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Cobalanced exact sequences

ANTHONY GIOVANNITTI, H.PAT GOETERS, CLAUDIA METELLI

Abstract. A sequence of abelian groups £ : 0 =+ A — B — C — 0 is said to be balanced
exact if for every generalized height vector h, the induced sequence 0 — A(h) — B(h) —
C(h) — 0 is exact. If C is torsion—free, then £ is balanced if and only if every rank one
torsion—free group is projective with respect to £. Dually, we consider sequences £ with A
torsion-free, and say that £ is cobalanced :f the torsion-free rank ones are injuctive with
respect to it. It is a well known result of Bican and Salce that for torsion—free finite rank
groups C, the group of balanced exact sequences Bext(C, T) = 0 for all torsion groups T' if
and only if C is a Butler group. We will show that in the dual case that a countable torsion-
free group A satisfies that the group of cobalanced exact sequences Cobext(T, A} = 0 for
all torsion groups T is and only if A is locally completely decomposable.
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I. Cobalanced Sequences.
If f: A — B is an epimorphism with kernel D, then the pull back of

C

|

£:0 » D A B 0

is readily seen to be cobalaneed if £ is cobalanced. Also, the pushout of a cobalanced
monomorphism is cobalanced. One can then define Cobext(C, A) in the standard
fashion and for any cobalanced £:0 —+ A — B — C — 0 we have the derived long
exact sequence: 0 — Hom(G, A) — Hom(G, B) — Hom(G,C) — Cobext(G, A) —
Cobext(G,B) — Cobext(G,C) by applying Hom(G, ) to £ together with the
analogous sequence when one applies Hom( ,G) to the sequence (cf, [9]).

Let 7 be the set of primes. Given a type 7, we let A[r] = N{Ker(f): f: A — X,}
where X, is a torsion—free group of rank-1 and type 7, and let 7(7) = {p € 7 :
pXr # X.;}. For S C w, asequence 0 =+ A — B — C — 0 is said to be S—pure if
nA = nB N A for all n in the multiplicative closure of S in Z.

Proposition I.1. Let A, B, and X be countable torsion—free groups with A of finite
rank and X a rank-1 of type v. Then X is injective with respect to 0 — A — B —
C — 0 if and only if A[r] = B[r]N A and 0 —» A/A[r] — B/B[r] is w(r)-pure.

PROOF : =>) Let z € A. Then z # A[r] implies there is an f : A — X with
f(z) # 0. This map can be extended to B. Thus z ¢ B[r] N A. Since generally
A[r] C'B[r]n A, A[r] = B[r]n A.
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Let A = A/A[r], B = B/B|r), and p € n(r). If a € A has p-height 0, then
Proposition 2.1 in [5] implies that there is a map f : A — X such that f(a) has
p-height zero in X. This map is easily shown to lift to B. Thus a has p-height zero
in B.
<) We must show that 0 — A — B is cobalanced with respect to X. The localizing
at § = n(r) produces a pure exact sequence £ : 0 — (A)s — (B)s, with (4)s finite
rank torsion-free and (B)s countable torsion—free. Since (B)s[r] = 0, X is injective
with respect to £ by Proposition 2.1 of [5]. ]

This proposition sheds light on Example 1.10 in (8] and generalizes Proposition
42 in [1). If F is a countably infinite ranked free group with F/K 2 Q, then
F[r] = K|[r] = 0for all types 7, but no reduced rank-1 torsion—free group is injective
with respect to 0 —» K — F. Also, if B is not separable with B[type(Z)] = 0, then
there is a finite rank free pure subgroup A of B which is not a summand of B. Thus
we see that the hypotheses are necessary.

Corollary 1.2. If B is a finite rank torsion-free = 7-homogeneous group, then
Br] = 0 if and only if B is completely decomposable.

PROOF : (<) Clear.

(=) Let B have rank-n and A be a pure rank-1 subgroup of B. Then the proposi-
tion implies that B = A @ B/A. Thus B/A satisfies the hypothesis of the corollary
and so induction on rank will prove it. ]

Corollary 1.3. If B is a countable torsion—free = t-homogeneous group, then
B[r] = 0 if and only if B is completely decomposable.

PROOF : (<) Clear.

(=) Let A be a pure finite rank subgroup of B. Then A satisfies the hypothesis

of the previous corollary and thus is completely decomposable r-homogeneous.

Hence Proposition 1.1 implies that A is a summand of B. Therefore, by Proposition

87.2 in [3], B is separable and hence completely decomposable (Theorem 87.1, [3]).
n

The torsion—free vector groups are cobalanced injective. Given any torsion-free
group G, the canonical embedding

0-G— H{G/K : G/K is rank-1 torsion—free}

is cobalanced. It is not hard to see that the reduced cobalanced injectives are
summands of (reduced) vector groups and are thus vector groups ([7]).

Proposition 1.4. Let G be torsion-free. The following are equivalent:
(8) G is a subgroup of a vector group V with V/G torsion—free (cotorsion-free).
(b) Cobext(T,G) =0 for all torsion (cotorsion) groups T.
(¢) If0 - G— H — H/G — 0 is cobalanced and H is torsion-free (cotorsion-
free), then H/G is torsion—free (cotorsion-free).

PROOF : We will only prove the characterization of G when Cobext(T,G) = 0 for
all cotorsion T, since the argument in the other case is similar.
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(a)=(b) Let ¢ : G — V be the inclusion map and g : V — V/G be the quotient map.

If Tis cotorsionand £:0 G L H ST 5 0is cobalanced, then there is a map
:H = Vst f =1 Thus q¢'f = 0 and hence there is a unique §'T - V/G s.t.

¢'g = q¢'. Since V/G is cotorsion—free, ¢ = 0. Thus there is.a W S H-G

sit. of = Thus of'f = /f = 1. Hence f'f = 1g, i.e., € splitd. ¥ "

(b)=(c) Let £:0 - G — H — H/G — 0 be cobalanced with H cp}orsxon—fx‘ee

Then applying Hom(T, ) to & for a cotorsion group T, we get t?a sequence

Hom(T, H) — Hom(T,H/G) — Cobext(T,G). Since the twa g* gero, the

middle is zero and thus H/G is cotorsion—free.

(c)=(a) Clear. ]

II. Locally Completely Decomposable Groups.
The next result is the cobalanced analog to Theorem 1.4 on balaticed extensions
in [2]. Let 7, = type(Z,), where Z,, is the group of integers localiz'ed at the prime p.

Theorem II.1. Let G be a countable torsion—free group. The fdlpmny are equiv-
alent:

(a) G is locally completely decomposable.

(b) (G/P“G)[rp) =0 for all p.

(c) G is a pure subgroup of a vector group.

(d) Cobext(T,G) =0 for all torsion groups T.

PROOF : (a)=(c) Let ¢+ : G — I{G/K : G/K is rank-1} = ¥ be the canonical
cobalanced embedding of G into a vector group. Let z € G such, t;m the p-height
of z, denoted htG(a:), is k. Since G is locally completely dechpoSable, there is
an f: G — Z, with f(z) = p*. Thus, because ¢ is a cobalanced’ 'embedding, there
isamap f': V = Z, such that f's = f. Hence ht}(u(z)) < M:’(f't(z))
Therefore, G is pure in V.
(c)=(b) Let ¢ be as in the previous part, and 0 # z+p“G. Thus tbe p-height of z in
G is finite. Proposition 1.4 and (c) imply that G is purein II{G/K : G/K is rank-1}
and hence there is a corank-1 subgroup K C G with htG/ K(z + &) finite. This
implies that the type(G/K) < 7, and so there is a map f : G/K ~ I, with
f(z+ K)#0. Let g: G — G/K and ¢ : G — G/p“G be the appropriate quotient
maps. Then p*G must be contained in K and thus there is a map f' : G/p“G —~ 1,
such that f, = f'q. Hence f'(z + p“G) # 0. Then (b) follows immediately.
(b)=>(a) Consider the split exact sequence 0 — Z,®p“G — Z,8G — L,®@G/p“G —
0. By Corollary 1.2, Z, ® G/p“G is a free Z,-module. Hence Z, ® G 18 completely
decomposable. :
(c)&(d) This follows from Proposition 1.4. T n
The implications (a)=>(b), (c), or (d) do not require a cardinality restriction on
G. The class of torsion—free locally completely decomposable Sroups. i8 a strictly
larger class than that of Butler groups (even in the finite rank m&)’\ ﬁeuce if G is
a Butler group (possibly of infinite rank) Cobext(T,G) = 0 fot n’!l\ormon groups
T.

If G is a Butler group, then Bext(G,T) = 0 for all torsion and mtqmon groups
T. A natural question to ask is: must Cobext(T,G) = 0 for all Mﬁoﬁ m”
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Proposition IL.2. Let G be a reduced finite rank Butler group. Then
Cobext(T,G) = 0 for all cotorsion T if and only if there is a cobalanced ezact
sequence of Butler groups 0 = G — C — A — 0 where C is completely decompos-

able and A is reduced.

PROOF : By Theorem 1.4 in [1], there is a cobalanced exact sequence £ : 0 — G —
C — A — 0 with C = ®,C; and each C; isomorphic to a rank-1 quotient of G,
and with A a Butler group. Thus G is pure in C and so without loss of generality
we can assume that C is reduced.
(=) If A is reduced, then it is cotorsion free. Thus by Proposition 1.4,
Cobext(T,G) = 0 for all cotorsion T.
(<) Applying Hom(Q, ) to £, we have that Hom(Q, A) & Cobext(Q, G). Thus,
if Cobext(T,G) = 0 for all cotorsion T, Hom(Q, A) = 0 and hence A is reduced. ®
This proposition clearly holds if OT(G) < type(Q).
We conclude with an example of a large class of Butler groups for which the
cotorsion groups are not injective with respect to cobalanced sequences.

Example I1.3. For each n > 3, there is a rank-n completely decomposable group
C and a cobalanced exact sequence 0 - G — C — Q — 0 that does not split.
Consequently, Cobext(T,G) # 0 for all cotorsion groups T which are not torsion.
PROOF : For n > 2, choose a set S = {p1,...,pn} of distinct primes. For each
raZi

1<i<n, welet Z; = Zp, N Zy.,, and Zn = I, N1,,. Take G = «_f?._x_l»_
Then using the construction due to Lee [6] (since G has a corepresenting graph that
is a cycle with edges labelled by Z,, for 1 < ¢ < n) or that found in Theorem 1.4 in
[1], we can construct a cobalanced exact sequence £ : 0 —» G — @%,Z,, —» Q — 0.
This sequence is readily seen not to split.

Since @, Z,, is cotorsion—free, when one applies Hom(T, ) to & for cotorsion
T, the result is that Cobext(T,G) = Hom(T, Q) which is not zero when T is not
torsion. n

It is interesting to note that for the groups G so constructed the sequence £ in
the proof is an injective resolution for these groups in the category of finite rank
Butler groups with regular homomorphisms (cf., [4]). Hence this class of Butler
groups has the property that if 0 = G — B — C — 0 is exact in the category of
Butler groups of finite rank, then the sequence is cobalanced.

REFERENCES

[1] Arnold D., Vinsonhaler C., Pure subgroups of finite rank pletely d posable gioups II,
Abelian Group Theory Proceedings, Honolulu 1982/83, Lecture Notes 1006, Springer-Verlag,
New York, pp. 97-143.

[2] Bican L., Salce L., Butler groups of infinite rank, Abelian Group Theory Proceedings, Hon-
olulu 1982/83, Lecture Notes 1006, Springer-Verlag, New York, pp. 171-189.

[3] Fuchs L., Infinite Abelian Groups, vol.2, Academic Press, San Francisco, 1970.

[4] Gi itti A.J., Projective and injective Butler groups, Houston J.of Math. 14 (1988), 75-79.

[5] Goeters H.P., When is Ext(A, B) torsion—free? And related problems, Comm.in Algebra 16
(1988), 1605-1619.




Cobal d exact

q 641

[6] Lee Wu-Yen, Corepresenting graphs for a class of torsion-free abelian groups, Dissertation,
New Mexico State University, 1986.

[7] O’Neill J.D., Dsrect summands of direct products of slender modules, Pac.J.of Math. 117
(1985), 379-385.

[8] Vinsonhaler C., Wickless W.J., Projective and injects l of pletely decompos-
able group, Abehan Group Theory Proceedings, Honolulu 1982/83, Lecture Notes 1006,
Springer—Verlag, New York, pp.144-163.

[9] Walker C.P., Relative homological algebra and abelian groups, I1ll.J.of Math. 10 (1966),
186-209.

S.S.Box 5045, U of Southern Mississippi, Hattiesburg, MS, USA 39406-5045
Mathematics ACA, Auburn University, Alabama, USA 36849-5307
Instituto Matematico, Universita di Padova, Via Belzoni 7, 35100 Padova, Italy

(Received June 20,1989)



		webmaster@dml.cz
	2012-04-28T18:18:05+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




