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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
29,4 (1988)

NOTE ON A THEOREM OF S. MERCOURAKIS
ABOUT WEAKLY K-ANALYTIC BANACH SPACES

R. POL

Dedicated to Professor M. Katétov on his seventieth birthday

Abstract: An alternative proof of a recent result of S. Mercourakis on
Banach spaces which are K-analytic or countably determined in the weak topo-
logy is given.
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1. Introduction. In this note we give an alternative proof of a very
interesting recent result of 5. Mercourakis [M1], [M2) on Banach spaces which
are K-analytic or countably determined in the weak topology. Essentially, this
proof is closely related to the original line of reasonings of S. Mercourakis,
employing the "long sequence of projections" method introduced by Amir and
Lindenstrauss [A-L). However, while Mercourakis refined in an ingenious way
the technique of Gul ko [G17 in his proof, we apply directly some results of
Gul ‘ko UG1] and vasak [V]. We hope that this approach simplifies the proof;
in a natural way, it yields also a proposition (Proposition 3.2) which seems
slightly more general than the theorem of Mercourakis (Theorem 3.1).

2. Notation and terminology. We shall explain here only the terminology
needed to follow the proof of Proposition 3.2; for other notions, we refer
the reader to Negrepontis INJ, Mercourakis [M2] or Talagrand [T].

2.1. Let R denote the real line, the cardinality of a set A is denoted
by |A| and we write f MA for the restriction of a function f:X —R to an
ACX.

If Fc XxY, for each x €X we let

F*F n (4x3 xY),
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i.e. FX is the vertical section of F at x. Given a topological space S, we
denote by Cp(S) the space of continuous real-valued functions on S endowed
with the topology of pointwise convergence; if f eCp(S) is bounded, we write
f I for the sup-norm of f.

2.2. A space X is K-analytic (countably determined) if there exists an
upper-semicontinuous map & :M —>K(X) from irrationals (from a subset of ir-
rationals) to the family of compact subsets of X such that X= U {@ (t):teM}

We say.that a subset A of a Banach space E is weakly K-analytic (count-
ably determined) if A has the corresponding property with respect to the we-
ak topology in E.

2.3. Let T be a set and let RT' be the Tychonoff product of the real
line. Given an x&RT , let supp(x)= 4y e T :x(y)+0% The =-product =(T")
and the "long co—space“ cO(T") are defined by the formulas:

S(P)=4xeRT :|supp(x)| < HD{,
co(T=4x eRT': for each € > O the set Ay :x(¥)] > £¥ is finite?.
Given an xR and a A cTwe put

x(y) if y e AA
x|A(y) = t{ ’

0 if y¢ A

2.4. The space of Mercourakis c,,(M < A). Let M be a separable metrizab-
le space and let A be a set. Mercourakis [M1],[M2] defined the following
subspace of the Tychonoff product RM "A(M =/ is the set of indices):

Che(MxN)=4 xeRM"A: for every compact set CcM and every & > O the
set {(t, A)eCxA:|x(t,A)| = gt is finite?
(in Mercourakis notation, Cae(M xl\)=Cl(M = N*), where A¥ is the one-point
compactification of A ); notice that if M is a singleton, cw(M x/\) is just
co(./\).

3. The theorem of Mercourakis

3.1. Theorem ([M2]; Theorem 2.5). Let L be a weak]y countably determined
subset of a Banach space E of density = . There exists then a separable met-

rizable space M, a set A of cardinality ¢ and a bounded linear continuous

injection T:Cp(L)~—>cR(M =/\). In case L is K-analytic, one can take as M
the irrationals.

We shall derive this theorem of Mercourakis from the following proposi-
tion:
- 724 -



3.2. Proposition. Let M be a separable metrizable space, let T be a
a set and let Fe Mx = (T") be a closed subspace such that for every compact

set CcM and every ¥ € I , the set of real numbers 4x():(t,x)eF for so-
me teC} is bounded. There exists then a set A with |/\|=|T"} and a collec-
tion of continuous linear injections

() TG (FY —so (A=A, T I 21, teM,

Ft being the vertical section of F at t, such that the operator

Gex) T, =T (£ FFE(E, A)

is a bounded linear continuous injection

(xxx) T:Cp(F) —=Cy (M =/\).

3.3. Remark. If M is a singleton, this proposition is a particular case
of a result of Gul ko [Gl] that for each closed subspace F of =(T") there
is a linear continuous injection of C_(F) into co(‘/\). Our proof of Proposi-
tion 3.2 is in fact a repetition of Gul 'ko’s arguments "uniformly" with res-
pect to t &M - what emerges from this procedure is just the operator T we are
looking for.

4. Proof of Proposition 3.2. The following lemma is a particular case
of a result of Gul 'ko 1627; it can be proved easily by a standard reasoning
going back to Gleason, cf. Isbell [I; VII, Th. 19], Kuratowski [K; § 49, IX,
Th.2 j- we give such a simple proof in Sec. 6.2 for the sake of completeness.

Throughout this section F is a subset of M x Z(T') satisfying the assum-
ptions of Proposition 3.2.

4.1. Lemma. let |T|> ﬁ) There exists an increasing sequence
) _ s - hal .
l"lc T'ZC... c '§ €...cTy =T with | e l<|T"| for §<’r,’ and

r‘é = U T for any limit § < v such that for each g , the set F is inva-
«<§ * 3

riant under the retraction

ITE),

1 ()=t x
(€D) ‘]"é (t,x)=( xE
ie. g (cFfor (2.

Step (I). Given the retractions (3’?: §<7T7 defined in Lemma 4.1,let

@ Fo = % (F)= 4 (t,x] Té ):(t,x)eFR.
For each section FIc and each ? < v define an operator
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Rey:Co(FD) = §+1>

by the formula
() Rey(D(£,0=/2 L0t T
and let
§ :C (F)——)C (F, §+1
be the combmatlon of the operators REt’ i.e.
W) R (D(E0Rey (8 FFEE,).
The collection of the operators (R : §< 7 defines the diagonal operator
\ N
R:C(F) —C( C §+1> \:TNC §+1)
g L
by the formula
(5) R(f)=<RE (B): <.

4.2. Lemma. The operator R defined by (5) has the following properties:

(4) R is a linear continuous injection and

[RCEY(t,x)| £ INE NF £ 1" for each (t,x)eF,

g

(ii) if t -—->t in M, %1 §2 e < r,(tn.xn)eFénﬂ,then for every

feCp(F),

feCp(F) and € > 0 the set -fn:IRE (f)(tn,xn)! > ¢} is tinite.
n

Proof of (i). If f,geCp(F) are distinct, consider the first ordinal 7

with f PF’L* g MF, ; since for every limit o Fg :{l‘:’ac Fﬁ » M is non-lim-

it, i.e. M = § +1. Thus fl‘Ff =g MF, and hence Ry (f)#R§ (@), by (3) and
(4). Formula (3) yields also the second part of (i).

Proof of (ii)._ Assume on the contrary that the set
1= {n:le (f)(tn,xn)l z €% is infinite. Since C= -itn:n=0,1,...j is compact,
n

the assumptions about F guarantee that the set FAC = = (T") is sequentially
compact and hence the sequence ¢ (tn,xn):neI7 has in F a convergent subse-
quence (tni,xni) ——.»(to,xo).

Now, since f"f c F‘f1+1c ) ?2 c PEZ*‘lC ... and supp(x) ¢ I"‘% 4 it foll-
ows that ‘also X, | P( —> X» and therefore, by continuity of f,

1 n
0=lim 1/2 [f(t Xn ) f(t | Mg )Y =lim R, (£)(t, ,x, ) - a contradic-
i i gni i §n. i i
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tion with the definition of I.

Step (II). We are now in a position to carry out the proof of Proposi-
tion 3.2. by transfinite induction with respect to the cardinality of the set
™.

If | 7= YA,» Choose a countable dense subset {(tn,xn):n ecw}of Fand
let

D (0 if tat,
T(£)(t,1) =
1 £(t;,%;) if t=t;;

then T:C (F)———)cD(M »= ¢>) is a continuous linear injection, defined "secti-
onwise", as required.

Let |T|=7 > ‘A, and let us assume that for each € < T there exists a
collection of maps

T§t:Cp('F§ () UL <AL, teM, with Nl €1, .

13
where |_/\g|=|T'§+1l, satisfying the assertions of Proposition 3.2, i.e.
PO et
T§ ) (t,A )'Tgt(f' F§+1)(t’7‘ )
is a linear continuous injection
T? :Cp(F§+l)-—" C% (M x./\g)

We shall combine the maps <T§t: §‘<ry,teM> using the operator R defined in
Step (D).
Let A= ® A, . Define
§»<"'C §

§)

t .
G )-,;;T7c0(/\
by the formula (see (3))
T4 ()= <T§tc R§t(f): f< >,
and let, for (t,A)eM =< A, fGCp(F),
T (t, ATy (£ 1 FO(E, ).

We shall check that
T:C(F)—>c, (Mx A),

so, in particular,
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t
Tt:Cp(F )_')CD(/\‘) for all teM.

Let C be a compact subset of M and let us assume that for some f eCp(F) and
£ > 0 the set

H= (1, A)eCxA T, A) |z et

is infinite. Since T, « Rg (fe cae(Mx A'§) for every §~< 7 , each set
HA(M=x/A.) is finite and therefore one can find a sequence (tn,}\n)e H N

n(c x/\§'r]), where §,< §,<... . Since || Tin"nc Rgntn(f)ll 2T, A

2 ¢ and W7 )
ntn

IRg + (f)(tn,xn)l = €/2, i.e. IRg (f)(tn,xn)lz € /2. This, however, contra-
nn n

| £ 1, there exist points (tn,xn)e F€ such that

ﬂ+l

dicts the property (ii) established in Lemma 4.2, since the compactness of C
allows one to assume, passing if necessary to a subsequence, that the sequen-
ce <tn7n is convergent. Clearly, lth | ¢| for each teM,

5. Proof of Mercourakis Theorem 3.1. Let L be contained in a Banach
space E; one can assume that E is a closed linear span of L, so E is also we-
akly countably determined, cf. [TJ]. Denote by Ew the Banach space E equipped
with the weak topology. Since L is weakly countably determined, there exists
a closed set HCM"EW’ where M is a subset of irrationals, such that for each
compact set CcM the intersection Hn(Cwa) is compact and the projection of
H onto the second axis is equal to L (one can take as H the graph of a func-
tion ¢ described in Sec. 2.2); if L is K-analytic, one can take as M the
irrationals. By a theorem obtained by Gul ko LGl] and Vasak [ V), there exists
a linear continuous injection V:Ew——co(T‘), where |T'| is equal to the den-
sity of EW' The map W(t,u)=(t,v(u)) embeds H homeomorphically onto a closed
subspace F=W(H) of.the product cho(T‘) such that for each compact set C in
M the intersection Fn(Cxco( ")) is compact. In particular, F satisfies the
assertions of Proposition 3.2 and so the required injection into Ca?.(M'“A')
exists for C_(F), and hence for C_(H). Now, L being a continuous image of H,
CD(L) embeds into C_(H) by a linear isometry preserving the pointwise topolo-
gy, and this completes the proof.

6. Comments

6.1. Among various applications of his Theorem 5.1, Mercourakis gave
some characterizations of compact. sets K such that the function space Cp(K)
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is K-analytic or countably determined [M1; Theorems 3.1, 3.2, 3.3}, {M2]. The-
se characterizations are closely related to some characterizations of such

compacta obtained independently by Sokolov LSi. The methods used by Sokolov

(though, essentially, based also on results of Gul ko) seem different from

the reasoning of Mercourakis or the approach presented in this note.

6.2. For completeness sake, we give here a proof of Lemma 4.1. It is
enough to show that, given an infinite set A_c T, there exists a set ./\m
in T containing /\0 with |1KCO|=|/&OI such that F is invariant under the
retraction (t,x)-—er(t,x|lxba). Define inductively sets J\OC /\lc ... With
|/\i+1|=]/\5l in the following way: if /\i is defined,choose a set A, ,~
of cardinality !/\il such that the set {(t,xl/\i):(t,x)e Ai,y § is dense in
the set {(t,xlj\i):(t,x)é F§, then take A= YRsupp(0: (,%) €A, for

F'

some te&M$and finally, put A\ = LiJ /\i. Let A= L{ A;, where the sets A;

have been chosen during the construction. One easily checks that A, is dense
in the set {(t,xl/\ao):(t,x)e F { and since the supports supp(x) of points
x€Ag are in A, , it follows that (t,x| A )€F for every (t,x)€F, the
set F being closed in M = Z(T).
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