu(s,-)|le**ds S ¢ 2E0H,e" < (%Eo +cH,2,)e“,
P
0
we get

Ee(t)ef — E(0) S c(ck + H2)e® + - Eo ety S (H,, per ety —1)

(18) fort€[0,T)and 0 <e £ mm( er)
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As the modified energy functional E,(t) may be estimated for 0 £ ¢ < ;i—o- by the
energy functional Ey(t):

(19) Eo(t) S 2E.(t) S3Eo(t), t20,
we obtain from (18)
— Pl Bl
Eo S6Ey0) + (e} + Hy +e71) + Z(Hy" +¢,7 )
for € € (0, min(e;,e7)), where €, = %min(co",co‘z), which implies (using the defi-
nition of er)

= 2 2 1= 2, 2 B
Eo S 6Ey(0) +c(e; + Hy +1) + 5Eo +eci(Hp * +1).

It says that Eg does not exceed the right hand side of (10), which is independent of
T and then (10) holds for every t 2 0.

Remark 3. Let (3), (4’) and (5) be satisfied. Having in mind Remark 1, choosing
—ptl

¢y = H; P+ and ¢z from Remark 1, we may write the inequality (10) in the
following from

92.-4_.p%1
(20) Eo(t) S c(Eo(0)+ HE+ Hy *1 7 +1).
Ifg=p(eg g9(y) = |yl 'y), (20) gives the known results (see e.g. [5])
(21) Eo(t) £ c(Eo(0) + H} +1).

The estimate (20) may be deduced from (17) in another way: Using the last in-
equality of Remark 1 in (15) and (17), we get

BY(t) + eB(t) < 3{o(ue), ) ¥ (dese v/EL(D) — (g(ue),u )+
Felffi +ellflegs + e +6)%

Similarly to the proof of Theorem 1 we obtain (multiplying the above inequality by
e! and integrating it over (0,t))

— —att
(22)  Fe S E0) +ee'(4es) By +cHy + L(Iflegs +e)F +ec?,

where E equiv max E.(t). Now, ¢ may be chosen such that the sum of the second
0t
and forth terms of the right side of (22) might be minimal, i.e. € = ¢y =
il —_
=c(Hp," + cl)ﬂLlEo *, which gives the inequality (20) (putting into (22)).
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Proof of Theorem 2. Since the difference u = u; — u; satisfies the equation
we + Lu + g(u1,e) — g(uze) = f,

we can proceed similarly to the proof of Theorem lji.e. multiply this equation by
u;+eu and integrate it over Q. Instead of (15) we must estimate (g(u1,¢)—g(uz,¢), u).

Denoting @(t) = (lg(u1,)us,eh + lg(tu2,)uz,h )37+ and using (6) and (8) we have

o(un0 = o(ua, ] < GIELA=9020 Lz gty <

< %(9(“1 ) — 9(uz,0), ue)+

5

1

:
ke dx} fulZss <

5€2 {/[1 + (g(ur,e)ur,e + g(uz,e)uz,e)?
Q

Sczch )
220+ )l

S = {g(u1,e) — g(uz,e), ue) +

&)~

The modified energy functional E,(t) for the difference u = u; — u2 must satisfy

the following (due to (16))

€ 3e
(23)  Bu(®) +cBu(t) S — Sl + S udld + |flegsudlpes + el flegrcolluli-

_<g<u, 0= gz (1= =) + sﬂ”—‘z"fnunu +e) S

|f’u_ + c(umL 4oty 4 2200 “2°° (1 + p(®)]llull?.

Choosing 6, 61 so small, to satisfy 1 - & > 1, 1 —bcyct 2 0and
cocdb sup f, Yo(s)ds < 1, multiplying (23) by e®* and integrating it over (0,t),

te(o, T] we get

pil
E(t) S E(0) + (7T + H) + SH,” + Eo

Using (19), we obtain
- 2 c il
E, S4E.(0) + c(e7-T + H?) + SHy?, te [0,T], €€ (0,&].

Since T was chosen arbitrary, the last inequality implies (12).
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