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SEQUENTIAL STRUCTURES INDUCED BY MEROTOPIES

Horst HERRLICH

Dedicated to Professor M. Katétov on his seventieth birthday

Abstract: Every merotopy on a set X induces a sequential structure and
a uniformly sequential structure on X. This note characterizes those (unif-
ormly) sequential structures on X which arise in this way.

Key words: Merotopy, convergent sequence, adjacent sequences, Cauchy
sequence, Galois correspondence.

Classification: 54A20, 54E15, 06Al5, 18B30

Background. A merotopy on a set X specifies certain collections of sub-
sets of X as micromeric, subject to the following axioms:

(Mer 1) any collection of subsets of X which contains a member with at
most one element, is micromeric,

(Mer 2) if A and J3 are collections of subsets of X such that A is
micromeric and f3 minorizes A (i.e., if for each A € A there exists B € BB
with Bc A), then 73 is micromeric,

(Mer 3) if A . B is micromeric, then A or P is micromeric.

For further details on merotopies see [3] and [5) and the references given
there. For convergence structures, induced by merotopies, see L4 ).

A sequential structure on a set X specifies, which sequences in X con-
verge to which points in X (notation: (xn)-—-> x), subject to the following

axioms:

(Seq 1) x —>x (for each x € X, where x denotes the constant sequence
with value x,

(Seq 2) if a sequence converges to x, so does each of its subsequen-
ces.’

A uniformly sequential structure on X specifies, which sequence pairs

in X are adjacent, sut;ject to the following axioms:
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(USeq 1) each sequence in X is adjacent to itself,
(USeq 2) if a sequence-pair is adjacent, then so is each of its subse-
quence-pairs.

Formally a sequence-pair in X is a map f:N ->X2 and a subsequence-pair

of f is a composite f v & of f with a strictly increasing map &:N —> N.
For further details on (uniformly) sequential structures see [17 and the
references given there. For sequential structures, induced by topologies or

by closure operators, see [6].

Sequential structures induced by merotopies

Definition:

(1) In a merotopic space (X, ") a sequence (xn) is said to converge to
x provided the following equivalent conditions are satisfied:

(a) for each infinite subset M of N the collection {{xm,xilms.ME is mi-
cromeric,

(b) for each infinite subset M of N the sets ix} and {xmln»eM} are near,

(c) for each uniform cover A the set star (x,U) contains Xn for alm-

ost all n.

(2) A sequential C on X is said to be merotopy-induced provided there
exists a merotopy T on X, such that (xn) L x iff (xn) X

Remarks:

(1) If T is a merotopy on X and 7' is its contigual reflection, then
T and 1"’ .nduce the same sequential structure on X. This follows immedia-
tely from (b) above.

(2) For nearness spaces the above conditions (a) - (c) are equivalent to

(d) each uniform cover has a member which contains x and almost all X
but for merotopic spaces (d) is properly stronger than (a) - (c).

Proposition: A sequential structure on X is merotopy-induced if and on-
ly if it satisfies the following conditions:

(Seq 3) [ Urysohn condition] if each subsequence of (xn) contains a sub-
sequence, which converges to x, then (xn) converges to x,

(Seq 4) [Koutnik conditionl if for each n the constant sequence in con-
verges to x, then (x_) converges to x,

(Seq 5) [ Symmetry conditionl if X converges to y, then y converges to
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Proof: Obviously the above conditions are necessary. To show the con-
verse, let the sequential structure C on X satisfy the above conditions
(Seq i). Call a collection J of subsets of X micromeric whenever B e A or
there exists a convergent sequence (xn) -E—a x such that A minorizes
-\{xn,xilnean By (Seq 1) and (Seq 2) this defines a merotopy ™ on X. Mo-
reover, (xn) Lx implies (xn) —-‘1’ x. Hence, T induces C, if (xn) ——P-> X

implies (xn) —c—-» x. If this were not the case, there would exist (xn) and x
with (xn) L, x such that (xn) does not C-converge to x. By (Seq 3) we may
assume that no subsequence of (xn) C-converges to x. Hence, by (Seq 4), we
may assume that ;(n C-converges to x for no ne€N. In particular X0 %+ x for

each ne N. Since (xn) I, x, the collection Hxn,xkln e€N?$ is micromeric. Thus

there exists (y ) —£—> y such that Hxn,xflneN} minorizes 11y ,y}|ne N§. Hen-
ce for each ne N we can select m(n)e N with ’

"Xm(n)nd C{Yn,)’}-
Since Xn(n) F % this implies -lxm(n),x} = {yn,y}.
Case 1: M= $m(n)|neNt is infinite.
Then there exist strictly increasing maps & :N —N and «:N-— N with
§xs<n),x§ = -iy.t,(n),yi for each n€N. If x=y, then xg v=y.(n) for each neN,
contradicting the fact that (yT(n)) C-converges to y but ("g(n)) does not C-

converge to x. If x <y, then Xe(n
converges to y, but y does not C-converge to x, contradicting (Seq 5). Thus

3=y and Yo (n)= for each n€EN. Hence x C-

Case 1 is impossible.

Case 2: M=4m(n)|neN$ is finite.

Then there exists an element m€ N and a strictly increasing map & :N—> N
with {xm,x} = in(n),yi for each neN. If x=y, then Xn*Yg(n) for each neN,
contradicting the fact that (YS(n)) C-converges to y, but im does not C-con-
verge to x. If x vy, then Xn=Y and Yea(n)=X for each ne N. Hence x C-conver-
ges to y, but y does not C-converge to x, contradicting (Seq 5). Thus Case 2
is impossible as well. This proves that C is induced by T .

Remark: If Mer is the construct of merotopic spaces and continuous maps,
Seq is the construct of sequential spaces (i.e., sets supplied with a sequen-
tial structure) and sequentially continuous maps, G:Mer — Seg is the concre-
te functor associating with any merotopy on X its induced sequential structure
on X, and F:Seq —> Mer is the concrete functor associating with any sequen-
tial structure C on X the merotopy whose micromeric collections are precisely

- 681 -



those A which contain @ or minorize 'Hxn,x} |neN3} for some (xn)——>x, then
G

Mer =-2Seq is a Galois connection of the third kind (over Set) in the sense
F

of [2]. The above proposition characterizes the corresponding Galois closed
chjects in Seq. More obviously, a merotopic space is Galois-closed provided
that every micromeric collection contains @ or minorizes Hxn,x}Ine N} for
some convergent sequence (xn) —> X.

Uniformly sequential structures induced by merotopies

Definition:

(1) In a merotopic space (X,T') a sequence-pair (xn,yn) is said to be
adjacent provided the following equivalent conditions are satisfied:

(a) for each infinite subset M of N the collection me,ymi Ime N3 is
micromeric,

(b) for each infinite subset M of N the collection iACXIArﬁ'xm,ym}*ﬂ
for each me Nt is near,

(¢) for each uniform cover U there exists neN such that for each m2n
there exists U e U with §x ,y JcU.

(2) A uniformly sequential structure C on X is said to be merotopy in-
duced provided there exists a merotopy T' on X such that a sequence-pair is
C-adjacent if it is adjacent in (X,T').

Proposition: A uniformly sequential structure on X is merotopy-induced
if and only if it satisfies the following conditions:

(USeq 3) if each subsequence-pair of (xn,yn) contains an adjacent sub-
s-quence-pair, then (xn,yn) is adjacent,

(USeq 4) if for each n the constant sequence-pair ()'(n,)'/n) is adjacent,
then so is (xn,yn),

(USeq 5) if (xn,yn) is adjacent, then so is (yn,xn).

Proof: The proof is completely parallel to the proof of the sequential
version, if we observe that the conditions (USeq i) imply:

(USeq 6) if (xn,yn) and (xn’yn
adjacent and ix,y t= {xr",yr;i for each n, then (xr'.,yr;) is adjacent.

) are sequence-pairs such that (xn,yn) is

.

Remark: Consider the following conditions:
(a) if (xn,yn) and (yn,zn) are adjacent, then so is (xn,zn),

(b) if (xn,i) and (yn,i) are adjacent, then so is (x_,y.).
Then in a uniform space (a) and (b) hold, in a nearness space (b) but not
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necessarily (a) holds, in a merotopic space neither (a) nor (b) need be true.

Remark (Cauchy sequences). The concept of adjacent sequences can be con-
sidered as a generalization of the concept of convergent sequences ((xn)-—* X
iff (xn,i) is adjacent), being less unsymmatric and less point-bound. For
uniform (and, more generally, for nearness) spaces there is a more familiar
such concept namely that of Cauchy sequences, i.e., of "potentially converg-
ent" sequences, i.e., of sequences converging in a suitable extension of the
given space. For merotopic spaces, however, there seems to be no reasonable
concept of Cauchy sequences. The natural candidates

(a) -\;{xm|m2n§|ne N% is micromeric,

(b) any pair of subsequences of (xn) is adjacent,
are too restrictive, since not even satisfied by all convergent sequences. E-
ven worse: every merotopic space (X, T') can be embedded into a merotopic spa-
ce in which every sequence converges: just add a point to to X and call a col-
lection A of subsets of X u<{cc$ micromeric provided §AnX|Ae A} is micro-
meric in (X,T'). Then every sequence converges to ¢o . Hence, in a merotopic
space (as in a topological space) every sequence is "potentially" convergent.

References

[17 R. FRIC and V. KOUTNIK: Sequential structures, in: Convergence Structu-
res and Appl. to Analysis, Abh. Akad. Wiss. DDR, Abt. Math.-

Naturw.-Technik, 1979, Nr. 4N, Akademie Verlag, Berlin 1980,
37-56.

L2] H. HERRLICH and M. HUSEK: Galois connections, Springer Lecture Notes Com-
puter Science 239(1986), 122-134.

[31 M. KATETOV: On continuity structures and spaces of mappings, Comment.
Math. Univ. Carolinae 6(1965), 257-278.

[4] M. KATETOV: Convergence structures, in: General Topology and its Rela-
tions to Modern Analysis and Algebra II, Proc. Second Prague
Topol. Symp. 1966, Academia, Prague 1967, 207-216.

[5i M. KATETOV: Spaces defined by a family of centered systems, Uspekhi Mat.
Nauk 31(1967), 95-107; Russian Math. Surveys 31(1976), 111-123.

[6] V. KOUTNIK: Closure and topological sequential convergence, in: Conver-
gence Structures 1984, Akademie Verlag, Berlin 1985, 199-204.

Fachbereich Mathematik, Universitat Bremen, 2800 Bremen 33, B R D

(Dblatum 6.6. 1988)

- 683 -



		webmaster@dml.cz
	2012-04-28T16:59:59+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




