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Notes on characterization of paracompact frames

ALES PULTR, JOSEF ULEHLA

Abstract. A proof of several characteristics of paracompactness in the general localic set-
ting using a procedure very similar to the classical one is presented. Of these, the ones
concerning full normality and o-local finiteness have been proved by other techniques be-
fore; we add characterizations by the existence of locally finite quasirefinements, and of
o-discrete refinements.
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Classification: 54D18, 54J05, 06D99

Paracompactness is one of these classical topological notions one can immediately
transfer to locale (frame) theory. In classical topology one knows a variety of equiv-
alent properties of spaces. The equivalence of the most important of them has been
proved in the general localic setting as well: full normality was treated by J.R.Isbell
([3]) and C.H.Dowker and D.Papert Strauss ([1], where one has also other equiv-
alent properties, most notably the statement on partitions of unity); recently, Sun
Shu-Hao ([8]) proved that the paracompactness is equivalent with the existence of
o-locally finite refinements.

Still, there may be some interest in the question as to whether one can prove an
equivalence theorem along the classical line (as e.g. in [5]). There is an obvious
obstacle: namely the extensive use of general (not necessarily open) covers. In
the present notes we shall show that, nevertheless, it can be done, the obstacle
being removed by considering quasicovers (that is, system whose joins are dense).
While thus imitating the set-topological approach we also obtain the equivalence of
paracompactness with the existence of locally finite quasirefinements (which roughly
corresponds to the classical characteristics by the existence of locally finite not
necessarily open refinements), and with the existence of o-discrete refinements.
Moreover, we think that thus obtained proof of the full normality and the o-local
finiteness results may appear, in some sense, more lucid.

1. Preliminaries.

1.1. As usual (see, e.g., [4]), a frame is a complete lattice A satisfying the dis-
tributivity law (V;ai) Ab = V;(a; A b). Because of the distributivity, there is, for
each a € A, the largest <lement b such that b A a = 0, namely V{z|z Aa =0}. It is

called the pseudocomplement of a and denoted by —a.
The relation < is defined by

a<4bif and only if ~aV b =1.
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(Note that, trivially, a < b implies a < b, and zr < a < b < y implies z < y.) A
frame A is said to be regular if

foreacha€ A, a= V{x[z da}.
1.2. Let X be a subset of a frame A and let a be in A. We put (see [7]).
Xa=\/{z € X]zsna#0}.
Let X,Y be subsets of A. We set
XY ={XylyeY}, XAY={zAylzeX,yeY},

and write

X <Y

if for each z € X there is a y € Y such that z < y.
The following are trivial observations:
(121) XAY <X and X AY Y.
(1.22) ¥ X < X; and a < a; then Xa < Xya;. Consequently, if X < X; and
Y <Y; then XY < X, Y.

(1.2.3) XaAb#0if and only if a A Xb 0.
(1.24) VX AY)=VXAVY.

(1.25) VXY =XVY.

(1.268) (Xi A - AX)N A AYL) X YA A X, Y.

1.3. A subset X C A is said to be a cover if V X = 1. The following are trivial
observations:

(1.3.1) By (1.2.4), in particular, if X,Y are covers, then X AY is a cover.

(1.3.2) If X is a cover of a regular frame A, then

{yly < z for some z € X}

is a cover of A.
(1.3.3) K X is a cover then, for each a, XaV —a = 1; that is, ¢ < Xa.

An element z € A is said be dense if a Az # 0 for eacha #0. A subset X C A
is said to be a quasicover if \/ X is dense (that is, if for each a # 0 in A there is
an z € X such that a A z # 0). Obviously,

(1.3.4) If X is a cover and Y a quasicover, then XY is a cover.
Let X < Y. If X is a (quasi) cover we say that X is a (quasi)refinement of Y.

1.4. A cover X is said to finitize (resp. separate) a subset Y C A if for each
z € X there are only finitely many (resp at most one) y € Y such that z Ay # 0.
A set Y C A is said to be locally finite (resp. discrete) if there is a cover X
finitizing (resp. separating) Y. It is said to be o-locally finite (resp. o—discrete)
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if we can write Y = G Y, with Y, locally finite (resp. discrete). Obviously, for
n=1
covers X, X' and X;, and subsets Y,Y;,

(1.4.1) If X finitizes (resp. separates) ¥ and X' < X then X' finitizes (resp. sepa-
rates) Y.
(1.4.2) If X;, finitize Y; for ¢ = 1,2,...,n then X; A-.- A X, finitizes Y; A---AY,,.

In consequence of (1.4.1), in the definition of o-local finiteness we may require

that, moreover, Y; CY; C ...

1.5. A non-void system U of covers of A is said to be a uniformity on A if

(ul) U e and U <V implies V € U,
(u2) f U,V el then UANV €U, and
(u3) for each U € U thereis a V € U such that VV < U.

1.5.1. Remark. Put

U*= {VS]SQ U such that for each a,b € S,a A b # 0},
U* ={\/ 5|S C U such that A S #0}.

Obviously
UXCU*CUU C(UX)™.

Consequently, (u3) can be replaced by any of the following two conditions:

(u3*) For each U € U thereis a V € U such that V* < U.
(u3*) For each U € U there is a V € U such that V> < U.

The condition (u3*) was used in [7], (u3*) will be handy in one of the proofs
bellow.

2. Various characteristics of paracompactness.
2.1. A frame is said to be paracompact if each cover has a locally finite refinement.

2.2. Proposition. Let A be a regular frame. If each cover has a locally finite
quasirefinement then the system of all covers of A is a uniformity.

PROOF : Let U be a cover and let Y be a locally finite quasirefinement of {z|z <
u,u € U} (recall (1.3.2)). Thus, for each y € Y there is a u, € U such that y < u,.
Put

W= {wVy € Y(w <uyorw< -y)}.

This will be shown to be a cover such that W* < U.
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Let X be a cover finitizing Y, let € X. We have
zAVW:
=V{::Aw|Vy€Y(w$u, orwAy=0)}=
=V{x/\wIVy€Y(x/\w5u, orzAwAy=0)}=
=V{:t/\wl‘v’yGY,szaéO(a:Aw_<_u,orz/\w/\y=0)}2
ZV{x/\wIVyEY,z/\yaéO(wSu, orwAy=0)}=
=z A \[{wlVy €Y,z Ay # 0(w < uy or w Ay =0)}
Let y1,...,Yn be those elements of Y for which z A yi # 0. Thus,

V{wWer,sz#O(wSu, orwAy=0)}=

= V{wIVi,w < uy or w <y} >
n n
> \{\ ailai = uy; or a; = 5} = A(uy, Vi) = 1.
=1 =1

Hence, z A \V W = z and since X is a cover, \/ W = 1.

Now let w; € W,i € J, be such that w = A ;w; # 0. Since Y is a quasicover,
there is a y € Y such that w Ay # 0. Then, for each i € J,w; £ ~y and hence
w; < uy so that, finally, \/ w; < u,. Thus, W* <U. ]
Remark. The proof can be made very close to the classical one (see [5]) by defining,
first, an element w of A ® A by putting

wo = /\{“r Quy V-y®-yly €Y}

and then considering W = {w|w ® w < wy}. Then, of course, one has to use some
properties of products of locales (coproducts of frames), which has been avoided
here.

2.3. Proposition. Let the system of all covers of A be a uniformity and let each
cover have a locally finite quasirefinement. Then A is paracompact.

PROOF : Let U be a cover of A, let X be a cover such that XX < U, letY be a
locally finite quasirefinement of X and let Z finitize Y. Let Z; be a cover such that
2,2y <Z. Put W =2, AX. Thus,

WW <Z and W < X.
Finally put V = WY. It is a cover (see (1.3.4)) and we have
V=WY <XX<U.

Let w € W and let w A W,,; # 0 for some y; € Y. Thus, by (1.2.3), Ww Ay; #0
and since WW < Z and Z finitizes Y, y; are only finitely many. Thus, W finitizes
V. ]
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2.4. Proposition. Let each cover of a regular frame A have a o-locally finite
refinement. Then A is paracompact.

PROOF : By 2.2 and 2.3 it suffices to prove that each cover has a locally finite
e}

quasirefinement. Let U be a cover and let Y be a refinement such that ¥ = |J ¥,
n=1

with ¥; CY; C ... locally finite. Let X, finitize Y,,.

For y € Y put n(y) = min{n|y € Y,} and choose an antireflexive well-ordering
Ron Y such that n(z) < n(y) implies zRy.

Put Z, = X, AY,. By (1.24),\ Z, = VY, and hence Z = | Z,, is a cover.

Put ¥ = y A=\ {z|zRy},V = {§ly € Y}. Let a € A be non—zero. Let y be first
in R such that yAa # 0. Then aAy=aAy #0. Thus, V is a quasirefinement of
U.

Finally we will show that Z finitizes V. Indeed, let z be in Z,. Then there is
ay €Y, such that z < y. Hence, if n(z) > n,z < \/{u|uRz} so that zAZ = 0.
Consequently, if z A §; # 0,y; are in Y,,, and since ¢; < y; and z < z; for some
21 € Xy, y; are only finitely many. ]
2.5. Proposition. Let the system of all covers of A be a uniformity. Then each
cover of A has a o-discrete refinement. .

PROOF : Take a cover U of A. Putting U = Uy choose inductively covers U, such
that
U nU n =< U n—1-

Choose an antireflexive well-ordering R on U; and write
uRv for (uRv or u = v).
For u € U; define inductively u(®) by putting
N e L)

Put
oM = V{v(")|vRu}.

by (1.2.5) we have
0 P = U,
Now put

2™ = y(M A -1p£"+1)’ U= {ﬁ(")lu elU,n=12,...}.

L U is a cover:
We will prove that

() for each u, {7 V{'i?(")lvﬁu} = V V{v(")lv-ﬁu}.

n=1 n=1
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The equality obviously holds if u is the first element in R. Let it hold for all wRu.
We have

V V{E™Ru} = V (V™ lvRu} va™) =

n=1
=V (V ViE® R} va™) = V( V V(o ™pRu) va®) =
n=1 wRu n=1 wRu
= v (V{“‘(")lvRu} Vv E(")) = V (p(n) v (u(n) A (n+l)))

n=1

Since p¥) < pi**? (by (1) and (1.3.3)) we proceed:

0
=\ PV (™ A plrt)) =

n=1
oo
V G0 v ™) A (p0+D v ~p(rtD)) =
n=1
oo oo
= VG va®) = V6l va®) =  Vis®lha).
n=1 n=1 n=1

Now, by (2),
VI=V V ViR 2 Vo =1
€U n=1

II. U refines U:
Take u € U;. Since UyU; < U, there is a v € U such that
Ulu = Ulu(l) S v.
Since
Uni1u™) = Up g 1Unru™ < UM
we obtain by induction Upu{™ < v, and consequently &(") < u(® < v.
III. U is o-discrete: -
Put U, = {u(™|u € U;}. WehaveU = |J U,. We will show that Un, separates
n=1

U,. Indeed let z A(™ # 0 for an z € Un41 and let uRv. We have z A u(™ # 0 and
hence z < u(™+D < p{** g5 that £ A ~p{"*? = 0 and hence z A 5™ =0. .
2.6. Theorem. Let A be a regular frame. Then the following statements are
equivalent:

(1) A is paracompact,

(2) each cover of A has a locally finite quasirefinement,

(3) the system of all covers of A is a uniformity,

(4) each cover of a has a o-discrete refinement,

(5) each cover of A has a o-locally finite refinement.
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PROOF : Trivially (1)=> (2), (2)=(3) is in 2.2, (3)=>(4) is in 2.5, (4)=> (5) is trivial
and (5)=>(1) follows from 2.2 and 2.3. ]

2.7. Remark. In a regular locale A, the system U of all covers is admissible in
the sense that A = Ay (see [7], or A = [A : U] in the notation of [6]). Thus, the
system of all covers of a paracompact frame makes it to a uniform frame (see [3],
[7]).

3. Remarks on full normality.

3.1. The characteristics of paracompactness which we have encountered as (3) in
Theorem 2.6, and amounting in fact to

(3’) for each cover U of A there is a cover V of A such that VV < U,
corresponds to the property which is in the classical case refered to as full nor-
mality (and this expression is used in [1] and [3] in the general context, too). This
is justified by the fact that the normality of a topological space is equivalent to the
statement that

for each finite open cover there is a finite star refinement.

It is perhaps worth showing explicitly that this holds for general frames as well
and hence using the atribute “fully normal” for frames satisfying (3’) is indeed
justified.

3.2. Recall that a frame is normal if for a;,a; such that a; V az = 1 there are
b1, b2 such that a; V b; =1 and b; A b, = 0. In fact we have

Lemma. A is normal if and only if for any finite cover {a;,...,a,} there are
n
bi,i=1,...,n such that a; Vb =1 and A b; =0.
i=1
PROOF by induction: Let the statement hold for n and let V"”"ll a; =1 We have
bi,...,bn—1,z such that a;Vb; =1forit <n—-1,a,Vas4+1Vz = land zA /\ b; =0.

By normality there are b,,y such that a, Vb, =1,a,43 VZzVy =1 and b Ay =0.
Again, there are bn41,z such that an41 Vbay1 =1,zVyVz=1and b4y Az =0.
Thus,

n+1 n-1

A bi=(/ biAbaAbpr1)A(zVyVz)=0.

i=1 =1

|}

3.3. Lemma. Let A be normal and let aV b = 1. Then there is a finite cover U
of A such that UU < {a,b}.

PROOF : Choose u,v such that aVu =1 = bV v and u A v = 0 and, further,
w',v' such that bVv' =1 = vVu' and u' Av' = 0. It is easy to check that
U= {v',bAv,u' Aa,u} has the required properties. ]
3.4. Proposition. Let A be a frame. Then the following statements are equivalent:

(1) A is normal,

(2) for each finite cover U there is a finite cover U' such that U'U' < U,

(3) for each finite cover U there is a cover U’ such that U'U’' < U.
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PROOF : (1)=>(2): f U = {a1,...,an}, we have, by 3.2, Uy A--- AU, < U where
U; = {a;,b;}. Choose by 3.3 U} such that U/U! < U;. Put U' = U] A---AU,,. By
(1.2.6), U'U' < U.

(2)=(3) trivially.

(3)=(1): Let a1 Vaz =1, let UU < {a;1,a2}. Put

b; = V{zlz €U,z £ a;}.

Obviously a; V b; = 1. Now let u; € U be such that u; £ a;. Then Uu; < ay; since
uz £ ap necessarily u; A uz = 0. Thus, by distributivity, b A b, = 0. ]
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